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■This Key is intended partly for the convenience 
of Teachers, and partly for the use of those who do 
not enjoy the advantages of an instructor. It has 
therefore been deemed requisite to give every solu- 
tion at full length, and in several instances to intro- 
duce explanatory N^otes, and even general Theorems, 
when they flowed naturally from the subject under 
consideration. With such a guide, united to mode- 
rate application, it is hoped that even the solitary 
student will be able to make his way through the 
FresT Part of the System of Practical Mathematics 
with great benefit and satisfaction. 
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ALGEBRA. 



Art. 20. 



1. fix 3+ (4-2)15-4x3x2= 

244.30—24=30. 

2. 8(12+lo)-2(4xl5— 3) = 

8x^7- 2x57-2Ifi— l]4-i02. 

3. (8 -l)(4-l) (3-lX2-i-3)=7x3x2x5=2IO. 

4. 8V3Wi5+4— 3^3x15 + 4= 

8V4!)— 3^49=8x7— 3x7= 
fi6— 91=3.5. 

5. {J4(;4xI5-3xI5)— 0(2x8x2+4)= 

64(60— 45)— 0=64 x 15=960. 



2 X 4+ 15 + 4)3+4^(15 +3—2)3: 

2x(27)* + 2ClGJ*=6 + 8=I4. 
"jet «=8, 31—4, then 3:^=512, and /=64, 



;<'+iKy + y" = 64+32 + 16=112. 
at a=7. «=3, then (a+J:)T^7 + 3=10, 
and (o— a:)=7— 3=4, 
.•.(a+^)(«_^)=]0x4=40. 



1.> 
iti 
■ 
,i a=4, 6=3, and t=2, then a+b—<i=4+5—2=S, 
and (a— 6+c)=4-3+2=3, 
.:{a+b-e){a-b+c)=DX3=l5, 
and ffl«—6«—c» + 26c=16— 9— 4+12=15. 
10. Let x=i, y=3, then a*— 2/«=2.56— 81 = 175, 

and (z-y){^+x'^+x!,^+/)=6i+48+3G+ 
27=175. 
In the last four Examples, equal values will always be 
ohUined bjr taking the same Taluea on each eide, whatever 
these values ma/ be, 

i 
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Addition, Art. 21. 




l8i. 2d, 
(ufi 2 ams? 
\(iixr 4 awwc" 

1 


3c/. 


1 


4x/x''+y^ 


12 (a?4— 2)3 


3 oa?* 'J\amsi? 


V^«+y^ 


7 (jc4«.2)* 


4\a^ 4\am!j^ 


3V^"+3^'-* 


4 (a;4— 2)^ 


^0^ 


19V^«+y« 


9i(a:4_2)3 


^\a^ niam^ 


1 


10Va:«+y« 


81(a;4-.e)3 




44v^a7^+y2 


41J(a;4— 2)i 


Addition, Art. 22. 




. Ist, 2d. 


Zd. 


4^A. 


1 a»/7fvx 7mpx^'i^ 


3(a;2_y2)2 


5(6— c)a;3 


\ — Aai/mx — impx^'i^ 


7(a;«— y2)2 


— 7(6— c>3 


Ta»/'inx -^mpx^^ 


4(a7«— y2)^ 


+4(6— c>3 


— Zajmx 4mpx^^ 


-S(^«-y^)* 


-.4(6— c)a;3 


+Aa4/7nx — ^mpx^i^ 
— J y/mx 2mpx^y^ 




7(6— c)a;3 
— 3(6— c);ri 


4\a\/mx — Smpx^'i^ 


2(6— c)a;4 


Addition, Art. 23. 




Ut 
4a?2+8ary+4y2 
! 3x^+4xy+ y'i 
\ 2x^ 4xy+2y^ 

i a^« — .v« 


2d. 
Sah^4ac — cd 
4ab + Scd 6bc 
— 4a6 + ^cd-^-dbc 
2ab 4-4bc 


! 10x^^bxy>i-i)y^ 

1 


5ab+4ac+ 12fc/-f 46c 


.■ dd. 


4th, 


4a^ + l0ab+7b^ 


a 3aM+26 


3a«+ 4ab+ b^ 
2a«+ 6a6+46« 


3a— 4aH^— b 
— 7a+14aM— 35 


««_ 6a^-76« 


a 4ahi+4b 


^(^^^+1406+5^^ 


— 2a+ ^d^b^^^b 



SuBTHAOTioN, Aht. 24. 



a«+2a&+6» ^+^^y+3^y'+!/' minuends. 
" ~ ilz+l/o s^ — 3x''!/+3a\u'' — / sublraliends. 
~~ ^ reroainders. 



6^V+2/ 



3te«__4c.F-{-5ii:' minuends- 
—AfiX^+Sc-c+Hj? Bubtrahenda, 
remaindcts. 



Jacx multiplicands. 
— 3iey raultipliers. 




hth. 

a+x 
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6th. 

7ab'\-3ac+4d 
3a— 2c 



21a«6+9a-c+ J 2ad—14abc-t}ac^—ikd. 



1th. 

5a -|- Sx-^-y 
3a + 2x 

15a«+ 9ax+3ap 

+ 10aa; ^6x^-^-2xy 

Iba^ +I9ax+3ay+i5x^ + 2xz/. 



8(A. 






a?^ 



x^'^a^ + a?* — a; + 1 
««+a;— 1 



a?— y 

x^'\-s^y-{'X'^y'^-\'Xi^ 
— s?y — x^y^ — x]^ — y^ 



-y^' 



aj« — x^ 4-a?* — 3^+x^ 
^x^^x^ + a^ — x'^+x 
—a:* + 0^ — x^ 4- x — 1 

«* ^-^*4-a;«— ar^'+Sa^— 1. 
11^ 



aay+fta^' + caj* 

ax+hx^'^co^ 

ax^j^haf+cx^ 

aaf'\'hx^-\'CX^ 

ax^'^hx^'\'Cx^ 



aa:+(a+6)ic*'*+(a+6+c)a;'+(a+6+c)a;4+(6+c)a?^+ca:*. 

a;^+cx* 



or aa;4-a 


a;*+a 


a'+a 


«< + 6 


+6 


+6 


+ 6 


+ c 




+c 


+c 





12rA. 



Here, in order that the result may be of the same form 

as that derived from actual multiplication, we write, first 

tlie square of the first quantity ; fiecoiid> Imc^ lYi'fc y^^^<cJ 



of the tiro quantities; and, third, the square of the second 
qaaotity ; obaerving alwajs, that if any of the quantities 
I have coefiicieDts, they muflt be squared and muItipUed 
along mtb Ibem ; heoce 



The remark on question 12lh ia applicahle lo this; the 
only difference in tlic results being, that here the product 
is to be taken with a minus sign. 

^^_ (2a— 6)» =4a'— 4a6+6' 

^^L (3x—2!,y =9x'— 123;y+4y' 

^^V {<«— y) =aV— 2afy+y' 

^^ (3a»— 40'=9a'— 24a"c+16C. 

On referring to the solution of exercise 3d, in (Art. 28), 

I it will be seen, that when a quantity, increased by another, 

f is multiplied by the same quantity, diminished by that 

other, the result is the difference of their squares; hence 

in this exercise the result is always the square of the first 

quantity, diminished by the square of the Becond. 

{2a+xX2.-:.) =4«-,- 

I (3x+2,)(3»-2j) =9i"-4j' 

^^H {4a'— 9<!')(4a"+9c")=16o*_8]e'. 



{a—t)(a+x) =a'— a;', by Theor. 3d. 
{a'-x^){a' +x^) =«*-:.*, by ditto. 

9 (a*—x*)(a^+x^)=a'<—a^, by ditto. 




(2o+«)(2a— *) =4a-— a;', by Theor. 3d. 

f4<t*— «')(4a'+^') =l6a*—x^, by ditta 



ii, 



It 
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and (a;3— 2^)(a:5+/)=]c6— /, by Theor. 3d. 
«*— a; V + ^^ — y* 

^+y 

a;-* — a^y -|- jc^y '-* — xy^ 

Q^y-^x^y^ -^-xy^ — y^ 



x"^ — y*, 

and {x^ — y'^){pi^+y^)-=x^^-^x^y^^x'^y^^y^^. 

Division, Art. 33. 

1. 8aV-? — ^ax'^z=. — Aax. 

2. ^27p^mx^'i'9pmx=^^px\ 

3. -^84xYz^'^—l2xY'2=7xy'z. 

4. 120aV*-T-30acV'= •^. 

• « 

6. 36x^fz-^20x^y^z^=}ix^yh^. 

Art. 34. 

1. 2a ^)3a^~6a^+4a^— 8a 

^a* — 3a 4- 2 — -. 

2. 4a5 ) 1 2a^-~36a^6 + 36g6^— 126» 

¥-*+»'- r- 

3. 2a5a ;)48a^5^ar-^6a^5^a;^ + 1 4«Z> V 

24a'6— 18a6^4-76V. 

4. — 10;)2^)40pVy2_3o^i^y2_6o^2_^^i 



'v — 4xy + 3p^x^y -f- 6a?^y*. 

■I- 

.i 



Ja^c^— 36^c2_34aM. 
6. 4ag )4a V— Sg^ca; 4- 4a V 
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Art. 36. 



1. a«+2a»+jr2)o5+5a4x4-10a3x8+ 10aSi34.5ox4+*5(oS+3atjp+3(fcr«+*» 

3a4it?+9aV+10aV 



3aV + 7a V -I- Bax"^ 
3aV+6aV+3aa:4 



2. a'— 3a2+3a— l)a«— 5a*+10a3— 10a2+5a— l(a3— 2a+ 1 

~2a^ + 6a^—6a' + 2a 



a^— 3a'^ + 3a— 1 
a3^3a'^ + 3a— 1 

3. a:5+a;^a+a?a2+a')a;* — a* (a?— a 

— a^a — x^a'^ — xa^ — a* 
— x^a — x^a^ — xa^ — a^. 



5 



4. x*—x^y+!;^y^-—xf+y*y +y^ (x+y 

^y — ^P'^ + x^f—xy"^ + y 
x'^y-^o^y^ + xhf-^xy^ + y^ . 

9^_36^^— 45a;4 
— 10a;5 + 45a;i 

—\0x^+ 4Ox^+B0x' 

' 5a;4— 50.^3+95^2 

5a:*— 20.r3— 25a:2 



^30x^+120.r"^-f 150^ 
—30^4-120.^2 + 150^. 



6. 5a;3— 4iir2)25a:6— a;^— 2^— 8.^2 (5a;3 + 4^2 ^ 3^ ^ 2 
25^^20^ 

+20^511^4 

20a;5_i6^4 



15ict— 2.^3 
15a;*— 12a;3 






» 






— K+' 



+!'-2 



^ 



The above exercise might also he wrought by multiply- 
ing both dividend and divisor by 6 to clear aiviiy the frac- 
tionS] and then dividing the product of the dividend by the 
product of the divisor. 
i Aut. 38. 

The general demonstration of this theorem is as fol- 

Let x=a+b, then x—a=:b, 

*"=(o+6)°=a' + na"-'6+ "^''~^\ —^b' + 6"; from 

this subtract a', and the remainder "ill be a series of 
terms, each of vcbich contains b={x — a), or a" — a"^ 

ia+b)"—a''=na—'b^ "^^a-^b +6". which is 

evidenlty divisible by b, or (x — a), without a remainder. 

Art. 39. 

In order to demonstrate this theorem generally, put 
x-i-a=s, then x=s — a, and x' — a", will =s" — 7w'^'a+ 

— H — ^*"~V — =±;o" — a", where the last term of ihe 

espanion of (_s — a) will be + if n he even, 'and — if w be 
odd ; .-. if n be even, the (a")'fi wilt dcslvoy each other, 
I but if n be odd, there will renmin Su", ivbicli ti'rm not 

being divisible by s or x-\-a, there will be a remainder. 

I Art. 40. 

Let the notation here be the same as in Art. 38, 
then a;"+«'=2u"+na"-'t+ "'"""-^["-'6- + . ...+&". In 
^^^which the first term 2a" is not divisible by 6= (a- — a). 

^^H Art. 

^^V Ijet the notnlion here be the same as in Art. 3D ; then 

I **T*.<7'=j'_wj"-'u.f. "^'-^if'-^a:'— ;±ra"+a". which 

L J 



will be divisible bys=i-|-a, if ihe ('i")"s hare opposilc 

' NgDO. that is, if tlie last (enn of the pxpimsioa of (* — a)' 

I be — , whlcli it nill l)c if n be odd. The above csiiansions 

I an all elected by the binomial theorem. 



1.3.+ ^ 



Art. 43. 



2-'-^+^ = ^— 



<.—h)d^ac 



■ 3. 15a^+.r-^ = '"°'-;;>^' : 



_nrf--W+flC 



{3 oi-«-i^h:— (2oi'-V ) 



6. a+j 






„ I0n*i4 2a'— 36* 



^ =4a'— 2a+3. 

^•'a+2xa' +a'. 
Anr. 46. 
. The trulh of the rule depends upon 
the two folloiving- principles ; — 
lat, // one quantity measure anothei, Vt wiVV aV?« nwf^ 
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sure any multiple of that quantity. Let x measure 7/ by 
the units in n, it will measure my by the units in mn. 

2d» If a quantity measure two others, it will measure 
their sum or difference. Let a be contained m times in x, 
and n times in y; then mazzx, and nazzy; therefore 
xz±zyzz{mztin)a ; that is, a is contained mz±zn times in 
xz±=.y, or it measures xz^y by the units in mz±zn. 
Now let a and 6 be the two quantities, 6) a (p 
and let b be contained in a, p times, hp 

with a remainder, c, less than h ; again, 
let c be contained q times in 5, with a 
remainder d, less than c; lastly, let d 
be contained in c, r times, and no re- 
mainder. 



€)h(q 
cq 



d) c (r 
rd 



Since c contains d r times, and no remainder, d measures 
any multiple of c (pr 1st), but 6=c<2'+c?=rc?g+c?= 
(rg^+lM, .'. c? measures 6 ; and again, since azzhp+c^ 
p(rq^\)d+rdzz{pqr-\-p'\-r)d ; ,\ d measures a, and it 
has been shown that it measures h; .•. c? is a common 
measure of a and h. 



1. a — 2x 



a'— 2a2a;+aa?^— 2aj3 



0? 



^ax' 



a^ — x^ 

a^—^a^x + 0^x^-^200? 



—2a' 



x 



— 2ar* 
—2^ 



a+2x 



2d'x^a^X'^ + 2ax^—x^ 
2c^x—\a^x?- -f 2a^—Ax'^ 



2.0?-^^ 



x^ 4. x^y — xy^ — y^ 



—xf—y^ 
—xf—y"^ 



d'-i^x'. 
X* -i- x'^y — o^y — xy^ 



Ans. 
X — y 



— a;*y— a;^/ 4. a^y ^ + y^ 



a^vK-y'+.-^y 



3.4a?+348a;^+16j:— 15 
4 8ar'.— 2 j? 

36a:--15 
36a?— 15 



x-^-y, Ans. 

24r^— 22a;2+17^— 5 a:— 1^ 

2 






48ar»— 44a;'^+34a:— 10 
4ag^4-l()a:^— 15a? 

— 60a?'-*+49a?— 10 

■_60a?^— 20a?+18f 
69a:— 28| 
4 



23j276£— 115 
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Art. 47. 

^ '^ 36jr— car "" (36~-c)* ~" 36 



/O '\ ^ — ^ (j: — c){x-\-c) x-yc 

^ '^ 0? — 2caj+c? (x — c)(x — c) x — c 

n N g*-*"4qx-l-4a^ _ (tf+2j:)(a-t-23:) __ a+2g 

^ *' a^—iaa^ "" fl(a— 2j;)(a+2a;) "" ^—2ttx 

(±\ *»*— 7t* _ (m^— n^)(w8+n3) _ iii»+n« 

^ '^ »!*— 2«*8»«+i|4 "" (mS— n^Xm^— n») "* ^^^' 

^ '-^ 8a?— 27a8 "~ (2a?— 3a)(4a^+6aaj+9a«) 

2ar — 3a 

~" 4a:»+6a*+9a»' 

Art. 48. 





3* 


Zx 


9*» 


(!•) 


a 


^z.-- 


■"3a** 




2a 


a 


2a> 






><a- 


^ . 




3x 


"3a/ 




Be 


Sa 


I5ac 




_^ 


X — = 


— 




X 


3a 


3aa; 



^ -^ i+6 ^;r(a— 6)— ;r(a^— 6«) 
fl+6 *(a+fr) _ ( a4-ft) ^.g 
a"^ ^ i^t^—iC^^ft^) 
06 (^4-/>)(a— ft) _ flZ>(ag— 6«) 

* ^(«+ft)(«~ft)""^("*— ft^)' 
.„. 5ar (a+&)(a--6)&_5^jr(«8— ft*) 
^^•-' T ^ (a+6)(a— 6)6— a6(a-— 6") 
3ar (a—b )ah _ 3aHx—3ab'*x 
^ ^ (i^)i6~~ ab^u^—L^y 
46 06(0+6) __ 4a36a+4a6^ 
a— 6 ^ a6(«+ 6) "" Vb{J^'^)' 
3ar a(a+6)(a— 6)_3a''a:— 3fl68jr 
6 ^a(a + 6)(a-6)— a6(a*— 6«) * 

(4 ) The least common denominator is the least commoi 
multiple of a + a?, a — x, 0} — x^^ which is (J? — x^\ hence 

7a a — X 7a* — Tax 

a+ar a — x a'* — ** 
Jjr a+ar 3aar+3ar' . 4a* 



my— ALOBBEA. 



7 ^ T^— ~^iJi~ 



(l.)BjCArt.49)^=^ 

•'•oio+aic+ok-" 



••■ o»_i^ + oa_6i — ,^— fi""- 

(3.) The least common multiple of the (lenominatore 
will be found to be if — x^ ; the first fraction being multi- 
plied by — -, becomes ~i^ j : and the second being mul- 
tiplied by ^+aj-+r" '""'*'™" ~~a'—x'~ ' ^t"! ^he third re- 



a^— oi« . 



-+<»'j:4 



_Wi 



:,xix.=r.-rfl''^"^7 



[5.) Reduced lo the least common denominator, the 

f ,. .„ , 6a 4a 3a , 2n 

fractiDns will be — , — , t^> and jy. 

12 + 13+13+12—12-'*'^ 

An-r. 51. 



14 KEf — ALGEBRA. 

/o \ ^ . <'+c o-\-c , 1 a — c a — e 

(3.) — X— -=3—5 and — -X — =-3-—, 
fl+c a — c a-Vc — a-^-c 2c 



(4.) Multiply the first fraction by — and itbecon^es , ^ 

^ l+« 1 !+« — 1 X 



X .ZZ^= — ^2 «a and — - ^ 



»i® — n^ ' n^ — n^ m^ — n* 
m^-h 2mn+w* — m'-f 2pin — n^ 4i7m 

(6.) — -. x-=-a---- and^ — ^^x -Ti = -Tr— 



m?x n?x — X m^x — rn^x+x 

Art. 52. 

^ ^^ (2)^^ ^c""2(^' 

V'^->' a-6^a+6""" a{a—h) "a+h' 

^^•/ ^=^ ^ a+6 "" (a+6)(a—6) ^ ^ ''{a+bf 
rt 5_ g^— 6^_ 06(0^—6^ ab 

Art. 53. 

3a 2jr__^ V_3a« 
(l-) Yx'^Ya'-\c^ 2x^22^' 

. flc oc oc d acd I 

. a+6 a — 6 0+6 X ''^^ 

/^ ) ifnf . f+?_^'— 4 ^=z Oc-»-2 ) (g— 2)x4 _ 4g— .8 




.-. ^ ~—=~^^=a'^ie\mm; 

aod changing the signs of the Bubtiahend, wo hare 
— A ^-,- =2aj;, dmefence. 



^■);f. 



:::i-=5-7i'S""'; 



1,1 1 a+V^— J+W aw ,._ 

r and = — i - a =3— -a. difference 



;H^ («4xXn---/ )_(«+^* the quotient. 

(11.) MuUipIy both numerator and denominator of Ist by 
l+cb. and It hecomes j_^_^ -_-^=-^^i. 



plication by 2, and reducing to an improper fraction ; and 
again cancelling the ^ from the numerator, it beeonies 

a*+i~ atti 



p 



— — p, multiplying both numerator and denomi- 

..tor 1/ .J, .( >>""«'• . t^i,,^,a' = .gy-t^^T ^'^ 



i 




r—i 
L Colleeling now tl 

^^_- third, which has the 

I 



N 



of these two, and the 
denominator, vre obtain 

if—x'y ~- 

gj^J^ ■v'Cv— j) _ y 
s"— A~J'(y^')Cj'+*) "■?+-■ 

(1.) 2 raised to the fouilh power Is IB, and the expo- 
nents of each of tlie letters heing muItipHed by 4, gi^e* 

(2.) (7aV^)^=7x7x7« P ^ =343aV^. 
(3.) (|„6cM*=fx^x!x|x|Caic^^)'^=sW6W. 

(4.) aak^ 



a'¥(^. 



iMo'=ixi 



ixi^i'BX-i'BCaMe)' 



C5)(^)=7x7x7x7(-^)=-.^^-. 

Art. 57. 
(1.) Here tlie first term of the oxpunsion irill < 
Ijbe 
Mcond, o' X ,. I, =- 



third, ~4u'6x- 
fourth, 6a'i' X ■ 



3i 



=—Aah\ 



fifth. _4ai=X — ^ „ „ =6S 

.-. (x— i)'=a*— 4tt»&+6aV— 4a&'+6*. 

(2.) Here the first term will be 4ax4ax4a, =G\(?, 
second, 64a' X — ^ » » =— S6a»it, 

third,— 96aVx — ^^ ., .. = ^^aA 

fourth. 48aa;'x—g^^ .. » =— ar», 

.-. (4a— 2j')'=64j^— 96aV+48a3:'— 8.'^ 
('3.^ TiieSlh power being the third power of the third, we 
raise it to the third bj taking away flie S3m\m\ ftl fiw w»h« 



loot, and then C-^+y) must Le raised to third t 
frill be the same as the third power of (a^+x), ( 
raJj put X for a and y for x, 

(4.) First term, 2a x 2a x 2(i x 2a x 2a = 



17 

t; it 



second term, 32a' x — - 
third term, —80a' 



2x-2a 



= 80(^jf'' 



m, 80<^a;'x 

— 40aVx- 



-4fa'J:^ 



I0<ix<. 



with term lOax* x — ,--^ .. ~ — «*. 
.-. (2n— aN)^^32a'— 80a*i;+80aV— 40aV+I0air'— j-\ 

(5.) {a—(x+i/)l\ Considering ir+^ aa one quantitj, 
the expansion will be the same as the example, except in 
the letters; thus o'— 3«V+y)+3a(j'+y)'+(j^+j'/, 

Let now each term of this be expanded separately', 
first term, i, „ „ ^, 

second term, — 3a-(x+i/) = — 3a'j: — 3a'i/, 

third term, 3a(x'' +'2xi/+'/)=3iu:^+6aj-y+3ai/'', 
fourth term, — (x+l/T . ~ — x'—3x''i;~3ri/'' — ^. 
and collecting all the terms, it becomes 
(^— a^— /— 3a'a^'-3tfV+3aj^+3ai'''— 3j;^y— 3i/+6aj-.y. 

Akt. 58. 

(1.) The a qnare roo t of 16 is 4, of «' is a, of 6' is h', of 
<Blsc>; .-. Vl6a-6'cfi=4(i65Gi. 

(2.) The cube root of C4 is 4, of a' is a, of x'' is x\ and 
of y" is ji*. 

(3.) The fourth root of o** is a* t 



of.-' 



X, of _;/*■ is J/ -, and 






(4) The fifth root of 32 is 2, of j: 



', of 2/5 is y, and 



1 

J 



18 
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(5.) The fourtb root of x^ is x'^, of y^ is y, of z^ is z^. 



(!•) 



Art. 59. 

9a^+6a6+6«(3a+6, root, 
9a« 



6a+6 






(2.) 



o^ + %ax + 1 6a;2 (a + 4a;, root. 



2a+ix 



Sax+ldx^ 
Sax+\6x^ 



(3.) a'^c^ +4:a^cx+4x^(a^c+2x, root, 

2a«c+2a? 



a*c2 



4a^ca;+4j?'' 
4a2cir-f4a;« 



(4.) 



4a»+ 1 2a6+ 96^+ 1 6ac+246c+ 1 6c*(2a+ 36+ 4c, root, 

4a2 



4a +36' 
36 



12a6+962 
12a6+96« 



4a+66+4c 



I6ac+246c+16c2 
16ac4-246c+16c2 



(5.) 



a:*+4a*+2as*+9a;*— 4a?+4(j:3+2a»— a;+2, root. 



2x^ 



4oi^+2x^ 
4x^+4x^ 



23i^+4x^—x 

— X 



—2x^ +9a;2 
— 2a?4 — iar^+x^ 



2;r'+4a;2— 2a;+2 



4ic3+8a;2 — 4a: +4 
4a^ + 8x^ — 4a: +4 



(1.) 



Art. 60. 

27a^— 27a2a;+9aa:2— a:'(3a— a:, root, 
27a' 



27a2— 9aa:+a?2 



— 27a«a;+9aa?«— a:' 
— 27a2a;-f9aa:2— a?3 



(2.) 



a6+6a46« + 12a«64 + 866(a*+26«, root, 



a^ 



3a^ + 6a«62 +46*|6a*6« + J2a«6*+ 86« 

/fe*6« + 12a«6*+Bb« 



W UT — ALGEBRA. 

(3.) a"— g^V+Sy^ey'— 27y'(a-— 3.'/, root. 



I— 9j^V+27a^ff''-37y' 



Simple Eqitations. 

(1.) a:— 6+25=36, 
I x^36+6 — 25, by transposition, 

.-..=17. 

(2.) 3^— 5=23— »:. 
' 3a:+j'^23 + 5, by transposition, 

' 4r^W, by coUecling tlie terms, 

-•. x=zT, by Rule 2d. 
(3.) 7^— 3=5a:+13, 

7ic— 5.i;=13+3, by transposition, 
2ie=16, by collecting the terms, 
.-. x=8, by Rule 2d. 
(4.) 3^ +.5=: 10a:— 16, 

fi + 16=]0j: — 3*', by transposition. 
2l=:7'>'i by collecting the terms, 
,■. 3=:x, by dividing by 7- 

^^^^^V 11 + lii^?^" — 2r, by transposition, 
^^^^H 25^5x, by colleoting the terms, 
^^^^^ .'. 5 ^x, by dividing by 5. 
■ ■•^,) 1 5t— 24 =20 + ^x, 

45x—72=m+x, by multiplying by 3, 
45j: — ^=:60+72, by truuspoaition, 
44j-=i132, by collecting the terms, 
,■. j-^3, by dividing by 44. 

.|=4j— 17, 

+3j;— aB=24j;— 102. by ranltiplying by 6, 
-|-3jf — 2x — 21c= — 102, bj transposition, 
— 17^;= — 102, by collecting the terms, 
.■. j;=:6, by di?iding by — 17- 

"+|-j=7, 

.Qx+4x-^x=M, by multiplying by 12, 
7a^84j by collecting tlie I'a, 
x=il2, by dividiflg bj 7- 




|<S-)i+;+;+5+H=«> ^H 

I 83;+6x+4x+3x+2x=iGx2i, by mult, by 24, 

I 23a:=46x24, hy collecting, 

I -■, 3:=48, by dividing by 23. 

I (10) 5+1-3=^' 

I 6x-\-4ie — 3^=6, by multiplying by 12, 

I 'Jx=6, by collecting the terms, 

I ■■. x^^, by dividing by 7- 

I ftj:+6+4:t;+8=168+15-3a:, by mult, by 12. 

I 6x+4x+3x=l68 — 6 — 8+15, by tnmsposition, 

I ]3£=169, by collecting the terms, 

I ■•. ic=13, by dividing by 13. 

' (12-) f+f^m-'-f^-K 

6j+6+4a?+8=192— 15jr— 3, by mult, by 12. 
6j:-i-tc+153r=192 — 6 — 8 — 3, by tranaposition, 
25j;=17ii, by collecting the tenns, 
.'. ar=7, by dividing by 25. 
(13.) ._f=i=5|_fii"+^, 

I 60a:— 20a;+40-345— 12a^I20+15r, mult, by 6^. 

I 60j^-20i!+12;r— 1 5.);=345— 120-^0, hy transp. 

I 373;=185, by collecting the terms, 

I .■. x=5, by dividing by 37- 

I 6jT+9ir— 15=72— 4r+8, by multiplying by 6, 

I (ia:-f-9j;+4j^=72+154-8, by transposition, 
I 19.c=95, by collecting the terms, 

I .■. 3:=5, by dividing by 19. 

[('=•); + ;=. 

I x-\-ah^acx, by multiplying by tw, 

I ab-=.acx — X, by transposition, 

I ah={ao — 1)3;, by collecting the terms, 

I .-. T=x, by dividing by {ac — 1). 

I <16.) ar+6<=:6x+a2, 

ft (a—i)x^a^ — h', by trans^oaing and collecting, 

I .'. ar^a-i-b, by dividing \i7 Xfl — b^. 



) ta:+2x—a=3ie+2e. 
bie-^Sn — 33s^a-\-2c, by trail aposilion, 
(6 — })x=a+Se, by collecting. 



■• x=^-r-j by dividing by (6 — 1). 



(18.) 3*;- 



I 9abx—3a^-i-3abcx=a''b+abx—Zb^-\-3lx, 

^^^^by multiplyiog both sides by 3a6, 
^^■^ (9oft+3a6c— ai— 36}j;=3u«+a"i— 3J*,bytransp. 
^^■ll {Bal'+3alc—3b)x=3a'' + a^b—3b', 

^^^" '■ ~Sab+Sabc—3b' 

' 19. Let the number sought be represented by x, then by 
!' the question, x-\-^ +-^=15i, 

and mult, by 6, 6.r+ar-f-2i:=924, Rule 3d. 

hence collecting and dividing, x:= 84. 
20. Let X =: the number sought; then by the question. 



! 



k 



^+3 + 4-ii=17- 

and mult, by 12, 12x+4x+3x 
collecting the terms, 



-2^=204, 
17a:=204, 

=12. 



21. Let j: := those who voted for the succeasful candi- 
date; then the majority will be (Schol. Art. 70), (2a;— 31 1), 
which by the question is 79; hence 

2jr— 311= 79, 
2.c=390, 
.-. x=195, 
and j:— 79=195— 79=116. 

Note. The nimiber that vated for tile unaucceaBfiil cuididAte may 
alia be represented by I, then 9r-l-79 will be the number who voted 
tor the SDCcesBfdl candidate, and 2i+79:=311; bence t,<^116 u be- 
fore. It may also be easily solved by making those who volod for 
the SQCcessful i:aDdidate i, and those who voted for the other y, then 
i+y=31I, and j:—j/=79; for the solution of which SCO the Rules for 
SiranltaiieouB Ei^uationH. 

22. Let a represent the number; then by the question. 

Mult, by 12, 12.C— G00=6a;+3*+2fl:, 
Transposing and collecting, 3t=600. 

23. Let j: represent the wife's age at tbe tme ol "Oa^ 
mamage; tkea 3x will represent the \iu6\»an.i'&a^>i^\.'0o» 




e time. Fifteen years after the marriage the ivife would 
« m+l5, and tlie husband 3r+15. 
" e by the question. 3j;-i-55=2(»'+I5), 
or3aT+15=2»- + 30.- 

.■, x=l5 by transposing, 
and 3^^ 45. 

24. Let a: represent B's share, then since A had twice as 
much, 2j- will represent A's share, and since C had as mnch 
as A and B logelher, C's share will he represented by 3a:, 
but the sum oftbese shares is L.300. 

Hence a+23:-i-3x=300, .-. by collecting and 

dividing, x= 50 B's share, and 22'=]00 

A's share, and Sri^lSO C's share. 

25. Let j: ^ the number of honre required; then since 
the first could fill the cistern in 12 hours, it could fill -,% in 

one hour, and consequently y;; in a: hours; in the sameman- 



T the second could fill -5 



: hours; hut in x boon by 



supposition ttie cistern was filled, or the sum of these frac- 
tions is = I. 

Hence -r^+ ^=1, multiplying this by Ofi, we Lbtc 
20jr=96, 

■, NOTB. It the Ume in which the fint ConlB fit! the cistern tud bMB 
P»opreaptitcil hy e, and Ihe time iu which llie second muW fill it by bi 
e would have >'=-^, : Or, The times betTig given in uiAIck tack 
qflwo agenls acting mparalely can pToiJuce a givm 'ffiri, Ihe (iiwiK 
which they can jninlli/ product Ihe same effect, u Ihe product of the HilUt- 
divided by Ihe mm af Ihe timet. 

_ 26. Let X represent the number of yards at 7s.; then 
■'ilD— « will represent the number at 3s,; then by the queft- 
■•^ 7ir=3(40_j'), 

hence 10^=120, 
and .'. x= 13 yards at 7s., 
hence also 40—12=28 yards at 3s. 
27- Let ;ir represent B's money; then 3x will be A's, and 
when B gives A L.50, A will have 3^+50. and B will have 
x~50: but by the question the first will be four times tilt 
Muond. Hence 3^+50=4(^—50), 
or, ar 4- 50= 4a-— 200, 

250=x IVs money, 
.-. ae^lSO A'a money. 



MS that each cask con- 
lined in the first, and 

second, and by the questioD, 

times the ei 
-80), 



[, that i; 



then 202—3- will 
be the number of 



38. Let a: — the number of gftlli 
tttined; then x — 34 is what remi 
I — 80 what remained in t 
the first remainder was thi 
a:— 34: 
ora'— 34=3i— 240, 
.-. x=103. 
29. Let X ^ the number of crn 
be the number of half-guineas, ] 0. 
Hipencea paid in crowna, and 21(202— .t) the 
sixpences paid in half- guineas. 

Uence 4000=10j:+21(209_k), 
or 4000=10^+4242- 21x, 
By transp. 1 1^=242, 

.-. 3;=22, the numher of crowns, 
and 202—22=180, the iiuraher of half-guineaB. 

30 and 31. Let x = the time sought; then (,31) ^ i 
quantity filled by the first pipe, j that filled by the set 
- ihnt filled by the third; and since these quantitie 
get her filled the cistern, 

n + 6 +c ^'' "■"Itip'^'ig "t "'"^1 

abc 

[ lA+ac+bc 

it shows that if the time be given 

agents acting separately wilt prodi 
toe tune in which they will produce the same effect acting 
jointly, is the prodwt of the fhree iivifs difided by t/ie mem of 
iht products of every pair of the times. 

For Question 30th, we have by snbatitntion of the pro- 
per Talues of a, h, c, 



which each of 
a given efiect. 



ft 



SlHULTANEDDS EqITI 



L 



By Rale 1st. 

(1)X2 

(2)X3 

(4)-(3; 



3*-t-2»=;66| „. 
lx+3!,=Mr"""'i'"" 

lix+3>/=lG2. 

/ .■. )/=10. value ot y. 



J 





^B In the same manner, if the first be multiplied by 3, and 




a value of a-; or the value of ar may be found from either 


equatioQ, by substitutiog tbe value of 1/ already found. 


vrbich will reduce it to on equation with one unknotm 


^^^ quantity whose value may easily he found. 


^H 2. By Rule 26, 5x_7y=8, .■, x=-^. 


■ A.-y=M,.:.J^. 


^H Hence also, ^J^_!i!^. since each is = x. 


^H 2Qy+m=M0+Zy. By mult, by 20, 


■ ?S&.=-«=io. 


^B BjBuIeSd. 


1 
2 


!:i*i;3}«''»«^««--- 


1 (2) tiansp. 


3 


!,=9_ix. 




4 


J*+i(9-S.)=7,by.«b,t.in(l), 


(4)xia 


fi 


Gr+8i— :c=126. 




6 


5a;=45. by transposition, &c. 


(6)+5 


7 


.-.1=9, value of ». 


and y=9— ^^=9— 1=8, Talue of y. | 


4. ■ 


1 


ac+Jy=381 Given equa- 
iiE4-2y=12 f tions. 


By Rule 4th. 


2 


(2)X» 


3 


|»KC+2wy=12n. 


(3) + (l) 


4 


(4n+3>+(2»+i)y_I2«+38. 
(|»+3).=12«+38. 


Letcoeff. ofj=01 
„l,ich gi.es f 


5 


fi 




7 


.'. n= — i, subst. this value 


in (5) and we hare 


8 


2H«=36- 




9 


35j-=35x12. 


^^^ 


1(1 


.■.;f=;12, value of JT. 


^^V Next let the coeff. } 


11 


(2»+4),=12»+3a 


^^S£ic=G, which giyea f 


12 


}o+3=0. 




13 


.-. n =—9, subst. this value 


^Kh (11) and we han 


14 


_17fc/=— 70. 


^^K 


15 


.-. y=4. value of y. 


^^^^:he above equations solved by Rule 1st would be a« 1 


^^Kx9 3 6<+.>/=76. 1 


^^■xie 4 &+36f=3l6. 1 


^^B-r^; / 6 3a,=\m. 1 


^^B^^ 16 1 .: p=i. value of y. 





(11x4 


7 


17M2) 


u 


(8)X3 


9 


(9)+a5 


10 


5. 








(l)-(2) 




(2)+(3) 




(4)H-2 




(2)-(3) 




(6)^-2 




6. 






2 


(l) + (2) 


3 


(3)^-2 


4 


(l)-(2) 


5 


(5)+2 


6 



ll|a:=140. 
35j;=420, 

j:=12, Taloe of j-. 



—10 j-Gi'CD equationi. 



.'. y=4, value of y. 
^_~j J-GiTen equatiooB. 



y=^(« — d), value of y. 

The solution of this question proves a theorem of con- 
siderable use in several parts of mathematics, viz. If Oiere 
be two v,negyal quantities whose sum and difference are 
kmnim; the greater it equal to half the mm toffeUiei- iintk half 
the difference; and /Ae lessu equal to lialf Oie mim, diminieh- 
ed by half the difference. 

Questioti SI, page 42, may at once be solved by the ap- 
plication of this principle. 

3jr+3y 



r (2)x! 



(2)X99 

(4)x8 

(6)x3 

(8)-(7) 

(9)h-173 

(4)X63 

(6)X2 

(11)-(18) 

il3)+866 

8. 
By Biile Is 

CI"-' 









3»+2y+ 121= 

15r-f 2y=96, collecting the terms, 
22^:— 33 + 18j^+6%=396. 
40a:-|-63i/— 429, collecting and transp. 
]20.i + 16,/=768. 
120j; -I- 189^=1287. 
17%=;5]9. 

yr^S, value of y. 



94.'jjr+]26y=6048. 
80.i;+]2ey=858. 
865j:=5190. 

.-. 37=6, value of x. 
I 1 I «^4.?.y=c \q. 

/ 3 I aax-^a'by=.i:Cc. 
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(2}Xcr 
(3)-(4) 

C1)X6' 
(2)X6 

(7}-C8) 



(a 'I — a6') y ^a'c — ac'. 



(at'— a'S>::z:ft'c— fie". 
h'c—bc' 



Talue of X. 



Note. If the (7) had been anbtrartad from Uie (8), the TaloH of 
t would have beeu - "'"I, ; and in tjie Bsme manner if (he (3) hod 
been anbtraclad from the (4), the value of y would have been found 
' "^,> These tm) sets of expressions, although differing in appear- 
uice, are the same in nstU}', and ma; be fouid the one from tiie 
other by multiplying both terms of the fraction b; — 1, or they ma; 
be proved identical by substituting the same numerical values of 
a, b, c, a', b', and c', in both formB, and the same lalues for x and j> 

11 be obtained. 

Bj Rule 2d. 

■From {l)x=^^, and from {2)10=—^, 



{"' 



—ii'b)ijt=.ac' — o'c, by transposiug, 



.•. y^ - — -, value ofy; and 

e manner may tlie value of a- be found. 
The calculation for findiug the Talues of j- and y by the 
third Kiile would be nearly the same as by the second. 
By the 4th Rule. 

I.. .„-r .„ («a+<t>=«c+c'. 

enn— j, J« {a ^}x-'i j" "[ for w its value. 

15 (a'h~-o.b')x=hc'—h'e, by mult )iy ' 
[ 



If iiJ,+t'-0, 



=0, 



20 



value of 

/]< M\ , a'cj hj subatituting 
{l> —^)'J-'^ — 7-j^the value of w. 
(ah' — <i'h)y=a(! — a'c, by mult, bjr a. 



. ia\\i,e o^ a 



^^^ 


KKT — At^XBSA. 27 




^^HE aboTC aolutioDB bave givem'= and—- ,,, 






"-17",-,; these Are not two values, hut 




the same Talae in two difl'erent fonna. 




^^- 


PiOB 47. Ei. I. 




V 


1 

2 
3 


,+,-,=2 i "■"-■ 




^5!+m+(3) 


4 


i+j,+==18. 




(*)—m 


5 


2j=B. 






6 


.-.2=4, value of:. 




(4>-(2) 


7 


2j=12. 






8 


.-. tf:=6, value of ji. 




(■l)-(3) 


9 


2b=16. 






10 


.•.=8, value of X. 






Otlterwise, 




(l)+(2) 


11 


2t=16, 






12 


.■.x=8, value of r. 




(I)+(3) 


13 


2j=12 






14 


.-.,=0. value of./. 




(2) + (3) 


15 


2:=8. 






JO 


.•.:=4, value of:. 




2. 

By Rule 1st. 


1 
2 
3 


4«+l,xit=13J"l""'°"'- 




(3)X2 


4 


'+'^Ttll!- 




(2)-(l) 


6 




(I)-(4) 


6 


Jj+i.-=9. 




(6)X13) 


7 


!'+i»=27. 




(6)— (7) 


8 


J.=4. 




!8)x2 





.■.!=8, value of.-. 




Substituting in (5) 


10 


j+ 10=31. 




Transp. (10) 


11 


.'. y=]5, value ofy. 




(9)+(ll) 


12 


y+!=23. 




(1)-(12) 
3. 


13 


1=12, value of .t. 




1 


i+j=281 




2 


x+E=2e J-The given equations. 






3 


J+.=22J 




(l)+(2)+(3) 


4 


2i+2,,+2,=7(!. 




(■l)+2 


5 


«+j+=3a. 




(5)— (3) 





x=16, value of a-. 




(5)— (2) 


7 


V=12. value Q^ 11. 




L. 


8 1 !=10, TOtae oS .. 


J 





1 30 KST — A1.QXBBA. H 


Otberwise, | 


(l)-(2) 


9 


y-J-2. 


f9)+(3) 


10 


2y=24. 


(10)+2 


11 


.-. y=12, yalueof y. 


(2)_(3) 


12 


a:-y=4. 


(12)+(1) 


13 


2:b=32. 


(13)-^2 


14 


.-.a'=16, value of «. 


(IMS) 


15 


a;— 2=6. 


(2)_<15) 


16 


2z=20. 




17 


i=]0, Talne of:. 


1 
2 
3 


2i:2V=S;-40bhe given 


1 Tmnip. (2) 


4 


23;— 3j/=— 20. 


Trui.p. (3) 


5 


a^— 2;=— 15. 


(l)x2 


6 


2j;+2y+2i=180. 


(5)X2 


7 


2x— 4z=— 30. 


(6)-(4) 


8 


5y + 2::=200. 


(6)-(7) 


9 


2y+6z=2]0. 


(9)x2J 


10 


5y+ 15;=525. 


(10)-(8) 


U 


133=325. 


(n)H-13 


12 


.-.1=25, value of e. 


(8)x3 


13 


I5«+ 63=600. 


(13)_(9) 


14 


13j/=390. 


(14)+13 


16 


.•.y=30, value of y. 


(12)+(15) 


16 


;,+.=55. 


^;I)-(W) 


17 


j;=35, value of j;. 


^^BpLUTION OF PBC 


BLEM9 ^R01>UCI^G EQUATIONS COD-] 


^^^B TAINtNG TWO OK MOKE UNKNOWN QUANTITIES. 1 


^^H I. Let x= the first, and i/= the second; J 


V° 


1 

2 


iTSSi}'^"''"-^- 


W-« 


3 


2«+4y=42, 


4 


31y=28. 


" i4)*35 


5 


j'= 8, Talae of the second. 


(2)X-1 


6 


Rr+2i.=56, 


u. (6)-(l) 


7 


7* =35, 


IL^Hi 


8 


I — 5, Talne of the first. 


^^fe a. Lei ^:= 


the first, and tn= the second ; 1 


■r I |:;+f=j;}b,.he,„,u„. 1 


^■r;v3 / 3 »+|j=u. 1 


^Kfx^ / l| :r+Sj,=15, 1 


■■ J 



<*) -(3) 
(5) X 12 

(1) X3 

(2) x4 
m -(8) 



KBX— ALGEBRA. 

^=rl2, Talue of the second, 
« —6, Talue of the first. 



fe ^.W+I=]3. Talue of. ■-. 

iiGt the ftaction be represented by - ; then 



3. Let a:=the first and ((= the second ; 
"^ I 2 U+'S4?+3,}''J"'M».tio,. 

From (1) we have x=2i/-~5, and froni (2) we hare 
x=il/+l ; 

... 2i/— 5= J^+ 1, by Role 2, 
and 6y— 15=4v-f3. by muU. by 3, 
^^^^^ 2^=18, by liansp. 

From the first, (y — 2)=2,i:+2, and fiom tlic second, 

.■.ae+2=:^,r+5, by Rule 2, 
and6a;-i-6=5j:+15, by mult, by 3; 
.". x=y, the numerittor; 
Hence y— 2=ar+2=18+2=20; 

.-. y=22, the denominator; 

] 



J^Jjbythe 



(pestion. 



Therefon 



= jV 



Let the kft hand digit be represented by x, and the 
right hand digit by y, then the number will be represented 
by 10a; 4-y; hence 



(1)X4 

(4)+3' 
Substituting ir 
(6)-i-2i 
Substituting in 



3y=Gr. 

V=2x. 



'( bythequea 



\ the digits sought ; 





^^H 6. Let tlie notation be the same as in last example; 1 


^Be„ 


1 


10jr+y=6y, tbythe 
]nj-+y+27=I0i' + j-, /quest. 




2 


Transposing (1) 


3 


10a:— 53^=0. 


Tranaposiiig (2) 


4 


^x— 9y=— 27- 


(3)X9 


5 


90.r— 45u=:0. 


(4j X 10 


6 


9O:«-90v=-27O. 


(5)-(6) 


7 


45y=270. 


(7)^46 


8 


y=6, Talue of unit's figure. 


SubBtitutingin(l) 


9 


10.K+6=36. 


Transposing (9) 


10 


lOi =30. 


(]0)4.IO 


11 


X =3, value of left hand 
digit. 


Hence tlie number sought is 36. 


Note, Tbo above eiiuation may also be solved with tesa labour. 


by finding a value of y in terms of it, from the first eqaation, uid 


eubatitating tbie i&lue instead of it in tbe second, (Rule 3.) Thoa, 


from the firat j/=2j'j subBtitutiog ibis value of y, in the geeond, gives. 


the uumbor sought is .■. 56. 


7- Let tbe digits be represented hj x, y, and z, respec- 


tlien 


I 


'+.»+>=7, 1 i 




2 


2x+2.=5,, ffj 




3 


lOOK-f-lOy+s— 297 fso 
=100z+10.v+i. >« 




4 


99»_99.=297. 


(I)X2 


5 


2i+2j+20=14, 


f5)-C2) 


6 


2j=14_5y. 


Transp. and diriding (6) 


7 


..=2. 


(2)Xl9i 


8 


99.r+99,=495, substi- 
tuting value of y. 


W+(8) 


9 


198j=792. 


(9)Il93 


10 


-.=4. 


(S)-C4) 


11 


198:=]98. 


aiwisfi 


12 




^^^L Hence tlie number soug 


It is 421.' 


^^^B, Let the first be x, the second >/, and the third r; then 1 


* 


isstMi-r'-- 


3 


l,,:+i, + ,=34) •'»'■• 


(2)x3 4 


«+3,+^102. 


P}Xi 5 


i+j,+ 4=136. 


w—m 6 


2Sj+lt=6a, 


l'^>-(-j; 7 


lj+31„\(«. 


^ 



IP" 




KKY— ALGEBRA. 


f6)x2 
(7)X10 
(9)-8 
(10) -=-34 




8 
9 

10 

II 


5i/+--=l36. 
5y+35j=i020. 

34^^884. 

.■.r=2fi. Yalueofthir 


SubalitutiDg in (8) 
Transp. and divid. 

Sabatitutingui(l) 
Transposbg (14) 


12 
13 

1^ 


5^+26=136. 

^=3.% value of secon 
«^4.11 + 13=34. 

j-=IO. value of first. 



9, Since the digits are in arithmetical progreBsion, if the 
middle digit be represented by y, and the common differ- 
ence by a", the others cau be represented by ^-f-a-and y — a-; 
and since by subtracting from the number, the digits were 
inTerted, the greatest digit must he in the place of hun- 
dreds, and the least in the unit's place; therefore ne have 
the folloming et^uations: — 



HPSnced 

I, Tnmap.and dir. (3) 

Collecting (2) 
Transposing (5) 
(6) -=-198 

Subst. in (4), x=\ 
Therefore the first fi| 



10Q(j4-0 + 10y+.V — j^ JO 

(■1000/-t-r)-(-10y+j/-^-: 
\ 100(i,^.r)-(-10,/+y + ^, 
l|]y-|-99x^l44j,. 

llli/ -I- 9fl,r— 198=111;/— 



e being (y-|-j-)=4, and the third 
being {y — a^)=2, and the number sought is 432. 

lU. Let .e = the time in which A could finish the whole, 
y ^ the time in which B could do it, and t the time in 
which C could do it. In order to obtain a general solution 
of all questions similar to this, put a for 8 days, 6 for 
9 days, and c for 10 days; then since A could do it iu x 
days, he could do - in a day, and since A and B together 
could do it in o days, they could do - in a day, and so of 
the others; hence 



f(l) + (2)+('3) 



+ ^=4 i-By the questloo. 



i 



t (6)x2a6CT- 

(5)-(2) 
(10)-i-(6c+a6— «c) 

(12) X 201= 
(I3)-^(ac+a6— 6c) 

Substituting 
of • ' ■ 



^^+2-.+ 



26 + 2c* 



I . 3a^26 2i: 

(flc+6c— ni) 

I J'^sT'^'s; 2i' 
2oAc=(Jc+a6— aii)j. 
2flic 



I 



^^+K 



1 



'~2b .. .„ 

13 I 2alc={ac+ab~be)z. 

2ttbc 
{ac+ab— bc) 



14 £=^ 



Lji[; iiuw III nii;ac Talues of 3^, ,'/, and r, the valuoi 
u. u, V, »".. c, the timea in whicli A, B, and C could per-' 
form the work when acting alone, will be fuund thiia: 

_2,i^^l440_72?_,4 



3oii; U4£l_720 

^ bc+ab^c~~82 
lahc U40 






it— k'' 



'"SI 






Solution of Quadratic Equations. 
1, Given ar'=4j:+45. 

* — 4ci=45, by transposition. 

* — 4r+4=49, completing square, (Art. 83.) 

— 2 ^ Lh: ?' extracting root. 

It may also be solved at once, by substituting in the 
general formula, {Art. RO), the proper values of a, i, and 
'■■^ found in (I) above, which gives 

c_ -- — =M, or — U. 



2. Given 
Transp. 
(2) X 20+4* 
Extract root of (3) 

' traasp. (4) &c. 



5a;''+7+4j-=35. 
5x'+4k=28. 
100a^=+80«+16=576. 
10x+4==!=24. 




Transp. (1) and 
Art. 81 

Estracting root 
Transp. (4) aod) 
dividiiig by 6. J 



1 

2 
3 
4 
5 


3^+4=2+ lil'. 

3j->+2'=1121, mulLbyr. 
3fc>+24«+4= 13456. 

.■.»=~°=f"° =19.0.-19!. 



6. GiTCn 
Mult(l) by 3(^—3) 

LTI-i-'^' 

Extracting root 


1 
2 
3 
4 
5 
6 


lbV—104j-+ 169=121. 
4j-— 13==tll. 



7- Giren 
(1} reduced 
Art. 81 
Extcacting root 



=i'+^ 



576*"— 384x+64=784. 
24a;— 8==±=2S. 



24 



= H, ■ 



-a- 



, Art. 81 



2j^+2j=24, by subtracting 6^ 

from both. 
16j^'' + 16^+4=196. 
4j;+2==tl4. 
.-. x-= — ~ — =3, or — 4. 



-1= 



110 



J 



1 ■' 



Art. 82 
Extracting root 


3 
4 
5 


' 


^=^±^=11, or -10. 


10. Given 
Transp. (1) and ( 

Extracting root 


X5) 


1 
2 
3 
4 
5 


Jav'=24a!— 700. 

a:"— 120a^=— 3500, 

^—120:^+3600=100. 

^-60= ±10. 

.-. a^60=*rI0=70. or.'iO. 


11. Giyen 

(l)xK-^+]X.'r+2) 

(9)Tran8posed 
Extracting root 


1 
2 

3 
4 
5 
6 

7 


30 30 _ D 

30,r^ +90x+6O—3O^''—G0x= 

flj^'i— 21J-S+60. 

3^=— 7a^=+20. 
36.r'~8ix+4S=2S9. 
6x— 7=^17. 

.-..= ^=4.or_lI=-|. 


(12.) Gi>e» 
(l)x8(»-3)(i+4) 

Iktracting root 


1 
2 

3 
4 

6 


0«'— 7j:=11G. 

324x''— 252J-+ 49= 4225. 

Ife— 7=±65. 


13. GiTen 

(1)X 2(^-4) 
(aJTranspoaed 
Art. 82 
Estracting root 

Solutions o 

1. Let *= the 
f the qaeBlion, 

i 


1 

2 
3 
4 

5 
6 

t<ta 

less 
1' 


x—S+!e^~6x+e=i8x—72. 
^— iae=— 72. 
r'_iai:+81=S. 

.a;=^^3'=12, or6. 

EBTiONS PRODUCING Quadratic 
E<lUATIO^B. 
then .T+IS will be the greater; and, 



W KEY—Auamx. 3» m 


(l)x» 


2 


x+in=2x\ 


faitransposed 
Art. 81 
Enracting root 


3 

4 
5 

6 


2r*— j=I,';. 
4j— J==tl]. 


Heacea: + 15=18, or 131. 


2. Letz=tbe less, then 100-^ will be the greater; and, 
bj the question, 1 * ^-(100— a')=2059. i 
2 ]00x-^==2059. 1 
changing aigns of (2) 3 a"— 100^=— 2059. 1 
Art. 82. 4 x^—imx+Si500=44\. i 
Eitracting root 5 x— 50==t2] ■ 
6 .-.^=50=t21=71or2fl. | 


3. Let^=theUBB, 

bj the question. 

Art. 82 
1 Kittacting the root 


tb 
1 
2 
3 
4 
5 
6 


n ;r+8 will be the greater ; and, 1 

ri»+B)=g40. 1 

^^+a(=240. ' 

a^a^ 4.16=256. 

»+4==fcl6. 

.-. »==tl6_4=I2, or -20. 

«+8=20. or —12. 


^^^^R«t x^ tbe prime cost of the piece ; then by the 
^^^p^les of " Lobs and Gain," we have tbe folloiring 


proportion -^ — 

Art. 68 2 
Art 82 3 

Kxtracting root 4 
5 


«:100;:24:100+i. 
;«'+100^2400. 1 
y'+10(l,r+2500=j9l». d 
i+50=:t70. ■ 
.-. ^=±70—50=20, or —120. ■ 


5. Let x= tbe number of oxen bought ; .-. ^^ v.as the 1 


price in pnunda paid for each ; and since he relaiued six 1 
to himself, the number sold was {x~6), and ibe price fur I 


which each was sold was ^^; but by tbe question, ■ 




1 


-f+^-S- 1 


(l)X<^-6) 
(2)transposed 

Art.82 
■ Extracting tbe root. 


2 
3 
4 
5 
6 
? 


480i-2880+4.r'-24re=4aO,r. 1 
*r'-2i^2880. M 
i'-aE=720. ■ 
i'— 6.X9=729. I 
i-3==t27. 1 
«=3±27=30, or —li. ] 


■^^ 


^ 


^^ 



NoTK. In lavettU of the praeeding solutionis, and in tboBe tbst 
foUow, it may he ramarked, tliat of the two values found, only one 
is conultsnt mtk tho cunditiona of tlie question, oltliough both ful- 
fil Ilie conditions of the algeLraiu equation derived irom it, Ihns 
obowing lliot the algebraic equation ia more general tluu tbe quea- 
tioD from, wbich it was derived. In the Algebra tbosa values octy 
oca givon wbiuli ore consistent with the nature of the question. 

G. Let «;= the length (and consequently the price in 
sliillinga of a yard) of the shortest trench; then (*+4) 
will represent the length (and also the price in shillings) 
of a yard of the longest trench ; .■. by the quesliou, 

I 1 3:'+(a-+4}==400=shillingBinL,20. 
collecting (1) I 2 23:^ + ar=384. 

(2)-^2 3 z''+4x=lQ2. 

Art. 82 4 j-'+4j:+4=]96. 

Extracting root S j:-f2=cfc:14. 

6 .-. 3^=t:14— 2=12, or —16. 

I 7 anda;+4=16, or— 12. 

7. Let a^tlie breadth of the frame, tiien the length of 
the glass and frame will be (24+2j'), and the widtli 
(16+2r), and the surface of the plass and frame will he 
{24-|-2.i!)(l'6+23!), while the siarface of the glass is 
24 X 16=384; and hy Ihe question, the first is double of 
the second ; whence 

1 (24+2^)(16+2a;)=768. 

2 4,r'+80,<-+ 384=768. 
(2)^4. and transp, 3 ay' -\.20^=96. 

Art. 82 4 ^■■'+20^+ 100=196. 

Extracting root 5 a:+10=r±:]4, 

6 .-. :r==!z]4— 10^4. 
Tbe other value is evidently inconsistent with the na- 
ture of (he problem. 

S. Let x^the first ; then since the sum of the first and 
second is 10, the second will lie (10 — a'); again, since 
Iliey are in geometrical progression, x ; (10 — a") :: (10 — x) : 
— ^ — ihe third ; therefore by the question, 

l!^'-(10-.)=24. 

2a^_303:+100=24jr. 

~ -— 54ir=— 100. 

1 fo'— 432a + 29i 6=21 1 6. 






question, but [he second la the aumber sought, and hence J 
the Diimbcrs are 2, 8, and 32. J 


9. Let.-=B'arateof 
(j^+l) wiUbe A'a; an 

(2)-T-10 and transposed 


tra 
iby 

1 
2 
3 


celling in miles per hour, iLen 1 
the question, 1 

I- +1-30. J 


Alt. 82 


4 


«'+-+*=!?. 1 


10. Let a::=the pera 


a 

6 


.+ i=r!=V. I 
.■.,.„-^y_i-3,lh.valu8 1 
Bought. 1 
relieved byB; then (.e+'lO} 


will be those relieved by A ; also — = the pounds B J 
gOTc to each, and — — - =lbe pounds A gave to each; but M 


by the question the 
therefore 

(I)X*(:r+40) 

(2)^5 andtransp. 
Art. 82 
Extracting root 


first 
1 

2 

3 
4 
5 
6 

7 


is 3 greater than the second ; 

1200 ^_ 1200 
n ■'~ 1+40 

1200^ 4-48000— Sr'— 200*= 

I200j:. 
r''+40jr=9600. 
j;'+40j;-|- 400= 10000. 
:c + 20=7tl00. 
.-. 3:=100— 20=80. 
iind:r + 40=flO + 40=I20. 


ll,Let;r=the 


aumber of pieces; then — isthenum- 


her of sliillings paid for a piece, and 675-f — what the 


whole was sold for, also =48,r; therefore 




1 


i8x=675+ ^. g 


(l)>Ca: andtransp. 
Formula, Art. 80 


2 
3 
4 


48:^ 
lOr 


-675 =676- ■ 
— 225x=225. ■ 


=H|2E 1,5 piece.. 1 


i||LlS. Let the nun 


J)er who dined he x ; *.'\iei\\)^ &* ^^t^v- 1 


K d 



■ nnlv 



(2)trBnspoBed 
^.82 


1 
2 
3 
4 

I 

7 


1 50;i:— 150 + 5*"— 5iF=:150!r. ' 
5a^— 5«=150. 
K*— a:=30. 

.-. »;=^=!=y =6, the number soupht 



13. The solution of this is the same as (Exercise 6), 
only put 6 instead of 4, and 68 shillings instead of 400. 

14. Suppose the first had x eggs ; then the second must 
hare had (100 — x). Since therefore the former ivould 
have Bold (100 — x) eggs for 15 pence, we hare the follow- 



'::15:--— — , the SUm ihc 



ing proportion : (100 — x) : 

first receiTed. 

Also, since the second would have sold x eggs for 6| 
pence, and did sell (100 — a), ne have the folloiying pro- 
portion: X : {lOO—x) : : %" : ^^^, the sum the sc- 



:200000— 4000jr+20*' 

25a;»+ 4000^=200000. 
:" + ]60a-=8OO0. 
■"+160:e+6400=:14400. 
+80==fcl20. 
■ a=±I20— 8 0=4 0. 

The other Value is inconsistent nith the conditions of 

the question. 
I Substituting this value of r in the expressions found 

above for the sum that each received, we find that each 

received 10 pence. 
, 15. Since the numbers had equal ditTerences. it is plaic 

^^^ that the- middle number will be a third part of their sum 
^^Hwod will therefore be 3. Let now .r= the difference be- 
^^^^nreen this and each of the others ; then they itUI be re- 
^^■hesented hy (S—x) and (3+r). 
^^K (3-^)* =81— 10«iB+34.E'— 12^+a^'. 

'^^m (3-hr) =81 + 108ar+54j:'+\2i-V^. 



(1)X34100_;.) 
(2) transp. 
(3)-=- 25 
Art. 82 


1 
2 
3 

4 


Extracting root 


7 





Sum of fourth powers =243+]O8j^+2jr'=707. 

by the queation : 

hence per question, 11 2:.'+108;.'+243=707. 

(l)-i-2 and transposed |2 ^+54e'=232. 

Art. 82 3 ^'+ 51c' +729=96]. 

Extracting root 4 iK*+27=31. 

5 .-. a:'=31— 27=4. 

and x=2 ; hence the num- 
bers are 3— 2=1, 3, and 3+2=5. 


SoLOTION OF QuAOHATICS WITH TWO USJINOWN tJHAtf- 

TITIE9 — Page 54. 


(I)- s 

(2)x4 4 
(3)_(4) . 
Extracting root t 


a;"+2jy+/=H4. 
4ii,=128. 

a^=8, Talueofj-. 
y=4, value of y. 


2. 

(1)' 
(2)x4 
(3) + (4) 
Extractioe root 
1(6)+1(1) 
i(6)-|(l) 
3. 

(2)" 

<l)-{3) 
(J)+(4) 
Extractine root 

4. 
(2)-(') 


1 
3 
3 
4 
5 
6 
7 
s 


%lT3\'""P'""t'"''"""- 

4,5=72. 
,<+2«+.»-=121. 
«+J/=ll. 

:r=y. value of ^r. 

y=:2. value of ,v. 


I 

2 
3 
4 
5 
6 
7 
8 


«!'+}>=ie9^ The given 
X — v=7 J equations. 
i'-2ij,+/=49. 

ar,/=120. 
,t'+2j;.»+/=289. 
»+J=17. 

j.= 12, value of jr- 
i/=5, value of //. 


1 
2 
3 


.■•-/=72 frie given 
.■+3/=108fequalioni 
4j>=3S. 


K3)* 
(1)X3 
(5)+(2) 


4 
5 
6 


... >/=3. value of y. 
3»'— 3,1=216. 
4^^=324. 


7 1 a'^g, value o! T. 1 


^^ rf 



40 
5. 

(3)-(2) 
(2)-(4) 

(5)* 

l(l)-|(6) 
6. 



(1) transposed 
In (2) subst. (3) 
(4) X 12^" giTes 

Fonnnla, Art. 80 
Substituting in (1) 

7. 

(1) gires 

(2) gires 



Extracting: root 
(4) 

8. 

Jjety=vx, /(I) 
and we have \ (2) 

(3) -1.(4) gives 
Subst for V in (3) 



KEY — ALGEBRA. 



1 
2 
3 
4 
5 
6 

7 

8 



2 
3 

4 

5 

6 



7 

8 



1 
2 
3 
4 



6 

7 
.8 



07+22^=15 ) The given 
ic2-f-4y*=113 j equations. 
ir2+4ry+4y2=r225. ' 

4xy=U2. 
x^ — ^xy + 4y ^ = 1 . 
a?— .23^=:=±il. 

07=8 or 7^ values of x, 
y=3^ or 4, values of y. 



4/ I The given 



^=tk j equat 

arz=63-~4y. 
252— 16y 

5/+i92y=3024. 



ions. 



y 



_— 192=4= is/(192)*+20x3024 



10 



— 192=±=312 



10 

a;+48=63. 

.*. a7=zl5, value of .r. 



= 12, value of y. 



iry=96 
Ax—y 



,=96 I 



The given equations 



96 

ar2=64. 

a:=8, value of ar. 
y=Hir=12, value of y. 

x^—xy=L20\ The given 
ary — y^=:16 J equations. 
a;2— va?2=:20. 

VX^—'V^X^=l\Q. 



4, 
3'' 



:t;. 






P* XXT— ■UAKBBA. 41 ■ 


; Sabst. forj:iii(l) 1 9 1 100_10v=20. 1 


1 10 1 .-. ,(/=8, Tiilueofy. 1 


1 9. Let x = axe greater, and ;/ = the less; then by the | 


i .[uestion. 


1 


x^ +a-y=240. I 




2 


^,/+?/ = l60. 1 


(l)+(2) 


3 


x-+2^!l^!,^=m. I 


Estracting root 


4 


^+.V=20. 1 


(I) -=-(4) gives 


5 


j-=: 1 2, the greater. ■ 


t2)--(4) giYea 


Q 


ij=S. the less. ■ 


10. Let die nota 


Jon be the same as in the last ; then by | 


the question, 


1 


*''+j'y=220. 




a 


X!/~ii^=lQ. 


andwohaTe\(2) 


3 


a;Vl + iO=220. 


4 


.-^_.*)=18. 


(3)^(4) girea 


5 


!+« 110 


(5)X9(.— «0 


6 


9+9,.=110i^l]0«« 


(G) transposed 


7 


nQv^—\Q\v--Q. 


i""" 


8 


„_101=tV(10l)'— 4*0x9 
~ 230 — il"' 10- 


^BRatitute these 


allies of V successively in equation (4), 1 


and they give ^j^^n^^lS, or ^=11; and ,g5:r«=18, or 


x=10^2. 


These yaluea of », mnlliplied by the corresponding yaluea 


of V from which they were derived, give ff=L9, or ^2- 


11. Let the three numbers be represented by jr,i/, and z; 


(hen by the question, 




1 


4^+y+0=48. 




2 


v{^+y+z)=m. 




3 


<^+y+.)=lia. 


(l)+(2)+(3) 


4 


C.r+y+^)«=256. 


Extracting root 


5 


;.+y+.=16. 


(11-C5J gives 
{2i^.(5} gives 


6 


a=3. value of the first. 


7 


2/=6, value of the second. 


(3)^(5) gives 
12. Let ic = the 


8 


!=7, value of the third. 


greater, and y = the less; then by the 1 


qBestion, 


1 


Sa:— 5j=4y. ■ 




2 


:.^ + 4y« = 18]. 1 


(1) givea 


3 


y=^^- \ 


Suhslituliijg in (2) / 


4 /.' + ^.^=mi. J 


^ d 





^B (4) X 81 gives 

V (5) -81 gives 

Substitntbg in (3) 

13, Let the great 
leBsby(iB— y); thei 

(1) expanded, &c. 
(S) ditto 

(3) s<iuared 
(4)--(3) gives 
Extracting root 

(3)+(7) 

Eslracting root 
(3)-(7) 

bxtractiDg root 

14. Let :. = the 


8 


I81,r'=181 x81. 1 

,,.=81. 1 

.-. ^=9, value of the greater. 1 

y^39=5, value of the Jess. ^ 


r be 

by 

1 

2 

3 

4 

5 

6 

7 

8 

9 
10 
11 


he ([aeBtion, 
(«+!/)"+(«-!/)'=34. 

(«+j)'+(»^y)'=706. 

^•+S«=17. 

^* + 6.i:.ye + y*=353. 

&j,=8. 
«"+2'J+,';'=25. 

*+y=5, the greater number. 
a!s_2:ry+ya=9. 

a-— y=3, the less number. 


lumeTator, and 1/ the denominator. 


^H By the question. 


■ J=^?" 


^t 


2 (i+i)i={j-i)j. 


^f (l)X-f gives 


3 5=2,.. 


' Subat for 7/ in (2) 
(4)^j;and transp. 

^B SubGt. in (2) gives 
^^ Art. US 

^^1 Extracting root 


4 r=+^=tc«— 2^. 

5 aE=3. 

6 .-. 1=1, value of the Dumeralor. 

7 ,"-!/=2. 

9 ,_i=±i. 


1 The last value is not consiatent with the nature of thft 1 
question. Hence the fraction sought is ^. I 


^L ■ 


^ft 1. a^=(a^Xf^)^=(ahP)i M 





ri?=(i?xi^)*=(«)*. 

3a /3o 3b ia\X /27fl"\l 

4ai/'=C4ayx4ni'*X-4o/)^=(tf4a*y»)^, 
3<i-»=(3<.-ix3a-»x3o-j:)4=(27,^V)', 

3*^2* ^ 21 '^ 2*y \ fii" y ■ 

3. — 2a=C— 2a'«— 2ax— 2aK— 2ax— 2a)^a(— 32(1*)^, 
3*r_/3w 3ra 3bi 3m 3cr\ J_ /243£^ji'\ I 

^=(^x5-X = X^X^)' = ("^")i, 

>.-_/Wx(^>J_/?i3.-\l 

34^0?= 4/3x3"x"3 X v''"'=N/27aj"=(27(M;')^. 
5(«x')*=(5x5xSx5)i(<vt-)i=(625«.r')l, 
3(,y)i=(3 X 3 X 3 X3)i(»y)*=(81^y) '. 
(860_ _ _ 

1. v'32u*=v'16«'' X2,/=VI6a' Xv'aa^^aVSn- 

4^81o^=^27a»x3;/=4/27a« X 4/3«=3<i» v^t. 

Vi25=v'2Jxo=v'25 X VS=5^S. 

(ia0«'»')*-(36<.Vx5o)*_(3li.V)tx(5a)*=6o»(5«)*. 
2. 4^1250xV'=4^125^/xlOi/=5j;y4'llte/. 
(96aSie')*=(16.i* X 6aa')i=2(f(6(«7')*- 
(72«V;*=(3ai-V'x2i-j)4=8i"5(2ij,)i. 



J 



KEY — AXtXBBRA. 






r-i?)*=(s=<3».)*="w*- 



.li. 



(87.) 1, Since ^ and | are = f and g, .-. (oc)^ and (5)' 
=(ao)" and (5)^=(aSe3)o and (]2o)^ 

2. Since J and i = j'^j and g'g, .■. 4* and 3,-'|=4^'' and 
J'^={256)S^ and (243)='o. 

3. :^4^=(4a%)^and4''^^=(3a'a;''>*. But^s 
i^ and \=-^, .: (4a^^)^ and (3a=;^')^=(4a'a:)^ and 

[ (3a'x^-)^^={2o6a^x*)^ and (270"*^"^. 

4. Since ^ and 5=^^ and -f'^, .-. {'3") "i"l(7c)^~ 

|(f)A„a(±)ft=(S)A„a(^)A. 

£> Since ^z=|, the first can be reduced to the Hame frac- 
I tional exponent as the second. (g^J*=f 3^]*=/-j^J*, 

(88.) To Add and Subtract Surds. 

1. 3V32=3Vl6x"2=12v'2,and2v'if^=i 
2v'8nc2=]0V2, .-. 18v'2+12^/2=30v'2, sum, 

and 18^2—12^2=6^/2, diff. 

2. 3i^54=3v'27x2=94/2 and 4/250=^125x2 
=54/2 .-. 9^2+54/2=144/2, sum, 

and 94/2—54/2=44/2, ^ffewMe. 



3. ^^a*=l/Sc^ X 3a=2av^ and ,^/l92a= 

and 2a^3^^-4^37(=(2«— 4)4/5;^, difference. 

4. V80=VTtix5=V5aiid^45=v/!)x5^3v'5' 

.-. 4v'fl+3V5=7V5. sum, 
I and 4^5 — 375—^5) difl'erence, 

.i.(36(r')^=C36a'Xa)^=6a«^,aQd (98a' ^=(49x2(1)* 

.-. 6ii^n+7\'2«^ their sam, 
and fitV"— 7V2u= their difierence. 
6. (1000a^)^= VKW^i^xKb =10a'^m. and 



.300a')'=v'll)0ct-' xaa =10av'3a. 

10a'y'10a + 10a</-i^, =their sum, 
and lOit^JlOa — I0a^3a, =their difference. 



^^^H (89.) To MiTLTiPLT SoRsa. 

^^P^5x3V»=]5v'40=15v/4"xK»=30vTo. 
I 2. ^18x54^4=5^72=5^8^=10^9. 

3. v'iO=(10)"=(1000}B, and 4/l5=( 1")^=C225)«' 
.-. (1000)6 x{225)«:^4^2a500U. 
or ViO=(2x5}«=(2>.5')e, and4/lT^C3x5)^= 
(3'.fi')s. 

.-. (2^.5')^ x(3-.5')«^(2'. 3^5^)6. 



i.^X 



4. Since f^i'i and ^^j^,- 

5. («+6)ix(«-6)*=i(«+SX<.-4)i*=0 

6. Since - =—,and^=-; .-. a"^ X «•' = 



Sa* 



Xial 



40 KEY — ALGEBRA. 

(90.) To DiviDB Surds. 
1- -^=5>/y-=5v/9 =5x3=15. 



'■ lj^=*x*;^rJ(i)*=H^*=«(")' 



b*\i 

W« (a«)* (a*)' ^''^ 

(91.) Involution of Surds. 

1. The second power of 2 is 4, and the second power of 

{ac)'^ is {acy =.{ac)^ ; .•. the quantity sought is 4(ac)^. 

2. 4 raised to the third power is 4x4x4=64, and 

.•. the quantity sought is 64bca^(bc)^. 

3. The fourth power is the square of the square, and 
the square of ^^^6=/^=^, which heing again squared, 

- 6^ 1 
gives 5'^. Or ^jJ6=z — - = — , which raised to the fourth 

4. Here the exponent of a multiplied by 6 is 3, and the 
exponent of b] multiplied by 6 is 2. Hence the quantity 
sought is aV, 

5. Applying (Art. 57), we have V=l for the first term; 

- - - \/^ 

3xPX/s/a:=3Va:for the second; 3^a:x|X -y~~ = ^ 



TH 



■^=.. 



for the third; andarxix ^=xjx for thefonrlh. And 

contiDuiug the same praceas, ne will find tbe next term 
and all after become 0; .*■ the povrer sought will evi- 
dently be l+3V^+3^'+-^v'^'- 
, 6._By (Art. 29), (3+V^)"=3^ + Cii^/3)» + 2x3x 

^92.) Evolution of Sckds. 

1. The sqnare root of 9 is 3, and the sqoare root of 
3* 18=33 »=:3G, or ,^/3; hence the quantity sought is 

3^3". 

2. The squttre root of 33 Is 6, and the square root of 

4/2=23'*'=26, orv'S; hence the quantity sought is 

3. The cube root of 8 is 2, and the cube root of i/^ 
=5^ ^ a_5i_^ . hence the quantity sought is 2^.^. 

4. The cube root of 27 is 3, and the cube root of ^^ 
is 7 ^=7®="i/7; hence the quantity sought ia 3x7 . 
or 3^/7. 

5. The fourth root of 64 is (64)i^=(64)T'3=(2i»)"i'^ = 
2C2«^)^,and the fourth root of ^4 is 4^ ^ i=4^'^=(2^)''5; 
hence the qnan% sought is 2(26)'i^(2')T3=2(2»')i'J= 
2(256)^. 

(94.) ExBBCisEs IN Equations. 

1. ^3a;+4:=5. GiTen equation. 

3% 4*4=^^1 ^7 squaring both sides. 
.*. ii;=7i by transp., and dividing by 3. 



I 



r. ^~i+Ej;=2+\f3x. Given equatiou. 

4+5a:=4+4^3,i'+3jr, by squaring both sides. 

S,r=4v'3,T, by transposition. 
4.r*:=48j;, fay squaring both sides. 
.: x=i2, by diriding by 4x. 



1 



■ ^2x+ 10-4-4^8, qWen eqitalion, 
V2x+10— 4, by tranfipoailion, 

2x+iQ=z64. by cubing both aides, 
,-. iP=27. by traneposition and division by 2. 

.. 4. /-^+5=7i giyen eqaation, 

^=:4, transposing and squaring, 
.•■ x^3, by dividing by |. 
'. ^ 4x+l7 +6^x-i'2=8^'^+3, given equation, 
^4a!+J7=2^i+I, by transposition, 
4e-{-iy=^'h!+4^x-\-}, by squaring, 

i^x^4, by transposing and dividing by 4, 
.'. 3-^16, by squaring. 

. i/x+i^x — 7=-/-=£. given equation, 

^^: ^ie^x—7 =21, by mult, by v'.c^. 
■y^x" — 7^=28 — X, by transposition, 
ir* — 7^=784 — 56x+x-, by squaring, 
49^=784, by transposition, 
.-. a'^16, by dividing by 49. 

' ~^7^='*V5+3;' pTcn equation, 

8a;+4=20+4j', by multiplying by ^5+x, , 
,■. ic^4, by transposing and dividing by 4. 

|-8. V7+3!+y=y. given equation, 

V3«+a;'' + ]=13, by multiplying by ^x, 
x^ -{■7x=^l44, by transposing and squaring, 
x'-\-'Jx-\ — y^-j-i completing the square, 
fl;+g==fc^-, by extracting the root, 
■■.fl-=9or^l6 . 

7r+i+^="3" . B'ven equation, 
3+2v'l+.r=l+j-, by multiplying by Sy'T+i, 
4+4i:=:at'' — 4.«-f-4. transposing and sqoi ' 
8x=x^, by transposing. 



10. ^(E-(-v'a:+a=~T^tpTen equation, 

Lt/x'-\-ax-i'X-^a^2a, by multiplying by ^x+a, 
jc''4-aa:=:a'' — Zoar+i'i tranfipoung and squaring, 
3axi=<t', by Iranspoaitioa, 
.'. x=^ , by dividing by 3a, 

^V'* — J<K=^Qx, given equation, 
~^/a).Jx=^/a, by transposition, 

/"y ■ * ° . by diriding by 1 — v'a. 

■■• "^ (i-VJ)* ' ^^ squaring. 

K^x +£i+v'a— x=i, given equation, 

;e+o+2\/a'' — x" + a — os=:h'', squaring both si A: 

2^n" x'^b' — 2a, by transposition, 

4a^ — 4a°:=6"' — 4«ii" +'*<'*' l^y squaring, 

ix'^b'(4a — i')> transp. & ohaQging Bigna, 

.■• x=niia — 6*) . div. by 4 and ext. root. 



/l-\-x ^x'+l2 =\+x:, given equation, 
l+a;^a;'+i2=l-(-2a;+ii;'', squariiig both sides, 
^x'+12=Q+x, subt. 1 and dividing by x, 
iE»4-]S=4-|-ii;+a;*, by squaring, 
=2, transposing and dividing by 4. 

^x+ i/l6+x=-~-^, given equation, 

V'l6^+^i+16+a'=40,bymult.by^r6+*;, 
^16x+a;==24 — a, by transposition, 
lRe+K*:x576 — ^x+x^, by squaring, 
S4a;=576. by transposition, 

^^-!lf±B, given equation, 

4^"_tL2=V»±14, see (Art. 69). 

M^«+1024=48v'«+1056,bjmu]t.bothaatiflby7{ 
16^a:=32, by transposition, 

=4, by diridiug by 16 aj^i b<^\ibxuv^. 



KBr-^AIXHttlU. 






=,^. (Art. 69;, 



: ) _.{ ii ty iquaring and reducing fraction. 



fe 



.Vea~3^ (Art. 69), 

15\/f>j"=16v'6^ — 6, clearing of fractions, 
^6^=6, transposing and changing the signs, 
.-. 3;=6, by squaring and diriding by 6. 

■18. 3;+2v'«=24, given equation, 

3!-|-2t/ar+l=25, completing the square, 

\/x+I^:t5, by eilracting the root, 

.-. j-^16 or 36, by tnmsposing and aquaring. 

19, a^ — 2j:''^x, given eqtialion, 
if — i^ic", by dmding by «*, 
z — 3-2=2, by transposition, 
a: — 3;*-}-i=T' ^y completing the square, 
a:^ — ^— zfcj, extracting the root, 

a;»=2 or —1, by transpoBidoii} 
.■. x=4 or 1, by squaring. 

'20, a^^x^=i6, given equation, 

a'+iB*+i=V' (Art- 94), by completing square. 

a*-)-^=:t|, by extracting the root, 

a!*=2 or — 3, by transposition, 

!g=32 or —243 , by raising to the fifth povr«. 



3^ — 2^*^133, given equation. 



Solving for «' by formula, {Axt. 80), we bare 
i 32fc40 _ 
x4=-^=7or-y, 

.*. a=49 or —-, by tqntLrtng botli sides. 



22. (j;+12)5+(3:+12)i=fl, given eqnation. 
This being of the form of an adfected quadratic, in vrhich 
the unknown quantity is (x-|-12)^, ne must first solve for 

(r+lS)', and then rmsingboth sides to the fourth power, 
solve the result again for x. 

(at+12)24-(a!+12)*+J=y, completing the square, 
(:i+12)''+^=^=^, ertracting the root, 
(ir+12)*=2 or — 3, by transposition, 
;c4-12^]6or81. raising to tlio fourth power. 



(95.) Aritbuetical Peogbession. 

PtBifo/Tliairema,paije 64. 
1 I l=a^^i^id \ 



ince l~=a+Ti—ld, by equation (1), 

l—n — \d^=a, by transposing it — \d, 
: a=i— jPTrf. Q. E. D. 



e«= J2a-|-B— li/j 5, by equation (2.) 

2s=2an+)iyn-^f/. ' 

2an=2s — nyin — -Id. by transposition. 

= ^ — "=^:i. Q. E. D. 



h 



3, From (l)n— ld=/— a, and 

from (2) n — \d= - — 2a. Equating these values, 

we oht^ I — «= 2a ; 



a= ——I, by transp. Q.. ^. \i. 



4. Since i=a + w— It/, (1); .: n~l = ''~- 



^^ Hence n='=^+l=^t-^. 
^^^HSubsdtute these values of n~l and 71 



I hen 



fhence 2dg={2a+l—a)(l—a + d), mult, by 2d, 

-rfa=f+iii— 2d!s, bj transposition, 

' — da+ -~=l'+ld+ ~- 2ds compt square, 

=i{(2l+d)''—8d>,] i 
- 3 =:=±= W (2i+rf)^— 8rf3. Est. root. 



i^(2l+d)''—8ds+y. Q. E. D. 



6. This is one of the given equations, from n'lii 
' srs are to be derived, viz. (1). 

6. The value of n — Id determined from (2) is — 
this being substituted instead of it in tbe first, gires 



^a -J 2a, by reducing ; 

1=; a, by collecting the terms. Q, E. D. 

i7. llie value of a, determined from (2), see Theorem 2d, 
1^; this being' substituted for a in (1) gives 

.:l='^+'!^d. Q. E. D. 

8. The solution of this is the same as the 4th Theorem 
up to the last value of 2rfj, with which begin ; 

2da=l'—a''+dl+ad. 
Hence P-^-dl^a' — ad'}-2ds, changing sides and transp. 

i'+dl^ =J j(2a— iiY+6i«A to^?^-^^^^*- 



t+ ^^=^^V^{2a — d)*+Q<is, extracting tlie root. 

■.=i=^^{2a—d)-'+8di—^. Q. E. D. 

Since Uie difTcrence between an inareaamg and a dc> 
-iea in aiilhineticiJ progreBsion coasiats in tbe sign ot d. 
Mid avery inereaaiag series may be canndered as a deoresning one, 
which begins with the lost term, and has d miniu, if I be pat for a, 
and a for I, and alaa — d ioT +(f, in the four theorems which express 
the Tolaes of a, we will obtain the corresponding values of t ; changing 
the letters as ubove, the let gives the fith, the 3d the 7th, the 3d the 
Gth, and the 4th gives the 8lh. 

vide by (n — 1), and we 
Q. E. D. 



0> In (1 )i trauBpoBe o 



\ From (2), s= \Za-\-7i—\d\ 5. 
.■.2B=2an + n(n— ])(;, 
I or n(ji — \)d=2i — 2ajt, by Iranapoaing, &c. 



I 

^^^|B, The reduction is the same aa tbnt in Theorem 4[h, 
B^HKo the lost value of 2di, \vith which begin. 

2<rf — {l-\-d)d-=P — a', by transpoang, 



Q. E. D. 



12. FindaTalue of2arroni (1), which is 2a=2;—2ji—]rf, 
and subatitate it in the (2), and we will have 

s= J2i— 2n— Id+n— l(i| ^, which solve for d. 
ji^ii — \)d=:2ln — 2s, by transposition. 



Replace a-\-n — 1 



\d in (2) by its value I in (I), 



Ill4. Fiom {!) a+n~id=l, 
K .: a+nd—d=l. 

K hence Kd=l — a-^d, 

I 
tntei 



whence 2s=(a+?)n, by mult, by 2; 



.■.«='=^+l. Q. E. D. 

6. (2)giFes2s=2aM+m'd— nd, 

.■■ d?i*+(2ii — d)n=2e, by changing the sides, 
(81), 4<;%' +4d(2a— rf)w+ (2a— tZ)' ^(2a-- rfj' +8(fe. 
2d7i + 2a— c/==tv'(2o— rf>' + 8t/*. 



n=^ j v'Cao— d)'+8d3+t?— 2a,j Q. E. D. 
16. From (1), 2a=2^— 2{n— l)rf; this being Bubsti- 
tnted for it in (2), giTes s= bj— re^d! ", 
or 2e=2;M— iiV+jial, 
dn' — (2;+rf)n=^ — 2s, by transposition, 
4rf»ii'— 4rf(2i + d)n + m+df^{2l .^d)'^—Qde. (Art. 81 .) 
M'n~{2l+d)=zi=J{2l+dY—iids. Ext, root. 



17. In (2), instead of a+n— Itit, substitute /, its valuE 
from (1), and it becomes 



w 

L 



19. Begin with the last ralue of 2i/e in the proof 
Theorem 4, namely, 

2dfi=^P—a^-\.ld^ad; 



20. Instead of 2a in (2), substitute its value in terms of 
/, as found from (1), and it becomes 

\2U-2l^d-\.^^ld\\, 
\2l-^^^d\\. Q. E. D. 



KB 7 — ALGEBRA. 



KExEHcisBE, Page 64- 
ere a^5, d=4, and «=]2; these rallies I 
•abstituted in Theorems 5lh and 18th, girc 

fc=5 + I2=ri x4^5+ 11 X 4=5+44=19, 

s= [2x54-12=^x4} y=(l0-f-44}6=324. 

2. Here «=3, 1=51, and d=2; these Talues Buheti- 

toted in Theorems )4th and 19th, nil! give n and s; thus, 

^"^* ^' +i{fil+3):=648+27=675. 

■e a=12]00, a=], and rf=2; these values s 

stittited in Theorems 8th and 15th, gives 

f=iV ^— 2f +8x2x1210 6—1=220— 1=219. 

n=l { ^(2—2)^+8x2x12100+ 2—2] = i V ^^mo 

=110. 

4. Here »=40, 0=80, and d=4; these Talues being 
substituted in Theorems 5th and 18tb, will give 

fc8O+(40— l)x4=80+156=236. 
flp[l60+39x4j20=316x20=6320. 

5. Here a=9, </= — ^, and ?ir;21; substituting i 
values in Theorem 18th, gives 

.= J2x9-20xijf = -yXy=ll9. 

6. Here fi=300, n=12, and d=4; substituting tj 
values ia Theorem 2d, it becomes 

(96.) Geometrical Pbogressiou. 
■ar'^'j i Equations previously proved, from 
^ ar" — a J- which all the others are to be de- 

or"^'; dividing both sides by r"^', we have 
Q. E. D. 




-1), by mult, by r — 1; 
ihanging the Bi< 
by (.--1). 



)< ) by changing the sides, and dividing 

'■/" • • • » _ ~ 



de- I 

are J 

b. 1 



3. Since t=aT^~', lr:=ar'; substituting ttis ^alue o 

ar* in (2), we have «= — ■, 

(r—l)s=lr~a, by mult, by r—1; 

.: a=lr—{r—l)s, by transp. Q. E. D. 

4, Since (1) multiplied by r gives aT"=lr; substitutliig 
LifiiiH in (2), we hare 

■Wbence rs — e=b- — a, by multiplying by r — 1, 
(s — l)r=s — a, by transposition; 

.-. r= 'f=^. (J. E. D. 



I 



5. Since (1) ar^'=l, 

r"-'^ -, dividing by a. 
Extracting tbe («— ))th root, r=''^. Q. R D. 

6. Is tbe given equation (2), and 7 ia the first equailoi 

n the proof of Theorem 4th, wliich see. 

8. From (1) we easily deduce aj^=lr, and ax — 
Substitute these values in (2), and it becomes 



Multiply by r"~' both numerator and denominator of 
the second side, and it becomes 

,^ ^^ HT^ <J.E.D. 



(9.) Is the given equation (IJ previously proved. 
10. Beginning with the first expression in tbe proof of 
Theorem 4th, we have s= -— . 

i(r~l}=lr—a, mult, by (»■— 1), 
lr—t(r — 1 )+a, transp. and changing sides 
.■.l=-tzpi^. u. E.D. 

COH. ;=«—'—. 



i 




S7 

1= "s^r • "^d substituting this value of a 



=~£^ xb. q. e. d. 

ExEBCiBEs IN Geometrical Proobebsion. 

1. Here a=I, r=2, and n::^10; therefore 
Theorem 9, i=23=2^x2'=32xl6=512. 

Theorems, s=|^ =25x2'— 1=32x32— 1=1023. 

2. nerea=I, i^l28. anda=255; therefore substitut- 
ing these values in Theorem 4th, we have 

_ B55— 1 _ 264 _2 



3. Here a=l, r=:^, and n= infinity; therefore r"may 
be considered as =0. Hence (4) equation (Art. 96), gives 



=J, and n= infinity; therefore 



— , and n^ infinity; tberefore 



1- 



Beie o= 1 iarthing, r=4, and b=]2; therefore 

-_ „ . 4«— 1 {4<)"-l (356)'— 1 

Theorem 6 gives s= -j^r = ^ — = - -^ — ■ 



I 

^^BR Let the first term be represented by x, and the com- 
^^nni ratio by r, then xr will be the second term, and XT' 
the third ; hentM 

3 5x+5xr=2a;+2xr',bymuU.ext.aiiditteansQftiy 
* S+5r=2+2r\ dividing by x. 



i 



KEY — ALGEBRA- 



2r' — 5r^3, transp. and changmg sides. 
16r*—40r+ 25=49, completing the square. 
4r — 5=:^7i extracting. 
.•. r= — — =3, or — \. 



Substituting tbe value 3 instead of >- in (1), we obtmn 
13d::=53, .'.x=4i hence we hare the numbers sought, 
4, 12, and 36. 

If the other Talue of r be substituted, tbe numbers will 



460 



23* 



be -i-, ;;-, and 



117 



which also fulfil the conditiotu of 



the question; but one of them being minus, they cannot 
properly be considered as included in the enunciation of 
the question. 

8. Let the notation be the same as in the last exenuK. 
=la, I By the conditions 
^25, / of the qaeation. 



3r'+3=5r+5. 
Sr'~5r=2. 

. r= ~^ =2, or - 

+2^=15. 

. x=5, the first. 

r=10, the second, 
and a')^=20, the third, < 



tlen 


1 
2 


(2)+(l>g™ 


3 


(3)x3(l + r) 
(4) transposed 


4 
5 


(5) by formula 80 


6 


(1) br BQbstitotion 

(7)+3 

(8)xr' 


7 
8 
9 
10 



(119.) 
1. 560x3x 



«1 . 



76ft=L.75, 12i. 

2. 420+420x6x j^-^ =495f,=L.495, 12s. 

3. P= ;. (3) .■. ,-j = -^i- =L.300. 



=L.450. 



6. <=^(4).- 



B0O~50O _ 

SOOx-OJ 

344—200 _ 1 

200x78" " 3 



= Si =*«'"'»'• 



(121.) 

1. By Fonnula (1), Log. 1000=30000000000 
By Table 12; 10 Log. 105 =Q- 21I60299 10 

Ans. L.1628, 17s. 9id. = ]628-89=3'211Hy29910 

2. By Formula (2), Log. 700 =2'845098 

11 Log. 1-04 =018736 87323 
Ans. L.454, 14s. I^d. =454-706=2'657731 

« T. T. 1 ,jv 2-602CIS(l— 2-562293 _ ,„- , 

3. By Formuk (4), .,^,„„,,, =.2,„.mi^,,. 

4. B, Fo^ul. (5), Will531t:i»!ii« ^ 

l ;.M»l»--.-lr.. .7. ^.(Bujg^i^ ,^5 . 

therefore the rate per cent is 5. Ans. 

5. Apply Fonnula (4). This question is the same as,— 
In what time will one pound become tno, at 5 per cent? 

Log. 3 — Log. 1 
Log. 1 1)5 



hence -^-^:f ' = .£f^ =14-2 years. 



Log. 3— Log. 1 _ ^01030 _ 



1 7'67 years. 



Log. 1-04 -017033 
_ Log. 100 — Log. 10 I ,_ ,„ 

7. — =-■ = — = =47-19 veara. 

' -031183 ■02118!! ' ■' 

8> Here the amount most first be found (I). And the 
Talue of 7^ -will be found by (Art. 121); we have then. 
Log. 100+12, Log. 1 ■04=Log. 160]03=L.ieO, 2s. 0|d. 
Log. 100+24, Log. 102z=Log. 1G0-844=L.160, 16s. IQid. 
Log. 100+48, Log. l'01=Log, J 61 -223=^1 61, 43. 5id. 

Subtracting the principal, L.UX), from each of the WioTe, 
ive obtain the compound interest sought. 

''^^•* . / I \ 

1 . Apply Formida, (Art. 125), and - =2000,/ 1—^^—^\ 

=■623111; hence 2000x-623111=1246-222=L.]246. 4s. 

2. Apply the last formula in (Art. 125), yiz. p=-i 
hence the value sought is '-^" =100 X ^ =:L.2000. 

3. This is the same as finding the present value of an 
annuity of L.50 for 40 years, at 2J per cent, to which ap- 
plyformula, (Art. 125), riz. p= ^?1— y^V^ =2000 
(1— ■372431)=2000x-627569=L.1255, 2s. 9id. 

4. 31is ia the same as finding the ■valae oS a ^ei^\.'oa\ 



J 



annuity of L.50 per annum at one-half of 5 per cent ; 
hence vre have, by sabstituting these values in the lait 
Lformula, (Ait. 125), 

^ 50 60000 . cttvm 

^ -026 25 
5. By (Art. 126), and substituting the proper values «f 
^ t,n, and r, we hare 

\lll=h.im,3B.i 

^^jl =589-636=L.589, 12s. Sid. 

7- By (Art 127), calling the amount a, we have 

•'•—r +1 =(!+'■)") by mult, by — and transp. 
orLog.j^°+l|=«Log.(l+r). But^J + l) = 2; 

Log. 2 _ :501O3O_.,. 

■"' Log.{l-05) ~^' '"' -021189 — '.*'^' 
8. In Formula, (Art. 127). put J=24. r=-05, or ^ji 

(l + r)=l-05,andn=20,flien^=480, and [(1+r)"*— 1} 
=1-6533, vrhich being multiplied by 480, gives 793-684; 
therefore the amount sought is L.7d3, lis. 8d. 

NoTK. Tbe exerciBea in compoand interest may be casil; bqIvb^ 
"«byT>liM 



pROMiBccous BxBRcisEe. Page 78. 
(1.) Let a; be the firat part of 11, then ]] — x vrill be it! 
wcond part; also let y be the first part of 17. then 17—- y 
will be its second part. 

' x!/=i5, 1 By tlrt 

187— lly—17-r +3^=48, /question. 
187— lly— 17*=3. 
1]</=184— 17». 



(2M1) 
(3} tiansp. 

»lJtution 



}\ 




SET — AUaSBRA. 



7 


iafa_17«''=495. 




8 


17»'-184..=-495. 




9 


34^=184=1=14=198, 


rl70. 


10 


.-. x=&. 




11 


5j=45. 




12 


.-. !/=9. 




13 


11— ;r=ll— 5=6. 




14 


17-./=17-9=8. 





(2.) Let X represent the first part of 30 ; then Sj: will 
represent the first part of 21; and therefore the second 
part of 21 will be represented bj 21— 3j;. and the second 
part of 30 by 30 — *; hence hy the question, 

(21— 3»)'+(30— k)'=585. 
hence 441 — 1 26x+ 9^* + 900— (JOic + j^=585. 

lOx' — ISftrr: — 7i'6, by collecting and transp. 
Si'— 9ar=— 378, by dividing by 2. 

■100j;'—1860j:+8649=1089, by completing the Bquare- 
I IOj;— 93==!=33, by extracting the root. 
' 30— a=30— 6=24, f ,- , . . 

3.'= 18. 'i- Values sought. 

and 21— 3a:=21— 18=3, ) 

{30 Let X represent the sura left to the first; then since 
the shares were in continued proportion, if r be put for the 
common ratio, the second's share will be rx, and the 

third's r'x. 





1 


a:+ra;4-r'j:=z2I0, 1 By the quea- 
^-r^*=90. I Hon. 




2 


(1)^(2) 


3 


1+,+r' 210 7 
i-f^ — 90 - 3 ■ 


(3)x3{l-r') 


4 


3+3r+3/'-7— 7'-'. 


(4) transposed 


5 


10H+37-=4. 




6 


j 400/-V120)-+9=169, by com- 
1 plating square. 




7 


20r+3— 13, by extracting the root 


(7) transposed 


8 


r=i, and divided by 20. 


(2) by substitution 


9 


x-ix=90. 


(9)X by 4 


10 


3r=360. 




11 


3T=120; hencera'=60,and7-V=30 



(4.) Let X represent the greater of the two numbers ; 
then since their product ia 45, the other will be — ; 
by the question we have 







2. mult. extr. and means. 



ar'- 



-630+ - 



2x*— 4050=7^:*— 630:c= + 1417C, by x by x\ 

5x^—630j!''=:— 18225, by transposition. 
a;'— 126a;' =—3645, by diriding by 5. 
X* — 126x^+3969^324, by coropleting the equare. 
«' — 63=:^18, by extracting the root. 
° =63+]8=81; the other value is not a square. 



Iieiice 






is 



:5. 



5. Let X represent A's capital, then 100 — x wilt ropre. 
sent B's ; also let y represent the rate of gain per pound 
per month ; then by the question, 

X + 3iry=i] 00— * + 2y( 1 00— i). 
X + 3xy= ] 00— X + 200y— 23;y. 

5x1/ — 200^=100 — 2x, by transposition, 
(5«— 200)y=100— 2a;. 

■'* ^— 5»^200' 
Bat by the question, x+3x7/=Q9; bence substituting 
I the aboTc value of y, we have 

Sir'— 200aT+ 300J-— 6.n' =4953;— 19800. 
x'+395x= 19800, tiansp. and changing the signs. 

a;+lfl7iT3242^, extracting the root. 
aidTool^=100_45=55,} ^« ''^^^"^ ^°'^S'"- 



^ 



SBT — OEOMETUCAI. BXaBOIBEI. 



GEOMETRICAL EXERCISES, (P. 152.) 



I. Let the I DC Msect the | AB 
at y'Lit CTeiy point in the line DC 
is equally distant from the points A 
and B. 

For take any point, as D in DC, 
and join DA and DB, then the ^s 
ACD, BCD, have AC=CB, and 
CD common, and the contained b ACD, BCD, 
equal ; .". (Prop. 5) the hase AD is =BD, and hence the 
point D is equally distant from the points A and B ; and 
the same may be proved of any point in the line DC ; 
.'. every point in DC is equally distant from A and D. 
Q. E. D. 

Cor. The locus of all points that are equally distant 




which fc 



.3 their di* 




from two given points, is the lii 
tance at right angles. 

2. Let \t £1, DI, he drann, bisect- 
ing the two sides BA, AC, of the 
triangle ABC, at J-'is; the straight 
line IF drawn from the point of their 
intersection I, -i- to the third side BC| 
will bisect It. 

For join AI, BI, CI; then the a 
A« AEI. BEI, have BE=AE, and EI common to both, 
and the iBEIisr: the ZAEI, each being a iV; .-.(Prop. 5) 
the base BI is ^AI; in the same manner it can be proved 
from the A* ADI, CDI, that AI is =C1. Hence, since 
each of the lines BI, CI, is e^ual to AI, they are = one 
another; .■. BIC is an isosceles triangle, and the L^ IBC, 
ICB, are equal, (Prop. 7); ■'. since the angles at F are 
r'ift the i\,s IBF, ICF, have two angles in the one = two 
angles in the other, and the side \Y opposite to the equal 
Li IBF, ICF, is common to both ; .-. BF is =CF, (Prop. 
19, oor. 5); hence the third side is bisected by the -^ IF. 
Q. E. D. 

3. I«t the \% AI, CI, bisect the U r 
BAG, BCA, then the |B1 dra-wa from 
their point of intersection to the third 
/B, will bisect it. Draw ID, IE, IF, 
-L to AB, BC, AC; then in the A« 
DAI, FAI, the is DAI, FAI, are equal ^ 
by constructioii, the Ls at D and F are "^ 
rl^ and the aide AI opposite the )' Li i» coTom-QTi. \ft Vi'O'ii", 




R 
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(Prop. 19, cor. 5) DI is =zFI ; in the same manner, in 
le As ECl, FCr, it can he proved that EI ia =FI, and 

DI is =EI; and since BI is comnion to As BDI, BEI, 
and the Ls at D and E are i-'is, (Prop. 39, cor. 2), the 
iDBI is = the ZEBI; .-. the third angle ia bisected by 
the |BI. Q. E. D. 

4. To proTC that the difference 
of AC and AB is less than BC, 
cutoff AD— AB, and join BD. 
Since AD ia :=AB, the Z.ABD 
is = the lADB ; .-. {Prop. 19) 
each of them is less than a i''/. ; B Ze 
but the two Ls ADB, BDC, are 
ti^ether = two right Is; .-. BDC is "r:^ a I'L, and hence 
{Prop. 19). the ^DBC ia ^^r a j*L aad .-. less than the 
/BDC. And since in the ABDC the /.BDC is ^ the 
Z,DBC, the side BC is ^ the side DC; but DC is the 
difference of AC and AB, and BC is the third side; .*. the 
difference of the sides AC, AB, is ^:: BC ; in the same 
manner it might be proved, that the difference of any other 
two aides is less than the third. Q. E. D. 

NoiB. The proof of this propoailion may be obtained by produo- 
iag thu least of the two aides, till it bo ei^ual to the groatar, &u. Or, 
the dflmotuitmtioD may be neen, aa deduced from PropositiDli 1 3, in 
the corolliLT}'. 
5. Let AC be the base; bi- 
sect it in E, join BE, and 
produce it to F, making 
EF=BE, and join FC ; then 
■we have (o prove that AB 
+ BC is ^2BE, that is, 
than BF. Now since AE ^^ 
ia=EC, and BE is =EF, 
the two sides AE, EB, are 
= the two sides CE, EF, 

and the contained Ls AEB, CEF, are also = (Prop. 3); 

.-. the side AB is :^ the side CF, (Prop. 5). To each of 

these equals add BC. and AB+BC will be =FC+CB ; 

but FC+CB is :^BF, (Prop. 13); .-.also AB + BC is 

p='BF, that ia, than i 

twice BE, which was 

to be proved. Q. E. D. 

6. LetDCbe=AB. 

and ^ZJ=BC, we have 

tQ prove that the figure 

ABCD is a parallelo- 
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gram. ■-■ in the A^ DAB, BCD. DC is =Ali. DA=CB. 
and the side DB common ; .-. (Prop. 9) the is are equal 
that are opposite to the equal aides; hence the Z.ABD is 
= the iCDB. and (Prop. 16) AB is || DC; also the 
/.ADBi8=iCBD.andADia||CB; .-. since AB is || CD, 
and AD is || CB, the figure ABCD is a parallel ogram. 

Q. E. 1>. 

7. In the figure to last -exercise, let the Z.DAB be 
= the Z.QCD. and the Z. ADC be = the /.CBA, it is requir- 
ed to pro?e that the figure ABCD is a parallelogram. 
Since the figure can be divided into two triangles, having 
their angles together equal to the angles of the quadrilate- 
ral figure ; .-. all the angles of the quadrilateral figure are 
together = four r'is, and .'. any two adjacent angles, as 
DAB, ABC, ore together equal to two right angles, hence 
(Prop. 16, cor. 2), AD, BC, are parallel; and in the 
same manner it may be proved, that AB and DC are pa- 
rallel, and .-. by (Def. 38) the figure is a parallelogram. 

Q. E. D. 

8. Let ABCD he a CZ7. and 
AC its diagonal, any straight 
line, as FG, that bisects the dia- 
gonal AC, also bisects the I — ? ■ 
Since ABCD is a iz=l, and AC ^ 
its diagonal, the AABC is ^ a 
the ACDA, (Prop. 34), and the As AEF, CEG, have 
the i* AEF, CEG. equal, (Prop. 3). and the U AFE. EGC, 
equal, (Prop. 17), and also the side AE=CE, which are 
opposite to equal i»; .-. the AAEF is =: the A^EG, 
(Prop. 19, cor. 5) ; from the AABC. which is half of the 
i — 7 , take away the AGEC, and add the equal aFEA, 
then it is evident that the figure ABGF is half of the 
I — 7 ARCD, and therefore the i — J is bisected by the |FG, 
which bisects its diagonal. Q. E. D. 

9. Let ABCD be a rhombus, a p 

and AC and BD its diagonals, they 
bisect each other at right angles in 
the point E. In the A" ADB, 
CDB, AD is =CD, and BD com- 
mon, and the side AB is also ^UC; 
.-. (Prop. 9) the Z.ADB is = the " 

Z,CDB. Again, in the A" ADE, CDE, the two sides 
AD, DE, are = the two sides CD, DE. and the contained 
angle ADE is also = the contained iCDE; .-.the base 
AE is = the base EC, and the /.AED lo ftvc LttYt. 
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(Prop. 5), and since they are adjacent angles, each of them 
is a I'U fDef. 9.) And sinco AE is =EC, AC is bisected 
in E, and in the same manner it may be proved that UD 
B bisected in E; .-.the diagonals of a rhombus bisect each 



, whose 




other at //.s. 

10. Let ABC 
sides AB. AC, are bisected in 
D and E, then the Hue DE is || 
BC, ia ■= the half of BC, and 
cuts off a AADE = the fourth 
part of the AABC- Produce 
DE to F, so that EF may be 
equal to DE, and join FC, and _ 
through E draw EG |1 AB, and ' 
join DG; in the As AED, CEF, the two sides AE, ED, 
are = the two CE, EF, and the contained angle AED ia 
=: the contained angle CEFj .-. the base AD is =CF, 
but AD is =DB; .-. DB is =FC, and the reniMniiig 
aagles are equal to which the equal sides are opposite; 
•■. the ilEAD is = the Z.ECF, and they are alternate b ; 
.-. AB is II FC ; and since DB is = and |1 FC, and they 
are joined towards the same parts by DF and BC, .■- Dc 
and BC are both equal and parallel, (Prop. 24, cor. ]) ; 
but DE is half of DF, hence also UE is half of BC. 
Again, since EG is |1 DB, and DE is |] BG, the figure 
DBGE \^&ir=i; ■: BG is =DE, (Prop. 24), and henco 
G is the middle of the base; and since DG bisects the 
two sides BA, BC, it is || AC. and each of the fignrea 
ADGE, DGCE, is a tl=7- and DBGE was proved to be a 
/ — ; ; .-. the A" ADE. DBG, and EGC, are each = the 
ADGE, and hence the triangle ABC is thus divided ints 
tour equal A^, ADE, DBG, GDE. and EGC, and .-. the 
AADE, cut off by the line DE, is a fourth part of the 
AABC. Q. E. D. 

11. Let ABCD be a r^Ld r=!, 
the diagonal AC is := the diagO' 
nal BD. For AD is =BC, (Prop. 
24), and DC is common to hoih 
A«. ADC, BCD ; .■• the two sides 
AD, DC, are = the two sides 
BC. CD, and the contained Ls ADC. BCD, are also 
equal ; .'. the base AC is ^ the base BD, (Prop. 5), and 
the diagonals of the rectangle arc equal to one another. 

Q. E. D: 
J3. Let P he the given point, and AB, AC, the given 
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Bl»!ght lines, it is required to draw tlirough the puint P a 
straight line, which shall be terminated \ 
in the \s AB, AC, and bisected in the /\ 
point P. / \ 

Draw any lEDthroufth the pointP, / \ 
and produce it 10 F, making PF=:PD, / A 
and through F draw FG || AC, till it f k/ y \ r. 


cut Ali in G i join GP, and prod 
it to meet AC in H ; GPH is the 1 
reqnired. 

Since FG is || AD, and DP me 
them, the Z.GFP is = the /HDP 
the ZDPH, (Prop. 3) ; .-. since tlie 
PD, (Prop, fi), the side GP is = t 
line GH has been drawn, termin 
bisected in the point P, which was 

13. Let ABCD be a quadrilate 
are bisected in the points E, F, 
EFGH, formed by joining the adja 

ABCD. 

Join BD; then by Exercise 10, 
■/ ABD is a A whose sides AB, 
AD, are bisected in Eand H, EH 
is II BD, aad = half of it; for a 
similar reason FG is |j BD, and = 
half of it ; .-. EH and FG are two 
equal and parallel straight lines, 
and they are joined towards the sa 
and HG; .'. (Prop.24, cor. 1) EF 
equal and parallel, and the figure 
gram. Draw HI parallel to AB 
theAsAEH and HID are each 
AABD, and ate .-. together half 
ABD, and hence the remainbg a 
AABD; but the c^EBIH is = 
•26). being on the same base EH, 
parallels EH and BD. For a like 
ia half of (be ACBD ; .-. the who 
the whole quadrilateral figure ABC 

\4. Let ABCD be a rectangle, 
and P any point from which there 


ets " 

and the /.FPG is - 
side FP is = the side 
he side HPi hence the 
ated in AB, AC, and 
required to be done. 
al figure, whose sides 
G, and H, the figure 
ent midille points, is a 
the (quadrilateral figure 

me parts by the {« EF 

ind HGaiethemsefve* 

EFGH is a paraUelo- 

then by Exercise 10 

a fourth part of the 

of the whole triangle 
Z7E[iIH is half of the 

he ;=7EKLH, (Prop, 
and between the same 

reason the cTlKFGL 
ec^EFGHishalfof 
D. Q. E. D. 


are drawn PA, PC. to the extre- 
mities of the diameter AC, and 
PB, PD, to the estremities of the 
^iegoaal BD; the sum of the 


2^l<^ 
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Bquares of PA, PC, is equal to tbe sum of the squares 
PB, PD. 

Join PE; then APC is a ^, whose base, AC, is bisect- 
ed in E, (Prop. 45): .-. AP'+PC==2AE^+2EP^ (Prop, 
43), and BPD is a A. "hose base, BD, is biaected in E ; 
. BP' + PD''=2BE"+2EP^ But ACiac^BD, (E«r- 
■• AE is = BE; wherefore AP* + PC^ 18 = 



^^^y- i 



Q. E. D. 




I Ail 



BP=+PD' 

15. Let ABCD be a quad- 
rilateral figure, and let its dia- 
gonals, BD, AC, be bisected in 
tbe points E and F, and join 
EF, EA, and EC ; we have to 
prove that the squares of AB, 

BC, CD, and DA, are together 
equal to the squares of AC and 

BD, and four times the square of EF. 

Because BAD is a A> "hose base, BD, is bisected in 
E, the squares of BA, AD, are =2BE'^-|-2AE^ (Prop. 43); 
for a like reason, tjie squares of BC, CD, are = 2BE* + 
2EC^ and .-. the squares of BA, AD, DC, and CB, are 
together equal to four times the square of BE, together 
with twice the square of AE and twice the square of EC. 
But AEC is a A. whose base. AC, is bisected in F; 
.-. (Prop. 43) and (Ax. 0) 2AEV2EC^=4AF^-t.4EF". 
"Wherefore the squares of AB, BC, CD, and DA, aie 
equal to four times the square of BE. four times the square 
of AF, and four times the square of EF; but {Prop. 3?, 
cor. 2) four times tbe square of BE is =. the square of 
BD, and four times the square of AF is ^ the square of 
AC; .-. ABS-|-BC"-l-CD''4.DA==BD^-f AC'-|-4EF'. 
Q. E. D. 

16. Let ABC be a triangle, 
hftving tbe angle, ABC, two- 
thirds of two right angles, tlie 
square on AC will be equal to 
the squares on AB, BC, toge- 
ther with the rectangle con- 
tained by AB, BC. Produce*^' 
AB to E, and from C draw CE perpendicular to AB; then 
since the iABC is two-thirds of two right angles, the 
lEBC is a third of two right angles, or two-thirds of a 
right angle ; .-. since the /.at £ is a i^L tbe Z.ECB is a 
Aird of a j'l ; make the iCEF a third of a //, and .-. = 

ZEGF, then the remaining i.BEF viill be two-thirds 
rZ, and .-. = the Z.EBF, .-. aiao V\\e L'E.'S^ S» x.^-*. 





thirds of a r'i, hence the AEBF is equilateral ; and since 
the ZFEC is = the ZFCE, the aide I- E 13 = the side I-C; 
.-. BE is the half of BC. Agiiin, since ABC h aii .il.liise 
wgled A- the square of AC is = the squares of AB and 
BC, together with twice the rectangle AliBE. (Prop. 40); 
but twice AB into BE is = AB into BC ; .-. AC'= AB' 
4-BC*+AB-BC. If the iABC were twi.-thirJs of onu 
1*1, the perpendicular, CE, woulrl fall wiihin the A- and 
would cut off a part from BA ^ the half of BC, so tlii.t 
by Proposition 41, the equnre of AC would be less than 
the squares of AB and BC by the rectangle AB-BC. 

Q. E. T>. 

17. Let ABC he the given , 
triaDgle, and D the given point, 
it is required to draw from the 
point D a straight Hne, which 
shall bisect the AABC. Bisect 
AC in E, and join BE, BD, and 
through E draw EF || BD, and J 
join DF, the AABC will be hia_Tted by the |DF. ■-■ AE 
is = EC. the AAEB is = the ABEC. (Prop. 26), .-. the 
A» AEF, FEB, are together half of the AABC; but the 
AFEB is =r the Al^'liiJi ■■" they are upon the same base 
FE, and between the same parnllels FE, BD; wherefore 
the A« AEF, FED, are together half of the whole AABC, 
and the triangle ABC is .-. bisected by the |DF, drawn 
from the point D, which was required to be done, 

18. Let ABC be an equilateral tri- a 
angle, and AD a line drawn -i- to B 
since in the As ADD and ACD. the 
Ls at D are I'Ls, and the Is ABD, 
ACD, are equal ; .-. the Ls BAD, CAD, 
are equal, (Prop. 19); and since the 

i,BAC is two-thirds of a r*/, each of 

them is a third of a r"/.. Again, if CF^ 
be drawn -i- to AB, it can be proved in the same manner 
that it bisects the iACB, and hy Exercise 3 the | drawn 
through the points B and O will bisect the ZABC, and 
(Prop. 7. cor. 2) the aides AB, BC. CA, are bisected in 
the points F, D. and E. The | OD, OE, OF, are all 
equal by Exercise 3, and being a. to the sides, are the 
radii of the inscribed circle. But it was proved in Exer- 
cise 16, that when a right-angled A bas one of its angles 
a third of a r'L the side opposite to that I is half of the 
hyjiotenuse; ,-. AO is double of OE or OD ■, to eaKV-^W 





OD. and we have AD=30D= three times the rudin 
the inHcribed circle. Q. E. D. 

19. Let ADBC lie a circle, of which 
AB is the diameter, and DC is ai 
chord on which there are tlrawn A 
and BGi perpendiculars from the e 
tremities of the diameter AR ; it 
required tn prove that UF ia = VG 

Through the centre E draw tl 
diameter LM parallel to the cliord 
CD, and produce AF to meet it i 
HI and through E draw EI perpendi- 
cular to DC. Since each of the lines AF, BG, nnd EI, 
are -^ to CD, they are parallel, and the figures HI, EG, 
are parallelograms, and .■. FI is ^ HE, and IG ia = EK ;■ 
and since the A« AEH, BEK. are evidently equiangular, 
and AEiszrEB, .-. EHis= EK, and hence IF is= IG- 
Bat (Prop. 4(5) ID is = IC, .-. the remainder, DF. is s 
CG. 

20. Jrft ABD he a circle, of which 
AB is the diameter, and CD a chord 
parallel to AB, it is required to prove, 
that if a point F be taken in the dia 
meter, and |3 PC, FD he drawn from I 
it to the extremities of the chord CD, \ 
thBtFC''+FD==EA" + FB". 

Through the centre E draw EG -<- 
to CD, and join FG and EC ; ther 
CD is bisected in G, (Prop. 46). And -.- CFD is a Ar 
and its base CD is bisected in G, FC'4-F]>'=2CG"+ 
2FG'. and since GEF is a ^L FG' is = FE' + EG*; 
.-. FC»+FD'=2CG^+2EG= + 2EF^ but CG'+EG" 
=EC^ ■-■ EGC is a /i, (Prop. 39), and EC is = AE, 
being radii of the same circle, -■- FC'-|-FD^=2AE=+ 
2EF'; but ■.the line A B is bisected in E, and divide* 
unequally in F, 2AE'+2EFMs = AF=-f-FB', (Prop. 38, 
oor. 2), .-. the squares of FC and FD 
are equal to the squares of AF ani 
FB. Q. E. D. 

21. Let ABC he a triangle, nnd from 
its angular points H and C let there be 
drawn to the middle of the opposite 
sides the |^ I!F and CD, and through 
their point, of intersection (r, and the 

^t^d angle at A, draw the \-\E ; it ia 





required to prove that BG in to GF, as alao CG (o GD, aa 
tiro is to one, that the haae BC is bisected hj the | A E, atid 
that the ais A« ADG. GDB. BEG, GEC, CGF, and 
FGA, are all equal. Because AB and AC are bisected in 
the points D and F. each of the As ADC, AFB, is half 
of the whole AABC, and .-. they are equal to one another. 
From each lake the common part AD(iF, and there re- 
mains the AGDB ::i:the At^FC ; but since AD=DB, 
the ABDG is = the AA1>0. and since AF=FC, the 
ACFG is = the AAFG, .-. the AADG ia =: the AAFG; 
and since the AABG is double of the AADG, it is also 
double of the AAFG, and .-. the AABU is to the AAFG 
aa two is to one. But since the A" ABG and AFG have 
the same altitude, they are to one another as their bases. 
(Prop. 58); .-. from equality of ratios, BG ia to GF as two 
is to one. Again, since the ABDG is = the ACFG, 
and the AABG ia double of the ABDG. and the A ACQ 
is double of the ACFG, .-. the AABG ia = the AACG, 
and since they are on thet same baae AG, they have the 
same altitude, (Prop. 29, schol.); but the altitude of these 
As is the same as that of the As GBE and GCE, which 
being on the same base GE, are .-. equal. And since the 
A^ GBE and GCE are equal, and lie between the same 
parallels, tliey are on equal bases, BE, EC, and therefore 
the third aide, EC, is bisected by the |AE, and the sis A» 
ADG, GDB, BEG, GEC, CGF. and FGA, are all equal. 
Q. E. D. 

22. Let ABC and DCE be (wo 
triangles, having the /.ABC ^^ the 
iDEC, and the Le ACB, DCE, to- 
gether equal to two right angles; it 
is required to prove that the sides 
about the third angles BAC and 
EDC are proportional, ao that BA : 
AC=ED : DC. 

Through A draw AF ]| DE. meeting BE produced in 
F ; then because AF is [| DE. the angle DEC ia = the 
angle AFC, (Prop. 17); but the /.DEC is = the ZABC 
by hypothesis, .-. the ^ABF is — the ZAFB. and hence 
the side AB is = AF, (Prop. 8.) Again, ■.- the As ACF, 
DCE, are evidently equiangular. FA ; AC=EI> : DC, 
(Prop. 61), and since FA is = BA, .■.BA:AC=ED: 
DC. Q. E. D. 

23, Let ABC be a circle, and ADE another, deacribed 
on the radius of the former aa its diameter ; an'j cVi«i. K"?! 
drawa in the former from the point of conVaiit, ■w"&'W 
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bisected by the latter. From the 
centre E of the circle ABC, draw 
ED, to the point where tbe straight 
line AB cuts the inner circle ADE, 
then tbe lADE being in a serai-*! 
circle, is a rif[ht angle, (Prop. 52); 
and Bince ED is drawn from the 
centre E nt right angles to the chord 
AB, .-. (Prop. 46) AB is bisected in 
D. 

24. Let ABC be a triangle, and 
BD a perpendicular, drawn from B, 
upon the tliird side AC; it is requir- 
ed £0 prove that the rectangle AB-BC 
is equal to the rectangle contained bj 

BD, and the diameter of the circle 
descrihed about the triangle ABC. 

About the ^ABC, describe the 
circle ABCE, and draw the diameter 

BE, and join CE. then the iBCE being in a semicircle, ib 

a right angle, and .-. equal to the AADB; but the Z.BEC . 
is also equal to ihe Z.BAD, -.■ they are in the same seg- 
ment of a circle, or stand on the same arc BC; .-. the A» 
ABD and EBC are equiangular, (Prop. 19, cor. 1), and 
hence (Prop. 61) AB:BD = EHxBC, .-. (Prop. 64, 
_ «or. 2) the rectangle AB-BC is = the rectangle EBBD. 

■ . Q. E. D. 

■ 25. Let ABC be a triangle, and _ „ 
BE a line which bisects the i^ABC; 
it is required to prove that the rec- 
tangle contained by AB-BC is equal 
to the square BE, together with the 
rectangle AE-EC. 

About ABC describe the circle 

ABD, and produce BE, to meet the 
circumference in D, and join DC ; 
then the Ls ABE, DBC, are equal by 
construction, and the iBAE, BDC, ar 
stand on the same arc BC, (Prop. 47, cor, J ) ; .-, the ^ 

ABE. BDC, are equiangular, (Prop. 19, cor. 1), and henc* 
AB : BE=:DB : BC. .-. AB BC-DBBE ; but DB-BE i> 
=BE''+BEED, (Prop. 36), and BE ED is = AEEC, 
(Prop. 65), and .-. AB-BC is -BE=+AE EC. Q. E. D; 

QG. Let ABC be a triangle, and FG a straight line 
t/j.iirn parallel to BC, one of iU et>lea, axtd. AD a line 
drawn from A, cutting the paTa\\e\6 ^C, "PG -, \(.'w^wip 




\ equal, because thej' 



ip»* 
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ed to prove that BD : DC=FE : EG. 

The A" ADD, AEF, are manifestly 

equiaogular, as alno the ^i ADC, 

AEG; .-. AD : DB=AE : KF, and 

alternately AD : AE=DI3 : EF ; also 

in the A* -^DC, AEG, since they are 

equiangular, AD : DC = AE: EG, ._ 

(Prop. 6]). and alternately AD : AE 

=DC : EG ; but it was proved that AD : AE^DB : FE, 

.■• DB : EF = DC : EG, (Alg. 102), and alternately BD : 

DC=FE : EG. Q. E. D. 

27- If ABC and DEF be 
triangles, whicb have their si 
respectively perpendicular to 
anolher, namely, AB -L to ED, 
BC -L to EF, and AC J- to FD; 
it is required to prove that the 
AABC is equiaugular to the ^ 
ADEF, and .-. similar to it. 

Produce the aides AB and DE to meet in G, AC and 
DF to meet in K, and produce FE to meet BC, produced 
if necessary in H ; then each of the angles at G, H, and 
K, are right angles, since the aides are respectively perpen- 
dicular to one another. Since EGBH ts a quadrilateral 
figure, its four angles are together equal to four right 
angles, (l*rop.22, cor. 1); but the /a at G and H are right 
angles, therefore the Lf GBH and MEG are together = S 
r'/a; but GBH and CBA are also together^ST' i^ii, .-.the 
two L» GBH and MEG are together = the two /.» GBH 
and CBA; take away the common iGBH, and there re- 
mains the ZHEG = the ZCBA ; hut the iHEG ia =: the 
Z.DEF, (Prop. 3), .-. the Z.ABC is r= the iDEF. Again, 
in the quadrilateral figure FHCK. since the la at H and 
K are r" le, the remaining Li HCK and HFK are tofrether 
= 2 f'l»; but the is HCK and BCA are also together = 
2 7'1», .: the la HCK and HFK are together = the two 
Lb HCK and BCA; take away the common iHCK. 



tfaer 



i.ACB — the ZDFE; 

iqual to the third L at D, which might 



third /. at A is 

also he prored ii 

the quadrilateral figure GAKD; .'. the triangles ABC, 

DEF, which have theic sides respectively perpendicular to 

one anolher. are equianimlar, and therefore similar. 

Q- E. D. 
28. Let ABC be a eirde, and BC its AiameUx, iwiiVi »^ 
poiot in the dianiefer produced, from wticUl^iftie'xai.vA'Na, 
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the tangent DA, and from the point 
of contact A, draw AE perpendicular 
to BC ; it IB required to prove that 
CD;DB=CE:EB. 

The rectangle CD-DB is =AD', 
(Prop. 67, 

=AE■+DE^ (Prop. 39), 

=CEEB+EDEB+EDDB. 
(Props. 6K and 35.) 

From each of these equals talce the 
rectangle ED-DB, and there remains 
(CD— ED)DB=(CE+ED)EB, and 
therefore CE-DB is :ziCDBE; and hence (Prop. 64, cnr.2) 
CD : DB^CE : EB. Q. E. D. 

Cor. Since it has been proved that the rectangle con- 
tained by the whole line CD, and the middle segment EB, 
18 equal to the rectangle contained by the two extreme 
Bpgments, the line CD is divided harmonically in the points 
E and B. 

29. Let ABC be an equilateral tri- a. 
angle inscribed in a circle, and D a 
point in the circumference, from which 
there are drawn the three straight lines 

DB, DC, DA ; it is required to proce 
that AD is equal to ihe sum of DB 
and DC. From DA cut off DE— DB, 
and join BE ; then --■ DE is = DB, 
the IDhE is = the /.DEE; but the 
iBDE is = the Z,ACB, (Prop. 47, cor. 1), and thereforft 
a third of two right angles, and hence each of the remain- 
ing angles is a third of two right angles, and the triangle 
EBD is .-. equilateral, and the side EB is = BD. Again, 
the /.DBE i.i = the /.ABC, for each is a third of two t'U; 
from each take the /.EBC, and there remains the /.DBCa 
the /EBA, also the /BCD is = the /BAE, (Prop. 47. 
cor. 1), and the side BC is = the side BA, heing sides of 
an equilateral triangle ; .-. the A» CBD. ABE, have two 
angles of the one equal to two angles of the other, and ft 
side lying between these equal angles also equal ; .*- rhesa 
triangles are equal in every respect, (Prop. 6), and bena«> 
AE is = CD; and by construction, ED is = BD; .-. tha 
whole line AD is = the sum of the two lines BD and 

DC. Q, E. D. 

30, If ABC be a triangle, whose vertical angle BAC 
A biaeeted by AH, and exteriot leiticaV an^le FAC hi- 

s^cted by AE; it is required lo fto^e \\MA'ftift 
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cnKtained hj BE-DC ia = the 
rectangle CDDtiiinpd hy IIDEC. 

Tbroufth C draw CG ]| AE; 
iixen:- CG is (| AE. ntid AC 
meets thpin, the iACG ia = 
the Z.CAE, (Prop. 17); and ■. 
CG i*< II AE, and EG falls 

upon them, the eilerior Z.FAE is =: the interinr i,AGC ; 
but the iCAE 19 = the iPAE, .-. the Z.AGC is = the 
/.ACQ, and henee the aide AG ia = ihe aide AC. Again, 
ance AE is || GC. ft ride of the ABGC, BA : AG=RE 
:EC, (Prop. 61); hut AC ia = AG, .-. BA: AC=BE: 
EC; and (Prop. 60), BA: AC=BD:DC, -■- hj equality 
of 1^08. BE:EC=BD:DC; wherefore the rectangle 
wmtMned by BEDC, ia = BDEC. Q, E. D. 

Cob. If the exterior Tertical angle of a triangle be bi- 
aeeted by a straight line, which mcria the base produced, 
it will divide tbe base produced, in the same ratio as the 
sides of the triangle. 

For it was proved, that BA : AC=BE ; EC. 

31. Let AB be a ride of a decagon 
inscribed in the circle ABC, then the 
arc AB is a tenth part of the whole 
circnnrference ; and ,■, the ZAEB is 
a tenth part of four r* Ls, (Prop, I, 
COT. 3), or a fifth part of two //.», 
.*. the remaining is EAB and EBA, 
of the AEAB, are together four-fifihs 
of two /is, and they are equal, ■.■ EA 
ia ■=. EB, hence each of them is two-fifths of two t'Lf, and 
-■. donUe of the ZAEB. Bisect the /.EAB by the |AD. 
then each of the b EAD. DAB. is = the Z'AEB; and 
since the i« DEA, DAE. arc equal, the aides ED and AD 
are alao equal. Again, aince the Z.AEB is = the iDAB, 
and the i at B ia common to the two A* EAB, ABD, 
these A" er^ equiangular, (Prop. 19, cor. 1), and benee 
EB:BA=BA: BD, (Prop. 61); and aince AB is = ED, 
each being = AD, EB : ED=ED : BD. .-. the rectangle 
EB-BD is = ED^ and (Prop. 77, achol.) the line EB is 
divided mediallj in D, and ED is its greater segment, and 
it was proved =; AB ; .-. AB is zr the greater segment of 
the radios divided medially. 

Again, let AC be a side of a regular heiagon, then the 
arc AC is a sixth part of the whole circumference ; .'. the 
i A EC is a sijcfh part of fi)ur r'Z«, or ti ihvti 'gatt cS \.'»"> 
T^lt, hencethe remaining Z« E.'iC and "ECK a« V<i%'^ft«^ 





KXT— OEOHETBICAL EXERCISES. 




[ :^ two-tliirds of two j'Z.3, and they are = one anotlipr, 
-.■ EA is = EC; wherefore each of the is EACand ECA 

=: a third of two r'Zc, and the A-AEC ia .', equiangular, 
and consequently equilateral, and AC, the side of a regu- 
lar hexagon, is therefore equal to the radius of the circle ia 
which it is inscribed. 

Lastly, let AB be a side of a regu- 
lar pentagon, inscribed in the circle 
ABC, and join EA, EB ; draw A F 
-i- to EB, make FD=;FE, and join 
AD; then since EF is = FD. and AF 
common to the two /\,s AFE, AFD, 
and the contained Ls at F are 
equal, the base AE is ^ the base . 
(Prop. 5), and the ZAED to 

ZaDE. Again, since AB is a side of a pentagon, the arc 
AB is a fifth part of the whole circumference, and .". the 
iAEB is a fifth of four /Zs, or two-fifths of two t^Ls; 
wherefore the ZADE is also two-fifths of two r'ls, and 
hence the ZEAD is a fifth of two I'is ; and .-. by the first 
part of the proposition, ED is the greater segment of the 
radius divided medially. Now, since AEB is an acute 
angled A. AB^' is = AE^H-EB'^— 2BE-EF (Prop. 41) 
— AE^-I- EB'— BEED, --■ ED is double of EF; but EB^ 
— BE-ED is = EBBD. (Prop. 35), and since EB ii 
divided medially in D, EB'BD is = ED^ wherefore AB' 
is— AE--|-ED^; but AE is the side of a regular Jiexaj^n, 
and ED is equal to the side of a regular decagon ; there- 
fore the side square of a regular pentagon is equal to the 
side square of a regular hexagon, together with the side 
square of a regular decagon. Q. E. D. 

Cor. 1. If each of the angles at the hase of an isosceles 
triangle be double of the vertical angle, the base ia the 
greater segment of the side divided medially. 

Cor. 2. When a line is divided medially, the rectangle 
contained by the whole line and tbe less segment is equal 
to the square of the greater. 





144a'4-]3ac+ c* I 

llas+22ac+ 4c* -J 

__3a'+12<,c+| " 

+70ac+49? I 



4f/(. 



43 + 76 —3c 
a-^Aah— a 
5a— 3a6+4c 
3a— 06+ c+3rf 
4a +7c— 4tf 

4a— 26 — c+5<£ I 
21a+56 +7c+4rfl 

173C+5a^+6e' 
17g<:-5<.'4-3c'- 

10a*+3c'+3d I 



SabtTDJicndi. 

— 3a* + 12[W — 1e* 
40"+ Dae — Sjc" 
of Bubtrahenda. 



4o»+4aa: + 4.i'2 
Note. The above iniglit have been done by writing all tlie 
qDAntities under each other, like uti account in addition, obser 
to ehauge the aigu of every (jnantity in (he subtrahend. 



L 



8&. 
,2+ /,*+ c«+2ai+2aii+2ic 



"2a- + 26"+2c'' 

9 

(a+b) X c = 



: — ad — hd 
■.ao-\- 6c — ad — Od 



I 



a_6 + 


— t/ niultiplieand 


+ S- 


— d moltiplier 


,a'—ab +a< 


— ad 


+«S 


_ 6^^. le—bd 




+ 60 -~c'+cd 




— ad +hd —cd-{.d' 


tt" 


--2ad — b^-if-2bc —c' ^d" 


a'— ft-— 


e+ d^—2ad +26c 



JE 


+ 


X 


-10 


:r 


+ 


4 


—10 


;i; 


+ 


4^« 


-lO:. 
_36a:-40 







+ 3i('+ 2a* 

_ I2 4 .a«+36a-4-24 

a'-j-lOa'+SSa'-fSOa+ai 

14(A. 
(tt"+o:c+««)(a«— (uc+a:«)=a*+a»«''+ ;e« See 
12lliaiid(a— arXa+x) = «"- 3;" 
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JistuxK, Fiom the above it is eiidenl, that the aqmre of tl 
~B of Mm guAuCitieB, is eqoal to ttia som ol 4ia w^iain* tA >hsM J 
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qiisntilies, together with twice the product of every pair of the ■juan. 
titiea. If snnie of the qaantities had heeo mtiius, tjie rule would 
stilt hold, anlj when the quuntitiee multiplied togellicr liaU iinlihe 
sigDB, the Biga of the product would be miaua. Il is uoiversaU)' 
true, that the square of the Bum of diifcrcDCe of t,ay Dumber of 
quantities is equal to the aum of the squares of tho quantities, to- 
gether with twice the product of every pair of the quantitieB loken, 
with thmr proper signs, acuordiug ta the rules of mulliplicatioii. 
24ih. 
(o+x)(a+fl:)=a=-|-2aa:+j--. Alg. flrt.33. 

Ila—!t)ia—x)=a^—2ax+x\ Alg. art. 30. 
(a+x)(«-^j= a' -^ '. Alg. art. 31. 

Sum =3(1= +x' 
25t/i. 
ia+x)(a+x)=a'+2ax+x'. Alg. art. 29. 
(a—x)(a—x)=a'—2aa:+x\ Alg. art. 30. 
Sum =2a" +2a:''. 
Difference ^ 4ax. 
ReuiRK. The above proves the following theorems: — The square 
of the sum, together with the square of the difference of two quan- 
titieB, is equal to twice the sum of their squares ; and the square of 
the sum, diminished by the square of the difference of two i|iianti- 
ties, ie equal to four Umes their product. 
26ik 
By the remark on queBtion 23(1, it is plain, that 

and (a+6— (!)*=a^+6'-f c^-f 206— 2ac— 26c; 
.-. the sum =2a'+2b''+2c'+4ab, 

and the difference = 4ac+46c. 

27th. 

fl + b + C + d 

a-\.b+e~d 
d'-t-aft-f-flc-j-drf 

+bc +c'+cd 

id — bd — cd—d* 

ta'+2a6+2ac -i-b'+^hc +e' — d'' " 

Va^+b*+c'—(P-t2ea+5ac+2be (A) 
Ea+b—c+d 
-b+c+d 
^■i-ab—ac + ad 
— ah —b^^hc — bd 

+0C +be —c:'+cd 

+ hd — cd-yd'* 



-i--2ad—&'^2bc — c» + d» 
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Or a'— S»— e*+rf^+2afi+2ic (B) 
, Diff. 2l,^+2<:'—2d'+2ai+2ac—2ad=(A)—{B) 



1 



By the remark on question 23d, we have 

(a+6+2t)==a^ + 6^-f4c'+2aA+4ac+46e, 
and(<i— 6— 2r)-=a^+6^ + 4f=— 2o6— 4ac+46c. 
Hence the excess ^ 4a6+8a«. 

29iA. 






li)a— 6(a^+a*6^J6^+i' 



AJ- 


-6 








i 
.1*} 






(1+46 
Sd quot. 



(i'+ ai— 12i^ 
n'— Soft 

4uA— J26' 



i'__5o&+ 64' I I. 1st quot. 

i^+ oA— 126' 



— B6) — tiii6+IH6^ | 

a — 36 G. c. ar, 

32d. 
3a— b |«a'+7a6— 36'' |6a='+na6+n6' j 1. Ist qnot. 
'i quot,[ 6n'+9"^ ftt^-f- 7n6— 36'' 

—2ab—3b'' I 2& l4a6+e6M 
-2a6— 36'| aa +^b G. Ca. 



J 
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33rf. 

= (^^ + xa+a')(x^), and :.*-a' = (z+a) 
(±— a); .-. (Art. 49) the least common multiple is 

By Art. 31, the expresaoDB which are giyen can be re- 
solTed into the following: (a— 1), {a + l)(a—l), (a— 2), 
la+2)(a—2); .-. by Art. 49, the least common multiple 
is{a-l)(a+l)Ca-2)(a+2)=K-l)(a^--l)-a'-5a» 
+■*. 

350.. 

By Art, 31, the second expreBsion is diTisible by the 
Grst; the third baa no divisor ; .-.the least common mul- 
tiple is (40"— lX4a;i'+l)=16a'— 1. 




ITence a+b+c is the greatest common meaautt wwi^A, 
and might bare teen discovered ^y insTjec\,\OTi faooi ■&!» ' 
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rematk on Question 23tl ; for the numerator is eviiJently 
the square of (a+b+c), and is consequently divisible only 
by itself, and a^ — 6'^ — c' — 26c, the denominator, must hence 
either be divisible by (a+b-\-c), or the fraction would be 
in its lowest terras already. 

a'—i'—d'—'ibc" H-(o+fi+c) ~n— t.— e" 

(?±*)^, hy (Art. 31 ), = <-+^+0("+6--). 
42rf. 
-^^ = ^^^^=&^^=CArt.30). 
^-^=^^-, by (Art. 31), = (^±^(*t--). 



^4^_(ij+^_^.^ this expression, since 46'.' i. 
■'the square of 2&c, by Art. 31, becomes 

[(atc-t-y+cQ— a') {{2ic-t°— c')+a°j _ 
16 ~ 

Vb I(6+«)'-'''} [a'-(5-c)n. by Art. 31. = 
it{{a+b+c){b + o-aXaJrh^){<iJrC~h)\.or 

(n+i+c ) (t+c— a)(iH-c— iK°+i— c ) 
16 

44tA. 
Siice^="-^'; .-.2^=0+6+6. 

Snbtracting Sa firora both sidea, gives 2^* — 2a=b -fo— a : 
.-. 2{S—a)=b-\-o~a. 

Again, by subtracting first 26 and then 2c from both 
■ides, we obtain, 

2f,5— J)=a+c— 6, and 



I 



KEY — KXKRCIBES IN AXOEBBA. 85 

Subatituting these values in the above expression, it be- 
ag)(2(S— a) x2(ii—b)x2(iS—c ) '_ 



1 6[S(5-^ )( S~t)(S-c) ] ^ 
S{S-a)iS-f.){S-c). 



+ y^^- + -, for mult, both sides by a*6*; 
.-.a' + V'^ab^ + d% orah(a+b), 
hence a' — ab+b^^^ab, by dividing both by (a+b). 
a' — 2^6 + 6":^^), by subtracting ab from botL 
But a*—2ab+b'={a — 6)*, (Art. 29), and every square 
is greater than 0, except the quantity itself be nothing, 
vihich can only be in the present case, by a being equal 
to&. 

Cor. By transposing 2ab in the last expression, vre 
have a" + 6':^"2a6; oi ihe sam of tlie squares of antj two 
quanlitieg, m always greater than twice their product, except 
these quantities be equal. 

Another proof. 
Since the square of any quantity, except it be =0, is 
tei than 0, (a — 6)'^^0, 

a*^-a6+6"::^Q6, by adding ab to both aides, 
a'+6=^a"i'+a6^ by mult, by (a+6J. 
^, + -, :^ J + - , by dividing by a'b', 
i6th. 
if-\-\-::^a^-\-a, for dividing both aides by (tt+I), 
gives a^ — a+l^^a; 

.: a«— Sa+l;:;^, by sub. a from both, 
or (a — 1)^:^0, which it must be, except a be equal to ] . 

47CA. 
(«+f)" — a^^r^'iax', \i a^t^lx. 
or 3a*'+3a'a^+tt'.^7tM*, by expanding; 

.-,3+3^ + j-^7, by dividing by («:=. 
hence 3 - + j-^4, by subt. 3 from both sides. 

V since n-^r, it js evident tliat - ia \esa \\iaBL \ , vaA 
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that therefore 3 -.^3; and If- he less than 

„» * ' a a* 

more is j-^lj hence when ti-^ilaT, 3- + -j.^^4, 
aequently (x+ay—3^^eC7xa', which waa to be 

1 


1 , mucli - 
and con- 
hown, 

i 

tna bino- 
be multi- 


B % tVi 




^^1 =' 2u=.:=d* 7c» 


^^B (<:'— ll+28)(n— 5)(a— 6) a=— Uo+28 

^H .■(.-sx.-s) 
^F Sinoe (i+o)(r+6)=i-+(a+6>+aJ, if 
jD/a/ factors, irhose first tenns ftte the same, 
/-AW rowdier, the first term of tUe ^toiM^'vift 

t 
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the common term, the second term is the sum of the other 
tenna into the common one, and the third term is the pro- 
duct of the other terms ; hence an expression of the form 
i-^+bx-^-c, can alnajs be rosolved into two binomial fac- 
tors, prorided two quantities can be found whose sum is b 
and whose product is c, their signs being attended to in 
both cases; then each of those quantities, »ith its proper 
sign, being Guccessivel; annexed to the common letter, will 
give the two factors required. By this principle each of 
the numerators in the preceding example is resolved into 
factors. 



5Ul. 






1 




-S(" 


U 


J 


^^1 






J 


^M -i+Z'+% 


■ 


^^ 






■ 


^^H "^ 


-■ 


^^^^^^H 








^^^K 






■ 


^^^^V 






■ 




= 


■ 




)■ 




■ 


^^1 






H 


^■(;-i)x(:+;)="- 


'£ + 


™~ 


" 1 


^K;+;)=< ("-:-)=!' + 


«~ 


m" 


-A 1 


^K 


2e1 
"mi-' 




1 


^^^H PJfTcrcnce, = c^ - 


2am 




^ 



■ 1 

^^^m — . — T— — ,„— , redoced to a common deno- 1 

^^^■Unator, become 

^^V 42a— 60 15n— :i5 271—30 

^^H 42a-G0-Ua+35-37<i+3a , , i 

^m 1 

^H 65(A. ■ 

■ ■ 


■ ■ 


^M l+2x+ 3x- ^^M 

^M 3^« ^^M 

^H i+2;i;+3x<' ^^^M 

^H l + 4ar+10x<+12^4- 9^' ^^^H 

^H l+2«+ 3*" ^^ 

^H ac+ 8arV20:t:" + 24:.' + ]aB' 
^H 3x=+12a^+30^^+3ftr^>+27ir« 


^H l+6x+2l3:''+44«'+tf3x^+54*'+27a^ 
^^H By the binomial, or by multiplicatioo, (a— - \ . 

^H fe'— 12a^+25:t=— 24.r+16(2^'^-3x+4. root. 


^^B 16x«— 24x+\& 1 
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59(A. 



— 2o'+ 



Sa" 



aw-— a 

I 






=*+3aAc'-SV(^. 



-3ae'+b^c 



- +3aic*— 6V 



^ +3ate-' 






a"— 6jH'+16»*— aOi*+lBi'— ei+iC*"— 2^+1 



3a;»— 123^+15j;'— Sjt + I 



3jrJ_ 
62(/. 






Let the less of the numbers be represented by a-, then 
the other will be represented by a:+l, and we have to 
show that the difference of their squares is equal to the 
Bnm of the numbers, or 2x+l. 

Bat(3r+lJ«— ar^^x'+a^+l— j^'=2^+]. Q. E. D. 

63(/. 

Let the less number be represented by j', then the 

greater will be x+a, and their sum will be 2x+a. Now 

(x+a)'-^", (Art. 31). =(2x+a)a, wUcAi \a ftiew wwa, 

Sx^a, mahiplied into their difference o. *^ ^, \». 



k 
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I em. 

I Let r- and - represent the two ftactions, then r + j — 

kl, and therefore 1 maj he substituted instead of it. 

I Now -, — ^, the difference of their squarea, b bj (Art. 

Therefore the difference of their squares is equal to the 
diff^ence of the numberB. Q. E. D. 

GStk. ■ 

Lbuua. Every odd number is either of the form of 
■^w — 1 or 4k+1 ; for if in the second expression we make 
n=0, we haTe the number one; and if in the first and se- 
cond we make ii^=l, the first giTes 3 and the second 5. 
In the same manner, by making n=2, 3, &c., these ex- 
pressions become 7. 9. H, 13, &c,; hence it is evident that 
every odd number is included in the eipression 2n^I. 
Let then the odd number be represented by (4n^^l), then 
its square diraiuished by 1 is (4n:^l)^ — ] = 16;i'=f;8n= 
8(2n=^7i), which being eight times a quantity, is there- 
fore divisible by 8. Q. E. D. 

66tA. 

Every even number may be represented by 2n, and CTeij 
odd number by 2n.-J-], for a number is even if it be di»i- 
Kible by 2 wilhout a remainder, and odd if being divided by 
2 it leave a remainder of I . Two odd numbers may there- 
fore be represented by2w+L and2n'+l; let these be 
multifjlied together, and their product divided by 2, if 
there is a remainder it is oddj if not it is even. 
2w+l 

I 2)4n»'+2«'-f2M+l. 

The quotient is 2nn'+n'+7i, and a remainder of 1, 
consequently the product is odd. 



Again, ^^^--— =i2nn', and ^ -- =2Kn'+n, 



a remainder, and consequentlr 



i 



Exercises im Siuple Equationb. 
67lh. 
6x — 4=13 — Jr. Given ecjualion. 
8^x^17) by tniaspoGitioa ; 



23r+74- '- =ar— 23. GWen equation. 

4a:+14+3,r=12:i^-46, mult, by 2. 

60^5x, by transp. and collecting. 
12^a:, by dividing by 5. 



P2i+3x_ 
l94 + 72.r- 



- = -- +5^. Given equation. 
^56j;=18j:+ 129, by mult, by 24. 
21 ^2.c, transp. and collecting. 



70t/(. 



* — ,"S" + 5" — — ^^* Criven equation. 

U—28x+30a:—35x=~^600. 

9x=600, by coUectjng and changing the sign 
■-■ a:=6^ . 

7U. 

- + - + ^ =7j:— 734+ ^. Given equation. 
30x+20;F+15i'=420x— 44040+ IS/, clearingof fraction 
367j;=44040, collecting and changing the signs ; 
.■■a:=120. 

72t?. 
— — =36. Given equation. 
^jr+49— 12a:— 4=504, rault. by 14. 
:45!), tiansp. and collecting; 




73d 

-. Given eq\ial\on. 



H 
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IMar— 196— 36,r+24=21x— 105, mult, by 84. 
83*=67, by transp. and collecting ; 



— - + — -^ =19 ~. GiTen equation. 

ftc+24+4^+8=228— 15t— 21, mult, by 12, 
■ 26;b=175i transp. and collecting ; 



ax+e=ba:-i-d. Giyen equatioii. 
(a__6)x=:(i— c, by transpodtiou ; 



76(A. 
ae-\-b*^a^-i-bx. Giren equation, 
(a— fe)a;=a' — &', by transposition ; 

77'A. 
(a-{-x){b+x)~-a(b+c)=-^+x''. Given equatioi 
ab+(a+b)x+x^—ab—ac= ~ +x-, 
{a+b)x= -T- +ac, collecting the terms, 

b(a+b)x:=a'c+ai)c, mult, by 6 ; 

__ oc(a+6) _ ac 

•'• '^~ i(a+&) ~ T " 

78rt. 

- — 1 ^ =3a6. Given equation. 

fa: — ac — adx=3a^bc, mult, by ac. 
(c — ad)x=ac(l-{-3ab), by transp,, &e. 
_ ae(l + 3ai) 



79(4. 
Given et^uafon. 
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=(bc+d)x:+l, mult, by x. 
=(bc-\-ii}x, by transpoaiti 
n6— 1 
" 6c+J' 




Dmdingby(tc+ii), and changing the aides 
80(A. 



Sa'-^-ax-i-am — mx=^ac+cr, clearing of fractions, 
(a — m — c)*=3fflc — So" — iw, by transposition; 



o(iii+3a— 3c) , , . ,u ■ 
= - — -, by changing the signs. 



— + — + -^ + —=;!. Given equation. 

ad/n-i-bcfii-\-bden+hiIfm=lii!fiipz, by clearing afvay the 
fractions; then changing the sides, and dividing by the 
coefficient of x, we obtain 

adfh-i-lic/H^bdmJrbdfn 
'- bdfip 



" 



'X3 
. , (1) 
(4)+13 
(l)x2i 
(6)-(2) 
(7) +64 



82d. 

3 I «+ 5j=J91, ;<''"■' "!"''° 

3 33:+15y=573. 

4 13^1=455. 

5 y= 35, Talueof./. 
e 7J»+5y=29.5. 

7 6Jx =104. 

8 .-.2=16, value of z. 





1 

S 


(I)x72 


3 


(2)x72 


4 


(3) + (4) 


5 


(fl)+17 




(6)x8 


V 


i3)-(7) 


8 


W-fZ) 


D 



^+ 5y=:421 Given 

i^+ |?=43 /-Equations. 

9x+ 8y=3024. 

8a- + 9y=3096. 

x+ y=360. 
&(:+ By =2880. 
X r= 144. value of x, 

!/— 216. value of V 



^ - .'- ~ %iH^^^^^^^^| 
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^M 




1 


^+y=20,i 




2 


x+ 2=38, J-GiveneqaatioBi. 




3 


1/+ 2=46. ( 


■ (l)+W+^3) 


4 


2^+2y+2j=104. 


5 


;.+ 2/+ s=52. 


^H (S)-(3) 
^1 5)-(3) 


6 

7 


;iTz=6, Talueofa-. 
y=14, value of y, 
z=32, Talile of i. 


■ (5)-(l) 


8 




8514. 




1 


y+4i=41, J 




2 


3r+-j=20i, VGiTen equations. 




3 


J+ .=34. ) 


^^ rt)« 


4 
6 


t::?i. 


gU' 


8 


(i+S .=ej. 


7 


13!=130. 


<?!:r 


8 


2=10, value of s. 


9 


J, =2. 


(3)-(9) 


10 


j/=32, ralueofy. 


(8)+4 


U 
12 


a:=18. Tiilue of j. 




861*. 




1 


9x+ 5y-7^=-288.1 „. 




2 




3 


7^+ 6^+2= 297.) "1"^"^ 


(3)X3 


4 


2]a+ ]8./+3e= 891. 


(3)>!7 


5 


49i+ 42y+7*=2079. 


(4)-(2) 


6 


le^-f 19y =664. 


(6)+(l) 


7 


5137+ 47y =1791. 


(6)X3 


8 


4&+ 57y =1992. 


(8)-(7) 


9 


_3:.+10v =201. 


('J)xl(i 


10 


_48:E+160y =3216. 


(8)+(I0) 


11 


21 7y =5208. 


(11)+217 


12 


.-. t/ =24, value of v. 


(12) X III 


13 


lOy =240. 


13)-9 


14 


3a: =39. 


14)H-3 


15 


.■.X =13, value of J-. 


I1S>X5-(12) 


16 


5x-y =41. 


(S)-(16) 


17 


3i =va8. 1 


(17)^3 


18 1 .-.s =6^,-<AMft(«». 1 






i 



Ijct x^ the money in shilliiigs. 

Then -+ 7=11 4. Iiy tlie question. 

5a:+4j:=325, mnlt. Iij 20. 

fer:225, coUectiiig the terms. 
.-■ a:— 25 ahillingB, or L.l. Ss. 



liet x= the number of students, 
Then 2*= the number of of&cers. 
And 4k= the niimber of raerchanta ; 
Hence «-f"2iK+4j'=26fJ, by the question, 

73^=266, collecting the terms; 
.-. a:=38, the Btudents, ^ 

23!=76, the officers. 
And 4x—}52, the merchants. 



Let xr= the first part, 

llien mx will = the second part, 

^^^^nd mc will ^ the third pait ; 

^^^BBence x-\-7jue~^'Hx-^a, by the question. 



«»;= T— — , the second part. 
And ?uc^ , the third part. 

90(1. 



= the pounds the youngest receiTes, 
Then x+20— the second's share, 
x\.AQ= the thivd's share, 
3;+60= the fourth's share, 
And jr-i-80= the eldegt's share. 
Therefore the sum of all their shares, which ii 
5ie+200=10fl0, by the question, 
z=800, by transposition ; 
^160, the yoangeat's abate. 
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1 



I 



Let Ti= the days id which the second will overtake the 
first ; then since the first started n days Booner, ^4-11 mill 
be the days the first took to trarel the whole distance; and 
as he trarelled a miles per day, the whole distance tra- 
velled will be a(j;-|-ij) miles; but since the second trarelled 
it in X days, at the rate of miles per day, the whole dis- 
tance will also be bx, and hence 

bx=a(x+n), each being = the whole distance, 
or bx=m+a'n, 

(5 — a)j^^an, by transposition ; 
.■. x:= , — ■, the time required. 

Note. If a vera greater than b, the answer would be miiiul, 
'iiich showB that tiiB Becoiicl would aever overtake the firw; and 
also, that if they came from the other Ktde of the point from whidi 
they were supposed to Btart, and paat it at the distance deseribed, 
they had been together ~^ days before the secotid reached that jilaee. 
Ag<un,if 6=0, tJie fmctiongT^ = "ij = infinity; cousequentlj, on the 



anpposition in the question, they will never be together, 
dent, since lliej would then both walk at the same rati 

92^. 



I 

^^H Letj;=:the crowns, then 17 — x will be the shillings; 
^^H also 5^ will he the shillings paid in crowns. 
^^H Hence 5x^1"! — a=5S shillings, by the question, 

^^^^ Or 4x=3G, by transposition, 

^^^B .'- X =9) the number of crowns ; 

^^^B And 17 — 9=8, the number of shillings. 

^^r QSd. 

Let x=: the years sought ; then the father's age will be 
40+x, and the son's will be 9+x; and by the question, 

t twice 9+3: is eqwal to 40+3; ; or 
lti+2x =40+a, 
.■. a-— 22, by transposition. 
ht> 
roi 



rliet X ^ the sheets transcribed weekly by working fonr 
hours per day, then 4 : 10=ir : — ^ =:2^,t the sheeto that 
nuld be transcribed by working leu W«,ra ■^x 4wj\ but 
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by the question this latter number woulii be us much above 


1 70 as the former was belnw it, consequently 


kmm_ 2^^-70=70-^ 


^^H 3ix=140 by transposition. 


^^^^m 


.-. a-=40 sheets weeiily. 


■ 


95l«. 


^^^^M jr = the first number, and .'/ = the second. 


^HAnd 


Sl:g=68}B?'l'«'I"«"-»' 


(l)+(2) 3 


9j-+9;,=98 


(3)x i i 


4i+4.,=44 


(2) -(4) S 


3.r =24 


(5)-!- 3 « 


.■.:r= 8 value of 3T, the first. 


(4)+ 2. 7 


2i+2.»=22 


(i)-<7) a 


3,= 9 


(8)+ 3 9 


y= 3 value of .'/, the second. 


^^L 


^^^bt ir = the numerator, and ij = the denominator. 


^^r Then 


1 


rtl , >Bjtbe,iuestiou. 




2 


,«=i J 


(l)x4(.v-3 


3 


4.e— 12=.7/— 3 




4 


ir — y =9 by transposition. 


(2)x2(»+6 


6 


2,+10=s+5 




S 


2k — y = — 5 by transposition. 


(4)- («) 


7 


2i =14 , 


(7)-H 9 


8 


.-. .e=7 the numerator. 


(8)X 2 


9 


1.^2,,=_10 


«)- (9) 


10 






97». 1 


Let .r =1 the greater number, then since their sum is u, 


Ae less may be represented by {n — j^) ; hence ^ 


^^^ ar"— (a— a:)^=:6, by thequcBtioo, 


^^^L 2o^r — (t'=:6 expanding and collecting. 


^^H 2aK;=a' + '^hytianspusitiou; 


^^H o'+i 


^H .-. -=^ the greater; 


^^^H and a — ^— = — ., — = — — the less. 


^^B 08li. 


^^^B Let *=(ije one. then {a— jr) will lie Vlie oWt . 


^^^B_ 


^ 



KEY — ^BXBBOISSS IS KSMtllUti 

^6 by the question, 

x^ab — 6a: mult, by (u — x), 
(64- l)^=ai by traDSpoBition ; 
-■- x= ^^ dividing by (t+ 1), 



( 1)X21 
(2)x 9 
( 4)-( 5) 
(3)x 3 
( 7)X loj 
( 8)-( 8) 
( 9)+ 36J 
(3)-(10) 
n)x 5 
( 1)-(12) 
(13) X 3 

lOOiA. 
Let the first = x, the accoud ^ ?/, and the third =^ i. 
' x+ 6:y+ 6=2: 31 ^ .. 

,-36:. -^6=6: 7 I l"""""-- 
„ g _ fit Mait, extremes 

ll^~7'=-20l "<1 »"»•.- "J 
(^ transposing, 
7 y— 6z =38 Do. 

10l;ir— 7i'=— 21 

" -& = 15 
73ij;— 422=105 
6B IE— 42!=— 120 
7^x =225 

.-. 3;=30 die first. 
ar=0O 



s money, !/=E s monev. and 2=C's money. 


1 


H+ ; !,= 2190) 


2 


y+ S « = 2190 J- By the questioi 


3 


3»'+ .= 2190) 


4 


2I1+ 9 ,=45990 


5 


9y+ 5 1 = 19710 


6 


21:e— 5 2=26280 


7 


ax+ 3 1= 6570 


8 


21:r+3Ii« =68985 


9 


36). =42705 


10 


.'. .= 1170 C's money. 


11 


jx = 1020 


12 


.-. x= 1530 A's money. 


13 


jj.= 660 


14 


.■.j'= 1540 B-smoney. 



From { 1 ) 
From ( 2 ) 

From ( 3 } 
( 4)X 3i 
< 6) + ( 7 ) 
( 8)x 7 
( 6)x 6 
( 9) -(10 ) 

(11)+ n 

(12)x 3 
(l3)-( 4 ) 
(14)-i- 2 
(12)xll 

• //i'-f '^ ^ 
m-l- 7 



S tlie second. 



Qdadratic Equations. 

ic^ + 6aK^27 given equation, 
.r'+()j:-)-9=;36 completing tbe square, 
-c+Sr^^iG extracting the root; 

■ ■■ x=~3=t:6=3, or— 9 . 

1 02 J. 
a:'— 7^ + 31=0 given cquaHon. 
^^ — 7^^— 3^^ by transposing. 
^— 7*+J2J^=9 completing the square, 
j: — 3^:=^3 extracting the root; 

■ -.j:-3l±3=6j, orj. 



103(2. 
— 5|«^18 given equation. 

— 53j;^-(^) ^^ -g^ completing the square. 



— 23;=: 65 given equation. 
Multiplying by 12 and adding the square of 2 to both 
]es gives 36x^—2ix+4=7Si. 

fir — 2=^2S extracting the root. 

6x=^2r±i28 transposing ; 



— ^— := — '■ — siren equation. 

3x'— 5(i;=:7j'+420 clearing of fractions, 

3a;«— 12ar=420 by transposing, 
x' — 'Lc^l40 by dividing by 3, 
a;' — 4*4-4=144 completing the square, 
X — 2 =::±:12 extracting the root; 

.* = 2 =tl2=14, or— 10. 



}OBtk. 



I06(A. 



'— =^x — 4 gJTen equation. 
+24=aj:=— 7:r+4 clearing oHTacfeTia, 
■&r=20 by transposing and chan^ngtae ui.e%, 



^^M x<'—3x=}0 dlvSdiog by 2, 
^^B x'~3x+^=i^ completing the square, 
^^^H X — 1=^3 extracting the root; • 
^n-.« =S=fci=5, or -2. 


^H a^{l+b'x^)=h{2a'x+b)gireneqvB^n, 

^^H (i'i"a!* — 2a*6a:4-a'zi:&* completing the square, 
^^H abx — a=-^b by extracting t!ie root, 
^^H i:Ax=:a^:ib bj transposition; 


^Bv;«+v'.":;.= .JS^gira equal™, 

26a«— 25a:^=49a«— 70ar+25ji by squaring, 
50*" — lOax^ — 24a* tranBpostng und cliangine tbe sigM, 
26i'_35.i=— 12a' dWldiag b, 2. 
251Kk>-3500««+1226a"=25o<) ,^ „, ., 

50X-36. ==tiia |Art.81, Alg. 

50j: =35a=t5a:^40a, or 30a: 
^^ .-.x^ i", or |bj dividing by 50. 


^^M (0—6) a;2— (o+6)aT+26==0 given eqnatioD, 

^H 4(«_S)w-^(a"— 6-)«+ (<.+i)"=<,'_6o6+04'-, 
^H 2(a-S) I _(a+i)=±(._36) Alg. Art. 81. 
^H 2(a-i) « =.+i±(o-34)=2(o-4), or 4b; 

■ -■--■■--^ 

■ .+4+(^j4=-:i.gi™e,„a.i.,, 

B_„ 1 



I — -y ^ by reduction. 

^ — : ^- bjmtutiplyiiignumeratoi and 

denominator of the first aide bj (x — 4)^. 

x' — -16^784 — 56ii;" +-r'' clearing of fractiona and sc[iiaring. 

X* — 5']x'^-=. — 800 by troDBp. and changing the sides. 

j;*— S7ic=+^=J^ Alg. Art. 82. 

x' — ^^^^ extracting the root. 

.r'^AI^tz^^SS, or 25 by [ransposition. 

-■. x^^=4ij2, or ^zS by extracting the root. 

lUlA. 
j:* — 7*'=8 given equation. 

x^ — 7*'+—=— completing the a<juare. Art. 82. 
x^ — 3^^^4J^estnicting the root. 
j:-'^8 or — 1 by transposition. 
-■- -c ^2, or — 1 extracting the cube root. 



uw. 1 


(l) + (2) 
(3)+ 2 


2 '"1?=°}'''™ «1»>'i»""- 1 

3 2K«=a+& 

4 x.=?±.' 


Square root of (4) 


.■.,==ty±'valu..f.. 


(6)+ 2 


(3 2j/«=i/— 6 


Square root of (7) 


8 .v^^^y'-^Salneofy. 


^ 


1 13t/(. 1 


w 

(1 ) squared 
(3)X 4 
(3)-(4) 
Square root of (5) 


3 
4 
5 
6 


i>+2rj+,>=«' 
4j-y =46 
^■--2«,+j"=u-'-46_ 

2j =t.±J.«::u, 






-1 



—EXERCISES IB AI.OKBKA. 



(»)+2 



■■■ y= "^'^^^'Tjue of ». 



.1(1) 

■e/(r 



I 



r(2) 

(3)-^(4) giTO 

(5) X 2(1^1) 

(6) transposed 
Completing EC[uare 
Square toot of (8) 

By GubGtitQlian in (4) 



\Uth. 

3;''+xy+y'=o21 Given 
xy — x'= 8 ) equations. 

1+I. + B* _j^ 

2«J+2«+2-13y— 13 
2u^— 11h=— 15 
16(i»— 8a»j + 121=l 
4«— ll==tl 
..«=3, or2^ 
2*^ or 1*^:^8 

-■.»:= ^=2, or^ -^ valnes of jr. 
and y= ^6, or^-^valuesofy. 



Lety=Mi:, 1(1) 
and we b&Te J (2) 

(3)+« 

(5)x202(J+2i^.') 

(6) trausp. 

(7) Alg. art. 80. 
(a)+280. 

(3) hy Bubst, ii=:^'b 

(10) XW 

extiactiiig root of (11) 



k 



llfinA. 

;'— 2in/— y"=:31 T GHren 
i«'+^— y*=:J01 j equations. 
3a:'(l— 2«— b')=31 

4e'(i+2i.— V)=101 
1— aK- i^_ ^j 

2U2^404u— 202t.' = 31 + 1241- 

I40y'+528 11=171, changing tlie 
sides 

280i.+.^38==tB12 

■ ""' 280 "'"' "' ''' 

. fi;=:±:10, Talues of ic, 
r^y==tlO X ,=B==t3, TflJuH 

ofj^: , ^^_ 

UQih. 



Put wforyin (2), 
and dividing out x, 

(3) XV. 

(4) Alg. Art. 80. 



(7) reduced, 

(8) xl8 

(9) X h 

ext. root of (10) 



NoTB. In the last tvo quostiotis, tbe secDDd values of v do not 
give conaiBtent values of x and //; in (be ItS, by BubetitutiDg — |; 
for D, z* is equal to a minus quaatit]-, and ttmcfore impossible; and 
in llti, by pultiog v=—l, one of (he lerms becomes inliQite. 



3|1_.- 


V=Vt 






4 1--,^ 


;=t3, 
or— 1 


2,'+.= 
bence y 
la ' 


1, 

=Jx. 


912-9= 

10U>=4. 

11.-. K=Z 


and changing the BideB, 

t2, Taluesofj!, 

= ±2xi = ±l. T.In 



I 



n7<A. 

Let x:= the number sought ; then, 
- X ,-=fl64, by the question, 

.c'=5184, mult, both aides by 6 
.--5=72. 

usa. 

= the number sought ; then, 



fM+«)(94— 3!)=8512, by the queslion, 
or 8836-^^=8512, 

-■, a:'=324, by Iransp, and changing signs, 
and hence a;=18. 



1 19(A. 
X«t x^ the lesa of the tn-o numbers 
([HOtient ia 9, the greater will be 9x. 



then, since their 



and 9a;xa-=:T44, by the questioi 
or 9j;'=144, 

jr*^I6, dividing by 9, 

and'9*^(i,}"'^'"^'"''"^^o''g'"- 

]20(^. 
Lei x=: tbe less of (lie two numliers-, iWn, avwit <>\vv 
•l^t is b, the other will be 6*. 



^^^1 Let x= the sbare of the first, and r^= the 

^^r i^o; then rx= the second's, and r^;t^= the third's share. 



X X hxrziLa, bj the question, 

X = J, 

and ia:=:6 ^^ =J^, the grealei 



^ 






lj^+rj;+r'*=2I0) By the ques- 
2\x—t'x =90 / tion. 

510r^+3r=4 
6 20/-==lrl3— 3; 

Br_-4a;=90 
9 3:r=3fi0 

10 a'=J20, the first's share, 

11 \j:=m. the second's share, 
12] Ix—'S-n, the thirds share. 

122<i 

Let jr^ the capital required ; then, by the rules for cal- 
culating interest, its interest at 4 per cent, for 5 months 



(3)x3(l_r-) 

(4) transp. 

(5) Alg. Art. 80 
(6)+20 

(2) by putting J=*' 

(8)x4 

(8)-i-3 

(10) Xi 

(Il)x| 



-; but, by the question, 
.X^=U704I|, 

w''=7022oOO, hy mult, by 60, 
.■. a^^26oO, by estracling the root, 

]23i 

Let x-= the less, then x-\-Q will — the greater of the 



L hence r(x-\-Q)=2^, hy the question, 

.i-^-far-fI6=256, completing ihe square, 
x-f-4=:izl6, extracting the tool, 
.■■^=12, (Jieless. 
and xj.8=20, the greater. 
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124(A. 
Let x^ the numlier sought, then by the question we 
have 

j;'— ^■=306, 

x" — x+^^-^, completing the square. 

X — i:=V' c^tract'ig tlie ■■'">*. 
. •■:r=H¥ = '8- 

125/A. 

Let xt= the number sought ; then its third part mnlti- 

plied bj- its fourth part, wiJl be - x - = — ; and aiding 

five times the required number, gives — -\-[ix:=~r^ ; 

hence ^ y^" —200=280— ^r, bj the question, 

i»+60x— 2400=33fi0— 12x. mult, by 12, 
j:'+72x^57B0, by transposition, 
a;'+7ai;+1296=7056, completing the sqnu 

■ »:+36=84, extracting the root, 
^ xrr 84— 36=4 8. 
12m. 
Let j'= the pieces bought, then — will represent the 

price per piece in pounds; but if he had bought three 
pieces more for the same money, each piece ivould have 
cost — - pounds; hence, since this quotient by the ques- 
tion is one pound less than the former, we have the foU 
loning equation : 



I 



ir+3 "*■ ^ ' 

eOx-i-x^-i-Sx-Gdi + liiO, clearing of fractions, 
a'+3^=180, subt. 60-c from both sides, 
«*-|.3a:+|= -^, completing the square. 



ar+|=«^, extracting the root, 
«=^ — 3—^^' ''*^ number of pieces. 

127(^, 
: the number of children, then attei t^o ol 'SnfiTri 



;, tbae mil be (x~2), and by tlie queslwn. 



— EZZBCISBS HI AUHIBRAi 



-1950, 



46800jr_93600= 46800^— ]950j;' + 3900j-. 
mspoaiog and dividing by 1!J50, the equation becomes 
'— 2a:=48, 

' — 23;+l=49, completing the eqware, 
-J =7, 

r;8. 



I28tk. 

Let x= the person's stock wliich was in for fiTe months, 
then (500— ir)= the other's stock; also let y= the gain 
per pound, in one month, consequently the first's gain 
would be 5a!y, and the second's would be 2(500 — n^) y; 

5ro--i+2{500-^)2/=:450j ^y ^'"^ T*^^'^"°- 
y= — T — - from the first. 

SOO-^ + SC-'iOO-^ '-^ =450 since y= ^^-^ 
25003;~5a^« + 450000— *]900j:+2k==2250j). 
nnsposing 3i»;*'4-l()50a-=450000nnd ihanging the signs. 
»:«+ 5503;=l50000diTidingby 3. 
,r2+ 550ar+7fi625=225625 
a' + 275 ==t475 
.-. a = 476—275=200 
and 600— »= 500— 200=300. 



]29cA. 

; x= the one, then (41— a-) will be the other, and 
(41— aT)''+a;'=901 by the question. 
1681— 82a;+aE'' =901 

X- — 41j;^ — 390 ttansposing and dividing by 2. 
X* — 4l3:+-LSiL!^i_iJ competing the square. 
X — li:=^^i-L extracting the root 



The amount of L.l at 4*per cent, for 40 years, com- 

■ pound interest, is by Table 7=4.801021, which being 

multip lied by 5000 gives L.24005-105=L.24005. 2 b. l^d. 



i 



i.JfWO/br J3yearsat 4pM cent.=(BY table 7) l-60103a 
6000=L.&005\QO, and Ma amownl 6:w4ti\.i" 



'103S 
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gives 2'323655, wliicli bj inspection of the talile is fouDtt 
to lie between the amount for 16 years anil the amount for 
17 jears; and on calculating for the dttfurcDce, it is found 
to be 16 years 136 days. The same problem solved by 
logarithms gives the answer 16 years 138 days.. 



L.4500 at 6 pet cent, in 9 years will amount (Table 7) 
to I-689479x4500=L.7602'6555; this being divided by 
the amount of LI at 4 per ceut. for 15 years, will give the 
sum sought; that is 

TBoa.e: - - 



Tiiis question is the same, so far as calculation is con- 
cerned, as the following: — Find the present worth of 
L.20,000 due ten years hence at 3 per cent.; which can 
be calculated by Table 8, by taking out the present value 
of L.l due ten years hence at 3 per cent., anil multi- 
plying it by 20,000, thus ■744094x20,000=14881-98= 
14,883 nearly. Or, since the population increased in such 
manner that 100 at the beginning of a year became 103 at 
the end of the same, the population at tlie end of a year is 
to that at its beginning as 103 : 100 ; if we then put n for 
the population at any time, the population a year before 

that time would be—'; and since 103: 100 : : yj^^ : 

the same manner deduce that the popu- 

before that time would be -; ' „ , in 

n be put equal to 20,000, and the 
11 be the same us that given above ; and 
ky either be performed by natural num- 

134iA. 

lat was said on the previous queation, it will 
n that we have here to find what power of the 
fraction \%'^ or of 1 '03 will give the result ten ; or to solve 
the equation ('oj-J'^lO, or (r03)'=10. Taking the 
logarithms of both sides gives x Log. 103=1; .■. x= 

— = -■- — =78 nearly. 

Log. 1-U3 ■oi-ian ' J 

135;/t. 



(looyt 




^ 



Table 10, unJer 6 per cent., auA oy'go^x.^.e to ' 
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years^ the present valiie of L.1 at 6 per ce&t. is fou&d to 
be L. 15*046297* which being multiplied bj 20, gives 
300-925940=L.300, 18s. 6d. 

136^. 

In Table 9, under 4 per cent., and opposite to 12 years, 
the amount of L.1 for 21 years at 4 per cent, is found to 

be L. 15025805, the given amount, namely L.500*86416, 
being divided by the tabular number, will give the annuity 

sought; or ^^^'^^^^^^ =33-333=L.33, 6s. 8d. 
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This Work hae been drawn up for the conve- 
nieDce of Teachers, and the aid of private Students. 
Hence most of the eolutiona aro given very fully, and 
wherever abridgments occur, the operations are so 
dearly indicated aa to prevent the possibility of 
mistaking the different steps of the proceaa. In it, 
therefore, the Student will always find a ready solu- 
tion to any difficulty lio may encounter in the 
Second Part of the Work on Pbactical Mathe- 



matics. 

Still more to enhance the value of the Key, a 
Supplement has been added, containing demonstra- 
tions of aevoral Rules, which the limits prescribed 
to the work did not admit of being there inserted ; 
and these have been preceded by such matter as was 
considered necessary to render them intelligible to 
those unacquainted with the Differential and Inte- 
gral Calculus. These illustrations are given in aa 
concise and simple a form as possible, and it is 
hoped will not only appear quite intelligible to the 
industrious Student, but will even mspwe \v\ni ■»iVi)Q. 



iv PREFACE. 

an ardent desire to pursue still farther that sublime 
subject, which the immortal Newton used as a Key 
to unlock the secrets of nature, and unfold the 
doctrines of Astronomy. It contains also the 
method of calculating Logarithmic Tables, and the 
shortest way of finding the Circumference of the 
Circle. 
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KEY TO PART II. 



LOGARITHMIC ARITHUETIC. 



Log. of 75825 =1-879812 
Log. of 84-75 — 1-928140 

Log. of Prod uct 6426-16= 3-a0795a 
Log. of -75 =r-B75061 

Log. of -0625 =2-795880 
Log. of ■846-25 =2-927497 

Log. of Product .TO.6678 = 1-598438 
Log. of 4-825 =0-68.3497 
Log. of .0225 =2-352183 
Log. of .0145 =2 -161368 

Log. of Product .0015741 5=3 ' 197048 

Log. of ( 7i =7-25) =0-8603-3f 
Log. of ( 2i =2-2) =0-34-242; 
L(^. of( 3^ =3'r25) =0-49485( 
Log. of (20,-^a=20'3125) =1 -.30776: 
Log. of Product 1012-45 =:3'0U537- 

I Log. of -7345 =1-865992 

Log. of 734.5 =2-865992 
Log. of 73.45 = 1 -865992 
Log. of Product 3962a.6=4'^o97976 



Log. of ■25=T' 

Log. of -7325=1- 

Log. of ■01725=2- 

Log. of Produce -00315593= ^ 





KST— LOGAHITHfllC ABITeMETTC^^^l^B 




Art. 19. 


■ 


^B<^') 


Log. of 385 —2-585461 


2-585461 




Log. of 29-25 =:1-4R6126 


ar.co.= 8 533874 




LoK- ofQuot. 13-1624=1.119335 


= I-Il93;i5 


^■(3) 


Log. of 463-28 =2-665844 


2-665844 




Log. of 47.4 =1-675778 


ar. oo.= 8-324222 




Quotient 9.77386=0-991)066 


_ O-990O60 


^B.(3) 


Log. of 364 =2-561101 
Log. of 54-75 =1-738384 






Log. of Product =4-2994§5 


4-299485 




Log. of -7854 =1-S9.509I ar. CO. =10-104909 j 




Quotient 25374-3=4 -404394 


4-404394 


^Kc4.) 


Log. of 463 =2-66558 1 
Log. of 25-25 =1-402261 






Product 4-067842 


4.067842 




Log, of 3.1416 =0-497151 a 


r. CO. = 9-502849 




Quotient 3721-27=3-570691 


3-570691 


^■(^0 


Log. of 1 =0-000000 


0-000000 




Log. of 3-1416 =0-497151 a 


r. CO. = 9-502849 




Quotient ■3)8309—1-502849 


1-502849 


^■(s-) 


Log. of .3-14 16 =0-497151 


0-497151 




Log. of ISO =2-255273 a 


, CO. = 7-744727 




Quotient -017453=2-241878 


2-24 18-a 




Proportion. Art. 2( 


. 


^W-) 


220 yds. : 880 yds. : : 25 labourers. J 




40 in. 


42 in. 






.30 in. 


28 in. 


^^^^H 




36 days 


32 days 


^^^^^1 




8 ho. 


9 ho. 


^^H 


^^m Log. 220=2-342423 Log. 880=2-944483 i 




„ 40=1-602060 


, 42=1-6232M 




„ 30=1-477121 


. 28=1-447151* 




„ 36=l-55630;i 


, 32=1-505150 




8=0-903090 


9=0-954243 




7-88099"7" 


, 25=1-397940 
9872233 




Suhtnat sum of logs, of tlie first 


erms =7-880997 




The answer. 1 


L^O^. Ol%=;\-^VL1fi 



ttY — MMIAHITHHIC ABITBMKTIC. 




45 days 
Ratio of nork ) 
L(^. 24=1-380211 
45=1-653213 
1=:Q- Q00000 
3'0334-il4 



Log. 27=1-431364 
„ 14=M46I2S 
,. 2=0-301030 
„ 10=1-000000 



Subtract sum of logs, of the first terms= 
The answer. Log. of 7= 



(4) 




15 Lo. 12 ho. 

30 yds. : 50 yds. 
2 ft. : 4.5 ft. 
4 ft. : 6 ft. 
9=0-954243 
15=1-176091 
30=1-477121 
2=0-301030 
, 4= 0-602060 
4-510545 

6-765817 
Subtract snm of logs, of the first tennB=4'5l0545 
The answer. Log. 180=:i-255272 



4-5=0-653213 

6=0-778151 
120=2-079181 



Inyoi-ution and Evolution. 
il.) Log. of 1-055 =0-02 

•■ ('i-055)''=l-37883 ^K 



J 







^^^^^^^^^H 




SltT—tOGARlTeMiq AWTaMlTIlC. 1 


^■(2) 


Log. of 1-125 


=0'051153 


^fc.) 


.•.(1125)' "=3-24736 


= -511530 


Log. of 5-125 


=0'709694 

7 

=4-967858 


^^(^) 


.-. (5-125)''=92866-2 


Log. of 2625 

.-. (2625)^=51-2347 


=3-419129 
i 




=1-709564 


Log. of 17 

.•.-(17)^=2-57128 


=1-230449 

h 


= -410149 


Log. of 5386-25 

.-. (5386-25)t'o=2-36II 


=3-731286 


18 = -373129 


Log. of 2 
Log. of 7 


=50-301030 
=0-845098 




Log. 
••. (|)*=-658G33 


of :f=l-455932 




=1-818644 


^■(8.) 


Log. of ^=-2 


=1-301030 

i 

= 1-860206 




.■.(J)^=-72478 


^■(d.) 


SLog. of l7=Log. 17' 


=2-460898 




Log. of -7654 


= 1-695091 




Log. of 180 


2-355989 1 
2-255273 ' 


^^^ja; 


-C'my 1-05967 


0-100716 
=0-025179 1 


Log. of 8 
Log. of 240 
Log. of 66 


=0-903090 

=2-38021 1 1 

=va\0|^'^ J 



r 



KKT — THIOOR D1HBTKT. 



J. Log. of 19 
Log. of 52 



a )4-2)til76 
=25-4327 = 1-405392 



(11.) 12 Log. ]-05= Log.(t-05y'=0-254268 

» Log. 705 =2-848189 

iMg. 2 =0-301030 

ar. CO. Log. 7 =9' 15490 2 

.-. (1-105)1' x705 ^ g -3g|.733="2^5B369 

(12.) Log. 13 =1-113943 

Log. 14 =1-146128 

Log. 15 =1-176091 

Log. 16 =1-204120 

r. CO. Log. 17 —8-769551 

r. CO. Log. 18 =8-744727 

r. CO. Log. 19 =8-721246 

r. CO. Log. 20 =8-698970 
1-574776 

33=1-929129 



117x18x19x20) 



KEY TO TRIGONOMETRY. 

Page 24. 

(].) AC : BC=R : fan. A, (Art. 34), and 

R : sec. A=AC : AB, (Art. 33.) 

Ar. CO. Log. AC, 300 = 7-522879 

Lc^. BC 221 = 2-344392 

Log. R = 10-000000 

Log. tan. 36= 22' 40" = 9-ab727l 

Ar.co. Log.R =10-000000 

Log. sec. 36o 22' 40" =10-094137 

Log. AC, 300 = 2-477121 

.-. AB=372-6!3 = *i-51\'iSft 

Also /g— .W<— ^A=.qP°— 36° 22' 40''=6:i° ^T IW . 



^ SET — TI 




HE TRY. 


^B:(S.) B: tan. 49° 12 

^H andB:eec4<)M2' 


■=hase 
=b38e 


\l^:}<.^"-m 


^^K&r. CO. Log. B 




=10-000000 


^^V Log. t!Hi.4g° 12' 




= 10063900 


^H Log. 560 




=: 2-748188 


^■:-. perp. 648-766 




= 2-8Y2088 


^^K'Ar. CO. Log. R 




=10000000 


^H Log. sec. 49° 12' 




= 10-184807 


^^B Log. 560 
^■..-.hjp. 857-027 




= 2-748188 


= 2-932995 


^H(3.) B: COS. 32° 14' 
^■' and B: sin. 32° 14 


=hyp. 

-hyp- 


■*'^^^ l (Art. 33.) 


^■At. CO. Log. K 




= 10-000000 


^H Log. COS. 32° 14' 




= 9-927310 


^H Log. 641 




= 2-806858 


^H.-. base 542-21 




=r -2-734168 


^■-Ar. CO. Log. R 




= 10-000000 


^H Log. sia. 32° 14' 




= 9-727027 


^H Log. 641 




= 2-806858 


^H .-. perp. 341'88!) 




= 2-533885 


^H (4.) R:coBcc.49°: 
^H and 11: cot. 49°: 


=perp. ; 
=perp. : 


iESlt^-^a.) 


^H At. CO. Log. R 




= 10-000000 


^H Log. cosec. 49° 




=10-122220 


^H Log. 500 




= 2-698970 


^K..-. hjp. =662-506 




= 2-821190 


^^kAr. CD. Log. B 




=10-000000 


^^B Log. cot. 49° 




= 9-939163 


^H Log. 500 




= 2-698970 


^■l .-. base =434-643 




= 2-638133 


^■(5.) H7p.:perp.=R:sineoftt 


le L at tbe base. (Art, 34). 


^^m and B : cos. I at the base : 


= bjp. : base. (Art. 33). 


^H At. CO. Log. 100 




= 8-000000 


^B Log. 60 




^ 1-778151 


^m Log.R 




=10-000000 


^H .-. L at base =36° 52' 11 -4" 


= 9-778151 


^^M and vertical angle =90°- 


-36° 52' 


'll-4"=53°7'48-6". 


^H Ar. CO. Log.R 




= 10-000000 1 


^H Log. ens. 36° 52' 


1 1-4" 


= 9-903090 


^H Log. 100 




= 2-000000 


^^K base=8i> 




= \-^'JRftft 


m d 





^^ 




(6.) 


Hyp. : haae 


=R : COS. / at the base. (Art. 34). ] 




and R: sin 


L at the base = 


z hyp.: perp. (Art. 33). 


At. 


o. Log. 590 




= 7-236572 




Log. :161 




= 2-557507 




Lob. R 




= 10-000000 


.-. L at the base ■=. 


51° .30' 27" 


= 9-794079 ^_ 


iitid 


vertical angle 


^gO"— 5r30'27"=3'^°29'3y'. ^^H 


Ar. 


0. Log. E 




= 10-000000 ^^H 




Log. sin. 51= 30' 27" 


= 9-S93S89 ^H 




Log. 580 




= 2-763428 ^^H 


.-. perp 543-9.59 




= 2-657017 ^^^1 






Art. 39 


^ 


(1) 


248:215= 


ain. 74°: sin. Z 


opposite 215. 1 




Sin. 74' : ain. 49° 33' 20"=; 


24» : the third aide. 1 


Ar. 


o. Log, 248 




= 7-605548 1 




I.flg. 215 




= 2-332438 1 




Log. sin. - 


4= 


= 9-982942 


■■■L 


opp. 215=56 


" 26' 40" 


= 9-9ail82B 


18()''-^74='+56° 


26' 40")=49'' 


33' 20", the other angle. 


Ar. 


0. Log. ain. 74°= Log. cose 


.74°=I0-0!7I68 




Log. Bin. 49° 33' 20" 


= 9-BS1405 




l,«g. 248 




= 2-394452 


.-. th 


e third side = 
215:169= 


1196-343 


= 2-293015 


(20 


sin. 72° : sin. L 


opposite 169. 






a. 59° 37' 9"= 


^15: the third side. 


At. 


0. Log. 215 




= 7-667562 ^_ 




Log. 169 




= 2-227887 -^^l 




Log. Bin.- 


2° 


= 9-978206 ^H 


.-.L 


opp. 169=4 


= 22' 51" 


= 9-873655 ^^H 


180= 


—(72=+ 48" 


22'51")=59° 


37' 9", the other angle. 




Log. cosec 


72" 


= 10021794 




Log. sin. 


9" 37' 9" 


= 9-935852 




T^g. 215 




= 2-332438 


.-. the third side - 


=195'022 


= 2-290IJ84 


(3.) 


180°-(fi4- 


13'+45''27')^ 


=70= 20', the third angle. 




Sin. 45° 27 


:8in. 64M3'= 


1046:si(ieop. 64°I3'. 


^^K 


Sin. 43'' 27 


: Bin. 70° 20'= 


1046:sideop. 70'' 20'. 


^^H 


Log. cose 


. JS" 27' 


= 10-147131 


^^^1 


Log. Bin. 64° 13' 


= 9-954457 


^^H 


Log. 1046 




= a-0\C(V.'a 


^^1 


1 tiAe op. 64 


I.3'=1321-66 


= 3-\a\\ia 


■ 


^ 







— TBIOOM OHETKT. 



Log. e 



: the s 



ng. 1046 

e op. 70°20'=138 2-I7 



=10-14713l 
= 9'973897 
= 3019532 
= '3-140560 



R4.) Third angle =180— (49° 15'+70= ISO^GO" 27'. 
Sin. 60° 27' : sin. 70° ! 8'=5230 : side op. 170° 1 8', 
d Bin. 60° 27' : sin. 49" 15'=5230 : side op. L^9° 15'. 
Log. cosec. 60O 27' =10-060518 

Log. Bin. 70° 18' = 9-973807 

Log. 5230 = 3-718502 

I*, the Hide op- Z.70° 18'=5fi60-14 = 3752827 
Log. coBec. 60° 27' =10-060518 

Log. Bin. 49° 15' = 9-879420 

Log. 6230 =^ 3-718502 

f. the side op. /49° ]5'=45545 =~3^65844Q 



[6.) G05:8iO sin. 37° 
.. Log. 605 
Log. 800 
Log. wn. 37° 14' 
.•- the BQgle op. 9001 
is either {Art. 38), (or 12(i°51'43" 

Hence the third angle is either 180°— (37° ]4'+53" B' 
, 17")=89° 37'43"; or 180°~(37° 14'+ 126° 51' 43")= 
tlfi" Si' 17"; and therefore 

Sin. 37° 14' : sin. 89° 37' 43"=605 : the third side, 

a-Sin. 37° 14': ain. 15° 54' 17"=605 : the third side. 

». Log. Bin. = Log. cosec. 37° 14'=10'2 18200 

Log. sin. 89" 37' 43" = 9-999991 

Log. 605 = 2-781755 

Ur. the third aide =999-88 = 2-^99946 

Log. cosec. 37° 14' 

Log. sin. 15° 54' 17" 

Log. 605 

r the third aide =274-01 



I. i opposite 800. 
=7-218245 
=2903090 
=9-761800 

=9-903135 



= 10 218200 
= 9-437812 

= 2-781755 



= 2-437767 

'6.) The third will he 1 80"— (90° 33' 26"+39=' afC 

20")=49° 47' 14" : — and therefore 

"■■ I. 90° 33' 26": sin. 39° 39' 20"=300-2: one side; 

md sin. 90" 33' 26"rsin. 49° 47' i4"=300-2: the other side. 

Log. cosec. 90= 33' 26" =10-000021 

Log. sin. 39" 39' 20" = 9.804937 

Log. 300-2 — 2-477411 

Side op. 130° 30' 2n"^\9\-5«.S-= ^ -Ife-riSa 



1 



r 



KXT— TBIOOnOlU'rST. 

Log. cosec. 90" 33' '2G" =10'00002l 

Log. sin. 49° 47' 14" = 9-8S2R95 

Log. 300-2 = 2-4774 1 1 

Side o p- Z49° 47' 14"=22 9 '86 :^ 2-3W327 

Art. 40, page 29th. 

(1.) 241 + 173=:4U the sum of the sides. 

I 241—173=68 thedif. of the sides. 

^^ ^(180"— 1U3'')=38" 30'=1Z(B+A); 

^^h .-. 414:68:=lan. 3S° 30' : tan. ^(B— A). 

^^H Ar. CD. Log. 414 =7-383(100 

^■^ Log. 68 =l-832.5Ulf 

Log. tan. 38° 30' = 9-900ti05 

Log. tan. ^[B— A )=7°2fi'37" ^ 9-n61 14 
Therefore iB=45° 56' 37"; 
and iA=31'= 3' 23". 
Hence sin. 31° 3' 23": sin. 1030=1173 : AR 

Log. coaec. 31= 3' 23" =10-287450 

■ Log. sin, 103" ' = 9-988724 

Log. 173 = 2-238Q 46 

.-. AB=326753 = 2-5 1422Q 

(2.) 79+67=146 the sum of the sideB. 

79-67=12 the dif. of the sides. 

|(180»— 85= 16') = 47°22'=^i(B+A). 

.-. 146: 12=taii. 47° 22': tan. 4(B— A). 

Ar. CO. Log. 146 = 7-835647 

Log. 12 = 1-079181 

Log. tan. 47° 22' = 10-035919 

Log, tan.^(B— A) ^5° 6' H" = 8-950747 

And Z.A=42"' 15' 54": — and hence. 
Sin. 42° 15' 54" rain. 85° 1G'=BC:AB 
Log. cosec. 42° 15' 54" =10-172269 

Log. sin. 85° 16' = g-99S5l6 

Log. BC=67 = 1-826075 

AB=9 9-2795 = I -9 ^6860 

(3.) 4025 + 3450-7475 the sum of the sides. 

4025—3450=375 the dif. of the sides. 
j[ 1 80°— ,91 ° .to') =44° 1 5'=U'.-^--V"^'^ ■• 
.■.T4rS:S'S=tan. 4-.' 15' : tan.^f^k— K^- 



I 



KEY — TRIO ON OH ETBT. 

At. CO. Log. 7475 :^frl26389 

Log. 575 =2.759668 

Log. tan. 44° J5' =9-988629 

Log. tan.^f A— B)=4" 17' 7-7" ^8-874686~ 





.-. LA= 


=48° 


32' 7-7' 






And iB= 


=:n- 


.')7 


.'i'i-: 


':-.nd heme. 


Km. 


48° 32' 7-7'' 




91 


3tf= 


=BO:AB. 


Lof 


cosec. 48° 32' 7-' 






= 10125306 


Log 

Lob 


Bin. 91° Sff 
BC=4025 








= 9-999B51 
= 3-604766 


AB 


=5369-37 








= 3-729923 



l:{4.) 800+749=1549 the sum gfthe siaes. 

800—749= 51 the dif. of the sides. 
if 180°— 80" 10')=49''55'=i/.(C + B); 
.-. 1549:5!=tan. 49° 55': tan.J(C— B). 
Ar. CO. Log. 1549 = 6-809949 

I-ag. 51 = 1-707570 

Log. tan. 49" 55' =10-07491)4 

Log. taD4(C— B)=2" 14' 25-4"= 8.592423 
.■.ZC=52"9'25-4" 
And ZB=47'' 40' 34-6":— and hence. 
Sin. 52° 9' 25-4" : sin. S0° IO'=AB ; BC. 
Log. cosec. 52° 9' 25-4" = 10-102540 

Log, sin. 80° 10" = 9-993572 

Log. AB=800 = 2-903090 



.-.BC=998-164 = 


2-999202 


Page 33. 




("0 




AB,c=100 




BO, a=I50 




AC, 6=120 


J^H 


2|370 


^^H 


5=185 ar.co.Log. + 10=17-732829 


^^^1 


,S-^= 35 Log. = 1-544068 


^^H 


^—6= 65 Log. = 1-812913 


^^^H 


S—c:= 85 Log. = 1-929419 


^^^H 


2123-019228 


^^^ 


Con8tant=ll-5096I4 




Tan.iA=42° 43' 47" = 9-903546 c 
[■T«n.iB=26° 26' 44" = 9-696701 c 


on.— Log.(S-a) 


on.-Log.(5-J) 


Viut.iC=20' 49' 29" = 9-5S0\95^c 


™.-Log.(5-.) 


teofsumSO" 0' 0" = \\aVl Vhe a* 


m Q^ ^e m^£!k 



KEY— TRlGONOMETSr. 


1 

H 


Therefore Z,A=85'' 27' 34", iB=52° 53' 28' 


', and 10= 


41" 38' 58". 




(2.) 


1 


BC. a= 398 




AC. 6= 420 




AB. c=: 470 


^^^H 


2II2MS 


^fl 


5= ti44ftr.co.Log. + 10=l7-191I14 




S—a— 246 Log. = 2'390935 


-^^^^1 


,S^6= 224 Log. = 2-350248 


^^M 


S—c= 174 Log. = 2-240549 


■■ 


2|24-17284f) 


~ 


Constant =ia-UHfi423 




Tan.lA=26'' 22' 54^" = 9-695488 {™n.- 


-Log-CS-^)] 


Taa.|B=28'' 34' 41" = 9736175 Jcon.- 


^Log.(S-i)f 


Tan.|c=35- 2' 24^" = 9-845874 [con.- 


-Log.(-S-c)] 


Proof sum =90° C 0"=half the sura of the anRles. 


Therefore ZA=52'' 45' 49", iB=57'' 9' 22' 


' and IC= 


70° 4' 49". 




(3.) 


J 


BC,a=H0'4 


1 


AC, 6=190-5 


^^^^^B 


AB.£=2601 


"^^^^H 


2|59l 


^^^^1 


.S'=295-5 ar.cn,Log, + 1 0= 1 7-529443 


^^^^H 


fi—a=i55\ Log. = 2-19061-2 


^^^^^1 


A'_6=|n5- Log. =2-021189 


^^^^^M 


S—c= 35-4 Log. = 1-549003 


^^^^M 


2|-i;i-290247 


^^^H 


Constant=l 1-6451235 


1 


Tan.lA=15''53'454" =9-4545115 me 


i-Log. (3^)} 


Tan.iB=22° 48' 53" = 9-6239345 {ooc 


.-Log. iS-b)] 


Taii.lC=51'' 17' 21^" = 10-0961 205 %oii.-Log. {S-c)\ 


Proof 90° 0' 0'^ ^halfsumoftlie 


analea 


Therefore Z.A=3!° 47' 31", ZB=45° 37' 46", and ZC= 


102° 34" 43". 




(4-1 


J 


BC,a= 320 






^ 



KGT — TUG OMOMET&T. 



5=841 ar.co 


Log.+ 10^l7-075204 




^^H 


.g— o=521 Log 




= 2716838 




^^^1 


e—bz= 41 Log 




^ 1-612784 






^— c=279 Log 




= 2-445604 
2 123-850430 


i 


■ 




Con8tant=l 1-925215 






Tnn.iA= 9° IC 


42" 


= 9-208377 TOO. 


-lofi 


(s-^)l 


TaniB=64° 1 


54^" 


=10-312431 Qon, 


-Lob 




Tan.iC=16'> 47 


23i" 


= 9-479611 con. 


-Lop 


Proof ^W C 


0" 


= half the sum of the angles. 


Therefore /.A 


=18" 2: 


24", i:B=128°a 


44". 


and iC 


=33^ 34' 47". 











^^L Art. 50—53. 

^^^a In these articles, after the expression forthe sine or cosine 

^^^^ of ihe snm or difference of the angles is reduced to the 
fortD of the sum or difference of two fractions, the neit 
line is always obtained by dividing the numerator of each 
fraction by the hypotenuse of the triangle of which it is s 
side, and then multiplying this by the new divisor divided 
by the original denominutor; this is evidently multiplying 
hoth numerator and denominator by the same quantity, by 
which the value of the fraction is not altered. The third 

^^^ line is then obtained by substituting the values of these 

^^^L fractious, as fuund by Arts. (6, "].) 

I 



Art. 64. 

_ a sin. 4(A+B) coa. i(A— B). (59.) 

^3c™.i(A+B)oos.4(A-B). (61.) 

Art. 65. 

a.la.KA4.B)»i.. KA^B ). (t».) 

2.Lii.i(A+BJBm. l(A-B). («2.) 



B _ 2eos. |(A+B ) 8iii.i(A— B) . (SO.) 
A""2cDB.i{A+B)™B.i(A— B). (61.) 

COS. 4(.A. — li) 



^Z~— TBIOOROMBTKY. 



•.B~<H>a.A Sain. 



Art. 67. 

K A+B)Bm.i(A-B ). (t!n.) 
1. i(A+B) Bin, 1(A— B). (62.) 



;- = cot.KA + B). (14.) 



Art. ( 



iCA-B). (61.) 
I. (fiS.) 



_2ccffi.i(Ajl-B). 

-2Bi-."i(A+B), 

_ wia.i(A+B) cQB.i( A— B) 

-9in.4(A+B)^Bln.KA-B) 

= cot. K-A + B) cot. KA— B). 



ivhicli by (Art. ].')) becomes either 

tot. KA+B) coL 4(A— B) 

lan. i(A— B)' tan. i(A+B)" 



The second and third values of cos. i 
the first, by substituting cos.^t — 1 for ~ 
then 1— sln.^< for cos.^a (21). 



i 



fiiund from 
.1 (21), and 



I 



■.('-') _ 
'(«-») 



w 



itiultiply both numerator and denominator by 1 - 

. , tan.o— tan.^a+atan.o 3tan.a— la 

It becomes , _ ,^„ .„_r, ,^^ r- = ._. 



Art. 77. 



1— tan.'aa ~ , /g»n.„>i — 

by multiplying both numerator and 
o>f, m 



denominatoT of the laat fraction by (\- 
]~2tan.'a-f- taa.%. 



I 



KFY TBIRONOMETHT. 

Pago 36. 
l.)Sin.76--im.(45'+30-).-!|Xi+j5Xj>/3.(51.) 

cos.(« 

Sm.lS--.in.(45--30-).i xKS-;^^ xt P*) 

Co.. lo'-co.. (45--30-)- ^ X K3+ 4^ X t- (Si) 

3^/2 2^2 

^^^".(!o..i<x';]^°-co..atra.o. (1.1.) 

^■xco,...t.n..x'^-^™-"-'!t-".(20.) 



Or, since (18) sin, a= , and (17) cos. a= ^- ; 

whence cob. a sec. a=l. Substilute this vaJue of ] instead 
of it in the fraction -— — -, and we haye sin, a= -'^- "^'', 



i 



taet — VIUOO!! QUE TRY. 



NoTB. The seoond vaiae can ulsa be abUined fi'om the first by 
wiljHtitnOng ,— for oot. (IS); luid the fourth may be deiiueed Troin 



l«n.o(13)= =-=■=■—; 

^ ' COB. a COS. a-; 

_ J- (16) 



■-.for BID. acoaec. (1=1. 

— , for COS. o sec. a~ I . 



(3.) Since A + B + C = 180°, sin. (A+B+C)=(». 
(Arts. 30 and 70); but sin. (A + B + 0)=BiD. (A+B) 
COS. C+cos. (A+B) sin. C=(8in. A ens. B+ cos. A sm. B) 
COS. C + (coB, A COB. B— siD. A sin. B) sin. C= sin. A cos. B 
COS. C+ COB. A sin. B cos. C+ cos. A cos. B sin, C— sin. A 
sin. B sin. C=0, and therefore the sura of the plus terms 
is = the minus term, and hence by transposing we have 

Bin. A COS. B COS. C+ cob. A sin. B cos.C-t- cos. A cob. B 
sin. C= sin, A sin, B sin. C. 

Dividing both sides of the abore equation by cos. A cos. B 
COS. C, it becomes 

tan. A + tan, B+ tan.C=taa A. tan. B, tan. C. 
Otherwise, 

(A+B)+ tan, C 
(A+B)t» 

^ + Ian. C 

"'■-7.T7.- ("■> 



ta 



(A+B + C)= ,_-:""i;-" . (73.) 



ui.(A+B+C) = — 



ButB.. (A + B+0)= :.; "":S = i=0. h» 



(A + B+C) _ 
(A+B+C)~ 

the numerator of the expression for the tangent must be 
=0: ,-. tan. A+ Ian, B+ tan.C — tan.A tan. B tan. C=0; 
ifore tan. A+ tan. B+ Ian, C=; Ian. A tan. B tan. C. 



y^torel 




, {Arts. 21 and 71.) 
[!.2A. (20.) - 
\ 16.) Article 36 civea 7 1= -. — „, hence — ; = — '- ,-'„. 

I ^ ° b sm.B o— A Bill. A — B111.B 

Bin. A+ sin. B _ Un.UA-- B) 



I kence — r — - - 



i(A+B) 



iCA-B)' 



tlie sidei 



tan. 4CA-B)' 

iipjiOBite to the angles A and Q, the 

«-xpreBBion proves, that the sum of the 

sides i§ to their difFerence, as the tan- 
gent of half the Bum of ihe opposite 

angles is to the tangent of half their 

difference, which is the rule. 

(7.) Let (AD— DC)^-; then, 
^^_ c — o : rf=:/i cosec. A — p cosec. C : p cot. A — p cot. C (_-i-p). 
^^L ^cosec. A— cosec. C : cot. A— cot. C( X sin. A sin.C), 

^^H =sin. C— sin. A : sin. C cos. A— cos. C sin. A. 

^^B =sin. G— sin. A : sin. (C— A) (53 . 

^^B =?BiD.4(C-A)caa,i(C+A):Ssui.i(C-A)coi.t(C-A)(£<]ad«L> 

^H =co8.i(C + A) : cos.i(C_A). ( -2 «ni.C-A). 

^^^H Again, 

^^^^^■f-a : d^^p cosec. A -f 7) cosec. C : p cot A — p cot. G. 
^^K =cosec. A-|-c<isec. C:cot. A— cot. C (-Hj>). 

^H sin. C + sin. A :sii). C cos. A— cos. C sin.A. 

^H 29iii.i{C+A)<»«.l(C-A):2Bm.i(C-A)coe.i(C-A). 

ft — nii 



f 



(2) 



^ 


id*-^«8ie. 


tUtaant*. 17 1 

87, 

the height abore the eje. 

= 10'000000 
= 10-099393 
= 2-204120 
= 2 303515 
ht of the eye. 
„ tower. 


B:tan. 50°30'=160 

Log. tan. 51° 30' 
tog. 160 
Leg. 201-148 

5 =hei 




206-148 = 


R:lon. 47'>30'=100 

Log. R 

Log. tM. 47" 30' 

I^. 100 

Log. 109-133 

5 =^eigh 
114-133 = 


the height above the eye. 

=10-000000 
= 10^034948 


= 2-03794a 
of fh« eye. 
tower. 


Ritan. 50'43'=130 

Log. R 

Log. tan. 50" 43' 

Log. "130 

Log. 158-923 ~~ 

5-5 ^height 
164-423= 


height above the eye. 

=10-000000 

=10087244 

=, 2-U3943 J 

= a-20U87 1 

of the eye. 1 
tower. 1 



Art. 88. 

(1.) Sin. l.ll''26',OTC0H.41'" 26'TMn. 3S' 40=266 :thB aedMl 

and Sin. 131" 26' : aia. 91° 46'=a6e :tbe other diatance, 

Ar. CO. Log Bin. 131° 26'=Log. coseo. 131" 26' =10-125097 

Log. Bin. 3S-iO = 9-795733 

Log. 266 = 2-424 882 

Log 221-672 = 2-345712 

At. CO. Log. sin. 131" 26'=Log. cosec. 131° 26' =10-125097 

Log. sin. 92" 46'=Log. coa. 2° 46' = 9-999493 

Log. 266 = 2-424882 

L(«. 354-382 =2-549472 

(2.) NE. J N. Ib 3i points to the east of the north, and 
NTV.J "W. IB 4^ points to the west of the north, the Bum 
of these, or 7} points, is the angle formed by the ship's 
course, and the bearing of the headland. Again, the course 
the ship had when at the second station was 3E. ^ E., 
wfaich is just 4 points from the bearing of the headland : 
hence the angles at the estremity of the base were 7^\|Qiits 
and 4 points, the sura of which is 11^ pomta, aoiwawift'^'s 
base is girea SO miles, we have 



18 KXT — ^TBiaOITOlHXaXl 1 

Sin. 4^ pts. : sin. 4 pts.:=20 : Dist. from first statioB. 
Sin. 4^ pte. : sin. 7f pt8.^20 : Dist. fiom second station. 



At. CO. Log. sin. 4 j pt8.^Log. cosec. 4^ pts. 



Log. 
Log. 
r. CO. Log. 
Log. 
Log. 
Lc^ 



19-0864, or 19-09 nearly 

Bin. 4^ pCa.=.Log. cosec. 4^ pts. 

Bin. 73 pts. 

20 

26-96 



=10-130210 
= 9-84<M85 
= 1-301030 
= 12-80725 
=10-130210 
= 9-999477 
= 1-301030 



,) Sin. 60° : sin. 80°=260 : side op. 80°. 
R : Bis. 40°=^ide op. 80° : perp. breadth. 
Compounding these proportions, vre have 

It sin. 60° : sin. 80= sin. 40°=260 : perp. breadth. 
Hence, making It=l, and sohing the proportion, n 
obtain v^- br,adth= ^^^^^f^L^, 

=260xan. 80° ein. 40j cosec. fiO": bent 
Log. cosec. 60° ^I' 

Log.' sin. 40° 
Log. sin. 80° 
Log, 



260 
190'046 



= 9-808067 
= 9-993351 
= 2-414973 



' Log. cosec. 10* 
Log. sin. 69° 

I tog. sin. 49° 
Log. 50 feet 
186-27 



=10-760330 
= 9-933066 

= 9-877780 
= 1 -696970 



do. 



= 2-270146 
6 =Jieiglit of the eye. 
192-27 = ,. tower. 

15° 32' 18"— 9° 56' 26"=5° 35' 
cosec. 5° 35' 52' 
sin. 15° 32' 18" 
Bin. 9° 56' 26" 



Disbmce. 
10-760330 
9-711839 

9-877789 
1-698970 

=2-0489 19 



2463 



11-010798 
= 9-427945 
= 9-237107 
= 2'80482I 
= 2-480671 



I (3-) 



123°29'+50°44'-=174° 13'. 

180°— 174° l.S'^5° 47' the angle directly unda 
the top of Arthur's Seat subtended by the distance 
of Che stations, on ike fio,mc VqiudhuI glane as tha 
hase. 



IfeT — TUOOEI OHXTRT. 



Height by tbo obscrvGd 
eletatioD at the wealem BUtion. 

Log. cosec. 5° 47'=10'996682 
Log. sin. J23°29'= 9-92I190 
Log. tan. 3° 59' = 8-842825 
1410-42 = 3-149348 



I 



812-915 = 2-910045 
5 height of the eye. 



4-067220 



8-134440 

C<aiBta nt8'378641 

co rrection for curvature. =0-513081 

L 821-174 height above the medium level of the tide. 

Height by the observed Correction far the i 



Log. cosec. 5° 47' =10-99G682 
Log. sin. 50° 44' = 9'88H858 
Log. tan. 4" 17' 30"= 8-875315 
Log. 1410'42 = 3-149348 
813-211 = 2-910203 



do. 



Che eardi (Note i). 
10-9966S2 



3-149348 

4-034888 



5 height of the eye. 8-069776 

Constant 8-378641 
2' 808 c orrection for curvature. = -448417 

821-019 height above the medium level of the tide. 



(t) 



Log. cosec. 71° 58' 
Log. Bin. 36° 22' 
Log. tan. 62° 36' 
Log. 195-6 
Ans. 235-309 



= 10-021876 
= 9-773018 
=10-285376 
= 2-291369 
= 2-371639 



Page 44. 

(1.) In AB CD there are given i BCD, 37°; iBDC= 
iADB+iADC; .-. ZBDC=96°; hence the third angit 
CBD = 47°, and the aide CD=300 yards, to find CI? 
andDB. 

Sin. CBD:sin. I5DC=CD:CB\„ . . „„ 
Sin. CBD : ain. BCD=CD : BD 1"^ ^''' ^^ 
Log.cosec.47° =10-135873 Log.oosec. 47" 
Log. sin. 96° = 9-9976 1 4 Log. ain. 37" 
Log. CD. 300, = 2-477121 Log. CD, 300 
Log. CB 407-95= 2-6106U8Log.BD246-a6\= -l-'i^^til 

Again, in tie A 4 CD there are given. LNSSC, \V -, 



=10-135873 
= 9-779463 
= 2-477121 



f Art. 3(J. 



KEY — TKIGONOMET8Y. 

iACD=iACl!+LBCD; .-. Z.ACD=93''; heace the third 
angle CAD=:46°, and the side CD=300 yards, to find AC 
and AD. 

Sin. CAD:siD. ACD=CD: AD\t, 
Sin. CAD : sin. ADC=CD : AC /" 
Log. COBCC. 4(;° =10-143066Log.eoBec. 46" =10-I4306fi 
Log. Bin. 93" = 9-999404Log.9in. 41" = 9'8l6943 
Log. CD 300 =_24_7n2lLog. CD, 300, — 2-477121 
Log.AD4l6-477= 2-6l9591Log.AC,273-609= a-437130 
Next, in the AACB there are given the side AC= 
273-609, and CB=407I)5, and the contained /ACB— ofi°, 
to find AB ^(180°— flfi'')=2ff', which is therefore half the 
sum of the angles at A and B. Hence by ArL 40, 
CB=407-95 
AC=273'609 
Ar. CO. Log."681'55y, sum of sides. =17-166496 

I Log. 134-341, dif. of sides, = 2-128208 
Log. tan. 62° =1 0274326 

Log. tan. 20° 20' 24" = 9'569036 

■ 
Tl 
DF the perpendtculair from A. 

Log. 300 = 2-477121 Log. H^m) = 2-176091 

Log. cosec. 134''=I0-l43O66 = Do. =10-143066 

hog. sin. 93° = 9-999404 Log. sin. 52° 

Log. Bin. 41" = 9-816943 \&\'4\9 = 2-21 

k £7.9-227 = 2-436534 



iCAB =z82° 20' 24" 
LCBA =41° 39' 36" 

\ Lastly, to find the side AB from A^BC. 

Log. cosec. CAB=82° 20' 24"=10-003893 
Log. sin. se- =: 9-918674 

Log. CB=407'95 = 2-610608 

Log. AB=341-252 = 2-533075 

L The same by the method of rectangular co-ordinates. 



It 


*.?■;? 


wr 


f^^ 


Oif.ol 


-s"- 


Di..»„f™„ 


*l 














A 


9i° 


41° 


134° 


B2'' 


273-227 


—164-319 


B 


37' 


96* 


133" 


59° 


246-fill 


175-804 



life. 



From B. 

300 = 2-477121 Log.|{300) = 2'I76091 

I^g. Msec. 133»=10I35873 = Do. =10-135873 

Log. sin. 37° = 9-77!>463 Log. sin. 59° = 9-933Q6fi 

Log. sin. 96° = 9-997614 175-804 =: 2-245030 

245-511 = 2-39007f 

IKBt.ofthepeTpencliculars 340-123 Log. = 2-531636 

;dif.oftheperpendiculare 27716 Log. + 10=U^44273l 

»Log. tan. 4° 39' 3I"= 8-911095 
■ Log. sec. 4° 39 '31" =10-001437 

Log. 340-123 = 2-531 636 

.'. AB = 341-25 as before zz~M33073 
(2.) 



-It 
















11 


^« 


'St 


IDglH. 


Dlf.Qf 
IDglB. 


*'^'^'" 


ss-Jss. 


















A 


89-18' 


46° 14' 


136° 32' 


43° 4' 


395-848 


— iar-163 




« 


48= 12' 


87° i' 


I3S" IB' 


3B"fi2' 


406-202 


I71-1U6 





Perpendicular Irmn A. 

Log, 384 =: 2-584331 Log. 192 = 2-293301 

L(^.coBec.l35''32'=10-154595— Do. =10-15459S 

Log. sin. 89° 18' = 9-999968 Log. 3in.43°4'= : 9'834325 
Log. sin. 46" 14' = 9-858635 187-163 = a-272-221 



= 2-597529 
FromB. 

: 2-584331 Log. 192 



Log. 384 = 2-584331 Log. 192 = 2-283301 

Log.co8ec.l35''16'=1015254G=Do. =10-152546 

Log.8m. 48*12' = 9-872434 Lug. Bin.38°52'= 979762] 
Log. sin. 87° 4' = 9-999431 171-186 = 2-233468 



6'202 



= 2-608742 



Since the perpendiculars fall on opposite sides of the 
middle of the base, the sum of the distances is the distance 
of tile perpendiculars ^35ii'34£l, and the difference of the 
peTpenaiculaTs ia 10354; hence, hj (Art. 95), 

Log. 10-354+10 =11-015108 

' Log. 358-349 = 1i-65^3fl6 

' Log. tan. I " 39' 1 8" = '8-4ti0fttyi 



R 



K ET — TRIGOMO KETWt, 



Log. see. 1° 39' If 
Log. 358-349 
Ans. AB 358-5 



1 






(3. 








s 


"W? 


i?l5- 


"■1^ 


■ngla. 


Peipendi- 


middle or bw 


A 
B 


32° IB' 

38=45' 


44" 30' 

HI" 60' 


136' i&' 
150= 35' 


47° 4B' 

73= 5' 


S67-979 
42i-B71 


— IM'iiB 
350-624 



For tlie perpendicular fmin A. 

Log. 360 = 2-5f.63(i:i Lor. 180 = 2-255273 

L.cosec.]36°45'=10164193 =Do. =10164193 

Log. sin. 92" 15'= 9«99(i65 Log, sin. 47'45'^ 9-869360 
Log. SID. 44° Sff = 9-845662 194-458 = 2-288826 
367979 = 2-565823 

From B. 
Log. 360 = 2-55(i303 Log. 180 = 2-255273 

Log.coB.150°35'=1030B780 =Do. =)0-308780 { 

Log. sin. 38° 4.i' = 9796521 Log, gin. 73° 5'— 9-980 789 
Log. sin. 1 1 1 °5Q'= : 9-9 67674 350624 = 2-544843 
425-871 =r2^29278 
Since the perpencliculars fall on opposite sides of the 
middle of the base, the sum of the distances is the distance 
ofthe perpendiculars =545-082; and ihe difference of lie 
perpendiculura is 57-892 ; hence (Art. 95) 
W. 57 892+10 =11-762619 
' 545082 ~ 2-736463 Do. = 2736463 

=10-002436 



1.6" 3' 45" ='"9-026156 sec. 



ns. AB 548-149 



•738899 



Castle Tower. 

J, 6675 = 3 753966 Log. i(5675) = 3-452036 

Ucosec. 1.15" 57'=10 157837 =Do. =10-157837 

a. 30° 22' = 9-703749 Log. sin. 73°13'= 9-981095 ' 
i.JQ5°35' = 9-983735 39072 ="3-59J«f«J 
'T4Ii = 3.n9Ui07 



KEY— TMOOKOMKTB*. 


23 


Dome of St George's Church. 
Log. 5675 = 3-753966 Loe. 4(5675) 
L.cosec.l53°34A'=103516J5 =00! 
Lsin.25'40' = 9-63a6aJL.sm.I02'UV 
L. sin. 127'' 54i' =r 9-897074 62311 
43fi7« = 3-63y27a 


= 3«293« 
= 10351615 
= 9'9S0011 
= 3-794562 


Spire of St Andrew's Church. 




Log. 5675 = 3753966 Lofi. iC5675) 
l..cosec.l49''4U'=]0297007 =Do. 
L.sin.13-57' = 9382152 L.sin.l2I'47i' 
L sin. 135- 44i' = 9843790 4779-1 
1892 = 3'27C9J5 


= 3-452936 
=10-297007 
= 9-929403 
= 3-679346 


Melville's Monument. 




log. 5675 = 3753966 Log.i(5675) 
L. cosec. 148''48'=I0-285648 =:Do. 
L.sin.]l''23' =9-295286 L.sin.I26=2' 

^^b. 137° 25' =9830372 4429-5 

^^b463-l =: 3-165^7:i 


= 3-462936 
=10-285648 
= 9«17774 
= 3-646356 


^^F Korth Leith Church Soire. 




' Log. 5675 = 3-753966 Log. i(5675) 
L. co8ecl60'4' =10-467339 =Do. 
L.mn.28"26' =9-677731 L.Bin.l03°12 
L.Bm.131-38' = 9-S73560 8103 
—5923-7 = 3-772596 


= 3-452936 
= 10-467339 
= 9-988371 
= 3-908646 


Inchkeith LighthouBe. 

Log. 5675 = 3-753966 Log. ^(5675) = 3-432936 
L-cosec. 170°53i'=10-800514 =Do. =10800514 
L. Bin. 57" 49' = 9-927549 L. sin. 55° 15^'= 9914729 
Lsin.ll3°4i' =9-963784 14729 =4-168179 
—27913 = 4-445813 


Berwick-Law, 
Log. 5675 = 3-753966 Log.i(5675) = 3-452936 
Log.ooaec.l77'5'=n-293423 =Do. =11-293423 
Log. sin. 115-51= 9-954213 Log.sin.54"37'= 9-911315 
Log. sin. 6rj4'= 9-942795 _454G5 = ^feTol\ 
—S7983 = 4-944397 



I 



JH KST — TUGoiroKszsan 

Rbuark. Tha diBUnee of any oT the above pltwea from Nelson^ 
MuuutoeDt may be obtuini'd froui the rxpresBion for the peTpendieu- 
lar, by adding togetber the first three Ingarilhms in that eKpreesiDii, 
omitting the fourth ; and its dialaoce from Arthur's Seat may be ob- 
tained by adding together the liret, second, and fourth lagaiillimi, 
omitting the third, the sum in either ease »U1 be the logaritboi of 
the distance, after omitting 20 from (he index. The distance of anf 
of the olher objeota fcom one another may be found by (Art. SS), 
as iros shown in tlio last tiirce examples- 

Page 47. 

'1.) In the ADBC there are giTen /.DBC^SS" 45', i.DCB 
z30" 5'. and the side BC=2flO; to find BD. 
Log. cosec. 55° 50' =ll>08228[ ) 
Log. sin. 30° 5' — 9-700062 J- Art 88. 

Log. 290 = 2-462398 ) 

BD=175687 = 2-244741 

In the AABC, find the angle ABC. 
AC=195 

BC=290 ar. co. Log. = 7-537602 

AB=240 ar. co. Log. =7-619789 

2| 725 

.9=362.3 Log— 2'559308 

5_i=167-5 Log. 2-224015 

2| 19-9407 14 



1 



£eg. eos.iABC=20° 55' 46" = 9-970357 



I 



Z,ABC =41° 51' 32" 
Now iABD =ZABC— iDBC=16° 6' 32" 

Then in the AABD there are giTen the aides AB=240, 
BD=175 687,andtheiABD=16''6'32"tofindtheotherU 
Ar. CO. Log. (gunioftbe8ides)41o-687 = 7-.'181233 
Log. (dif. of the aides) 64-313 =1-308399 
Tan.|(8nra of Z.b)= 81''S6'44" =10-849213 
Tan.i (dif. of is)= 47° 33' 9" =10-U3B746 
Their difference iBAS= 34" 23' 35" 
ZASB= 30° 5' 
Wherefore ^ABS=115° 31' 25" 
To find BS. To find AS. 

Log. cosec. 30° 5' =10-299938 Do. =10-299938 

Log.8in.34°23'35"= 9'751946Bin.ll5°3r25"= 9-955403 
Ug. 240 = 2-380211 L og. 240 = 2-380211 

SS 270-46 = 2-432095 AS 432-07 ^ 2-635554 

Lastly, in the ABSC, iteie aie gviea L"BSC:=i5SJ'aS «&. 



i 



BC=290; also since ZABS=::H5° 31' 25" and IABC= 

41° 61' 32", their dlffarence, tlie £CBS=:73° Sff 53". 

Hence Log. cosec. 55° Stf =10-082281 

Log. sin. 73° 3d' 5^' = 9-982105 

' Log. BC 290 = 2- 4G239S 

CS 33G'34 ="_2-562784 

(2.) In the ABDC there are given /.DBC=33'' 45', IDCB 

=43% and the eidc BC=790, therefore (Art. 88). 

Log. cosec. 76' 45' =10-011718 

Log. sin. 33" 45' = 974473y 

Log. 7y0 = 2 B97627 ■ 

BD=450-904 = ati54084 

Then in the ADB A' since £DBA'=43°, half the sum of 

the is BDA' and BA'D=e8'' 30', BI>=450'904 and BA' 

=490; by Art. 40. 

Ar. co.Log. (490 + 450-904)=940-904 = 7-026455 

I Log. (490—450-904)= 39096 = 1-592133 
Log. tan. 68° 30' =10-40 4602 

Log. tan. 6° I' 18" =9-023190 

.-. ZBDA' '=74° 31' 18", 

and iBA-D =62° 28' 42"=i,CA'S, 

hence also iBA'S=117° 31' 18" Geo, prop. 1. 
but the ZA'SB =33° 45'; 
.-. the ZA'BS =28° 43' 42" Geo. prop. 19. 
Therefore by Art. 39. 
hag. eittttc. 33* 45' =:10'2S53GI Do. =10.S6£36I 

Log-siB. 117''31'IB"= fl-.l47tl43 Log. sin. 28' 43' 49'= 9.681836 
Log. BA'=4gO s=_3-69(ll 96 Do, = 2-6901 fl6 

BS=ra3-17 = atl933UB A'S=423-93 = 2-627293 

Lastly in the AA'SC by Art. 39. 

Sin. A'SC : sin. 8A'C=A'C : SC. 

.-. Log. coaeo. 43° =10166217 

Log. Bin. 62° 28' 42" = 9-947843 

Log, A'C=300 = 2-477121 

SC=390-i04 = 2j5yil8l" 

(3.) First in the ADBC there are given by construction 
tfie ZDBC=28° 24', the i:DCB=31°, conaequendy the 
ZBDC=120° 36', also the side BC=630, hence 
sin. BDC ; sin. DCB— BC ; DB. 
Log. cosec. 120° 36' =10.065127 

Log. sin. 31° = 9-711839 

Log. EC=630 = 279934:1 

DB =376'97 = -i-SlfemT 
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n KET — TaiGOSOKETRT. 

In the AA"BC find the Z.A"BC (Art. 45). 
A"C= 540 
A"B= 500 ar. CO. Log. = 7-301030 

BC =^30 ar. CO. Log. = 7-200659 

2|I670 

S =835 Log. = 2-921686 

S—l= 295 Log. — 2-469822 

2| 1 9-893 1 97 

Log. coB.JA"BC =27° 50' 6"= yy4(j59B 

2 

LA"BC =55° 40' iW 

Niw L A"BD=iA"BC + ^1080=84° 4' 12", and hence, 
in the ADBA" there are given A"B=500, DB=376-97, 
und the iA"BD-84" 4' 12", .-. half the sum of the Lt 
BDA", and BA"D=47''.'>7'S4"; and therefore, by(Art.40.) 
ar.co.Log. (sum of the sides) 8-G'97 = 7-057015 

Log. (dif. of the sides) I23'03 = 2-090009 

Tan.i(sumof Z,8)= 47° 57' 54" =10-045029 

Tan. j(dif. of Is) = 8" 50^ 43" = y- 19-2053 

.-. /,8DA"= 56° 48' 37" 
andiBA"D= 39° T 11" 
"Whereforei:BA"S=140°52'49"and8inceZBSA"=31\ 
.-. i:A"BS = 8° 7' U"; and therefore in the 
AA"BS : Bin. S : sin. A"= A"B : BS and 

sin. Sisin. B =A"B: A"S 
Log.coBGC. 31° =>]0'268161 Do. ^10-268161 

Log. gin. HO" 62' 49"= 9-799991 Log-aio-e" 7' 11" = B-U99«* 
Log. A"B=500 = 2-698 970 Do. = 2-698971) 

SB=612-523 =2-787122 SA"=137-11B =2-137095 

Lastly, in the ASBC, there are gi»en LBSC=S»"2i' 
/.SBC=63° 47' 23", and the side BC=630. 

.-. Log. cosec. 59° 24' = 1 0-065 1 27 

L Lc^. Bin. 63° 47' 23" = 9-952879 

■ Log. BC=630 = 2-799341 

f SC=656'67 = -2-817347 

(4 ) In the ABDC, there are given hy construction the 
Z.DBC=69° 30', the Z,BCD=54° 45', .-. the /.BDC=55'' 
45', and the side BC=620; hence sin. D : sin. C=BC: BD. 

^Log. cosec. 55- 45' =10-082710 

Log. sin. 54° 45' = 9-912031 

Log. BC=620 = 2- 792.392 

BD=612-538 =2-787133 

jYeif.i'nAABC there aiegV^eTvttiftHwee sides to find 
thelABC (Art 45). 



KKT — T 


IGOSOMF.T 


RT. 27 


AC = -160 

AB = 570 ar. co, Log, 

BC = 620 ar. co. Log, 

2|I650 




= r-244125 
= 7-207608 


,S'= HU5 Log. 
5—6= 365 Log. 

Log. COS. JABC=22" Z7' 


9" 
2 


= 2-916454 
= 2562293 
2119-930460 
= 9-965a40 



/,ABC=45" U' 18" 
NowZ.ABD=Z.ABC-l-^CBD=]14''44'18",andhence 
in the AABD there are given AB=570, BD=612 530, 
and the /.ABD=I14" 44' ]8"; .■. half the sum of the 
Ls BAD and BDA=32" 37' 51" ; wherefore hy (Art. 40.) 
ar. CO. Log. (gnm of the sides) 1182-538 =&927185 
Log. fdif of the Bideg) 42-5.38 =1-628777 
y Log. tan.^(Bum of i.s)=32'' 37'51 "=:9-806374 

^k Log. tan. i(dif. of /,s)= 1° 19* I0"=8-362336 

^L , . iBAD=33''57' 1" 

A and Z.BDA=31'' 18' 41" 

Again, in the AASB the ZBAS=33" 57' 1", and the 
iASB=125'' 15', .-. the Z.ABS=20" 47' 59", and the side 
AB=570; hence sin. S : sin. A=AB : BS 
and sin. S : sin. B=AB : AS 
Log. cosec. 12S- I5'=10-08r969 Do. =10-087969 

Log. sin. 33' S7' 1"= 9-747002 Log. sin. 20° 47' 69" = 9-5i03fi3 
Log. AB-S/U .= 2755875 Do. » 2755875 

.-. BS=389-804 =. 2'a»Uil46 .-. AS=247-856 = 3'3fl4l97 

Lastly, in the ABSC the ZSBC=i,ABC— Z,ABS=24' 

20' 19", and the Z.BSC=124'' 15' therefore vre haye 

sin. S: sin. B=BC:CS. 

^ Log. cosec, 124'' 15' =10082710 

^L Log. sin. 24° 26' 19" = 9616704 

^K L(^. BC=620 = 2792392 

•" .-. CS=310-323 = 2-491806 



(5.) From the AABC find all the 
angles by (Art. 49 J. 
BC, a=1000 
AC. 6= 974 
AB,c=iaO0 
2I3l7i 



t 





S= ) 587ar.coXoE. + 10=16799423 
: 587 Log. = 2-768638 

: 613 Log. = 2-787460 

: 387 Log. = 2587711 



-Log.(.^)J 
9-684156 {con*— Log. (»—*)] 
'^o{coii--Log. (*-^)} 



* 

y 



2 |a4t)43232 

ConBtaiit=12-47161d 
Log. tan.iA=26° 46' 37i"=9702978{c 
Log. taii.|B=25° 47' 29'' - 
Log. tan.^C=37'' 25' 53^"=i 
,-.iA=53°33' 15" 
ZB=51'34'58" 
lC =7f 51 ' 47" 
roof 8um =16& 0' 0' Geo. prop. 19. 
Now, in the ACSB there are given the /.BSC=74'' 12', 
I'the ISBC=51° 34' 58'', conaequenUy the third iSCB= 
T 64-13' 2", and the aide BC=:1000; hence we haye (Art. 39) 
^ sin. Srsin. C=:BC:BS. 

Bin. S:ain. B=BC:CS. 
' Log. eosec. 74° 12' =10-016727 Do. !=IO-l)167n 

I Log. sin. 54" 13' a" .= S-909149 Log. an. Si" 34' 58" = 9-884041 
Log. BC=1000 = 3'OOOOUO Do. c = 3-OOflOOI 

'.% BS=843-094 = 2-'J25m .-. CS=814-274 = 3-91 om 
Lastly, from AB=1200 subtract BS=843-094, and 

there re maina AS=356'906. 

(6.) The angles of the AABC being the same as m the 
Ust esample, the /.BCS'=180°— (^5=74° 51' 47")= 
105' 8' 13 ", and aince the iCS'B is given =37" 25' 53", 
.-. the third ZS'BC=37'' 25' 54" ; therefore in the AS'BC 
there are given the three angles, and the side CB^IOOOi 
hence (Art. 39). 

sin. S'tsin. B=CB;CS' 
sin. S': sin. C=CB IBS' 
Log. cosac S-" 25' fi3"=10'216232 Do. =10'ai6331 
Log. Bin. 37° 2B' 54" = 9783771 Log.am.lOS" B'13" ■> 9*984664 
Log. CB=lt)00 = 3'OOOQ QO Do. „ 3-OOflOW 
.-. CS'IOOO ,= 3000003 .'. BS'=1668-16 _ '3'20089fl 
Hence AS' bBing=AC+CS'=1974. 

PH0MI8CU0U8 BXEHCISES. 

(1.) The distance of the first station from the tower ii 
idently 100 cot. 60°, and its distance from the second is 

100 cot. 30°, therefore the distance of the stations is IWJ 

(cot 30°— cot. 60°) (ait.84^=100^v'3- 



.l=™(7l') 



i 



m 



KEY TRIGOM O M ET RT. 

Or, since tLe Z,A.FE=60" (Fig. Art. 89) and the iAGF 
=30°, therefore the Z,GAF=30', and hence the AAGF 
is isoacelea, hence GF=AF; but if AE be made radjns, 
AF will be the cosecant of the ZAFE^BO", wherefore 
R: cosec. GO'^^AE : AF or GF. 
ar. CO. Log. E =10000000 
Log. cosec. 60° =1^062469 
Log. 100 = 2000000 
1 15 47 ~ 

(%) Let CD represent the towei 
108, then the /.ECB= the iCBD^GO", 
and since the /.ECB=60°, and the ZECA 
=30, .-. the LACB^SO"; also si 
LABD is a. r'i, and the part CBD i8= 
«y°. therefore the Z.ABC is ^:30°, hence " 
the AABC ia isosceles, and the remain- 
ing iBAC^iaO"; now 
ABCD gives R : sec. 30"^CD : CB, and 
AABC gives sin. 120" : ain. 30"=CB : AB, and compound- 
ing these proportions making R=^l. and sin. 120°= sir. 
60°, we have sin, 60" : sec. 30° ain. 30°=CD r AB, but 
see. 30° ain. 30°= ^^-^ X sin. 30° =^4S^ = tan. 30» 

hence sin. 60° : tan. 30°=CD : AB. 

.-. Log. cosec, 60° =10062469 

Log. tan, 30° = 9761439 

Log. CD=108 = 2 033424 

.-. AB=72 = 1857332 

Or, from the last proportion without tables, since 
«n. 6(y=lJ 3, and tan. 30°= ^ we have 
^V3:iV3=108:AB. 
. AB=ti^^^=| xl08=72 Ang. 

(3.) Since the angles are to one another as the numbers 
3, 4, and 5, the sum of these numbers is to any one of 
tbum, as lt{0°,is to the angle corresponding to that number; 
henoe 12 : 3=180° : 44" 1 

12 : 4=180° : 60° [ the anglea aonght. 
12:5=1800:75°^ 

, x the sines of the angles ate proportional to 

the opposite sides (Art. 36) ; the sum of \X\^ lUiVM'ra.'i %\a«5. 
" ' angles will te to any one ainej aa l\ift a^na. (A 'die 
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^^^H aides is to the side opposite to the angi 
^^^H lued as the secoud term of the proportiou. 
^^B sin. 45°r= -707107 
^^H sin. 60°= -866025 

^H sill. 75»= ^965926^ 

^ ( 



6um=2-53y058 : 707107^2539-058 : 707-107 
2-539058 : 866025=2539-058 : 866-025 
2-539058 : 965 926=25 39' 03 8 : 965-926 



(4.) The tower being made radius, the distance of the 
objects from it will become the cotangents of theii angles 
of idepressioD, and the difference of the distances vrill be 
the distance between the objects. Hence, 

Log. cot. 30°— 10 = -238561 

Log. 100 = 2-OOOQQO 

1st Distance, 173-205= 2*238561 

and Log. col. 45=— 10 = -000000 

Log. 100 = 2-000000 

2d Distance, 100= 2-OOUOOO 

.'. by subtraction 73205= the distance of the objects. 

Note. This exercise, as well la the next, can be more conveni- i 

ently Holved by using a table of natural coUngenls, for tbe lutuiy ] 



' the tower. 



nt of (he anRlo of deprcsaion, 
ET, gives the distance of the obje 


nulliplied into the h 


at. CO. Log. R 

Log. cot. 53° 24' 
Log. 120 

1st Distance, 89- 12 


= 10-000000 

= 9-870793 
= 2-079181 

= 1-949974 


ar. CO. Log. R 
Log. cot. 20" 16' 
Log. 120 
2d Distance, 324-982 


= 10'000000 
= 10432680 
= 2-079181 
= 2-511861 



(6.) Let A represent tbe left han 
object, and B the right hand one, and C i_ 
the first station ; then the iC— 38" 24', 
iADb=40'' 13', iAEIJ=39=58', also 
CD=300, and CE=350. Now, in the - 
AADC there are given the ZC=38" 24', 
the Z.D=139° 47', being the supplement 
of the Z.ADB, and consequently the 
lCAD=i° 4&; also the ride CD w ?,weu. 
=300; hence sin. A ; sin. D=CQ -. \C. V^^*-^^ 
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Log.coaec. 1=49' =11-498920 

Log. aia. 139° 47' = 9-810017 

Log. 300 = 2-477121 

AC:=6U0-24 = 3-786058 

Also, in the ABEC there are riven the lc=38° 24', 
the Z.BEC=140o2', .-.the third iI^C=lo34',and the Bide 
EC=350 ; hence sin. B ; sin. E=:EC : CB. 

Log. cosec. V 34' =11-563200 

Log. sin. 140O 2' = 9-80776fi 

Log. 350 =: 2-544068 

CB=8223-08 = 3-915034 

LaaUy, in the AABC there are gii-en AC, CB, and the 
LC to find the angles and the third side ; hence (Art. 40) 
BC+ AC : BC— AC= tan. K A+B) : tan. ^( A— B). 
ar. co.Log. 1433332 = 5-843653 

Log. 2112-84 = 3-324867 

Log. tan. 70= 48' = 10-458125 

tan. ^(A— B)=22<' 56' 34" = 9-626545 
Hence, the ZA=93° 44' 34"^ and the ^3=47" 51' 26'', 
and Bin. B : sin. C=AC:AB. 

Log. cosec. 47° 51' 26" =10-129903 

Log. Bin. 38= 24' = 9-793195 

Log. 6110-24 =3-786058 

AB=:5118-66 = 3-709i5t> 



NAVIGATION. 



(I ) lat. left 42° 12' K Long, left 17" 18' E. 

Dif.lat. 1508 =2° BO'S. DlfJoDg.2IG'W=3= 36' W. 

Lat. in 3^° 42' N. Long, in = IS" 42' E7 

(2.) Lat. left 61° 24' S. Long, left 49" 52' W. 

Dif lat. 190 =3° 10' N. Dif. long. 270= 4° 30' W. 

La l.in 58° 14' S. Long, in T'i4 ° 22' W- 

(3.) Lat. left 33''"1B' S. Long, left 18° 24' E. 

Dif: lat. 218= 3 ° 38' S. Bit', long. 156 = 2° 36' E. 

Lat. in 36" 56' S, Long, in 21° u' E. 

(4.) Lat left 12° 14' N. Long, left 72° 16' "W. 

' Dif. lat. 512 = 8° 32' N. Djf. long. 724=12.° 4' V.. 

IXafc in 20° 46' N. Long, in 'o^° V^ "^ - 




-SAVltlATlON. 

5.) Lat. left 290 15' N. Long, left 

Dif. lat. 147= 2° 27' N. Dif.long.301 

Latin 3I °42T^: Long. in 

52° 18' S. Long, left 

: 3° 38^ S. Dif. long. 186; 

55° 56' S. Long, in 



25° 16' N. Long, from 
20° 17' N. Long, at 

4=59' Dif. long. 

60 
'iiiH miles. 



1 

25 

= 5 


• 58' E. J 


acss-E. 1 


28° 
= 3' 


27' W. 
6'Tr., 
33' W. 


15" 

42' 


3'W. 
13' W. 


27- 
60 


.0- 1 



2.) Lat. from I2°50'S. Long, from 
Lat. at 35= 42' 8. Long, at 

Dif. lat ~~22o 52' Dif. long. 



I {3.) lAt. from 50° 17' N. Long, from 
Lat. at 70° 12^ N. Long, at 

Dif. lat. 19° 55' Dif. long. 




6(1 




3528 miles. 


5" 


7'W. 


50' 


16' W. 


4.1- 


S' 


6r 




270C 


miles. 


1.^° 


35' W. 


35° 


17' W. 



19" 42- 
60 
1182 mika. 



Art. 102. 

(1,) Since S.W. by W. is 5 points, and the 
I 244 miles, 

B : COS. 5 pt8. =244 : Dif. lat. 
E : sin. 5 pts. =244 : Departure. 
-, Log. E =10-000000 Log. R = 

Log. COS. 5 pts.= 9-744739 Log.ain.5 pt9.= 
Log. 244 = 2-3B7390 Log. 244 = 

Dif.lat.l35-6S= 2-132129 Dept. 202 9 ~ 
Lat. sailed from =49° 57' N. 

Dif. of Lat. 136 Mail5= 2° 16' S. 
Lat. in =W° W ^. 



10-000000 
9-919846 

2-387390 



<2.) Since tlie lalitad« nOed &mn and the Ulitndc 
amTed &t are givcii. tbe diffiErence of Udtude m;ide U 
easilj foond to be 271, and tlie oonne bong 5 poinis, ilie 
foQowing proportions will gire die distance sailed auA ihe 
departure made- 

R:bcc5 ptB.=271 :DKtaiMe. 

R : tan. a pta.^27 1 : Departure. 
Log. B =10000000 Log, R =:IOKX)O00B 

Log.sec.5pta.=10-25526l Log. tan. S pts. =10-175107 
Log. 271 = 2^32969 Log. 271 = 2-432969 

ffiat 487-8 = -i- 688230 Dept 40 5-6 = S-6<(80T6 

(3.) Here the course is 5j points, and the departure 
being given 406 tnilea; if the departure be made radios, 
ilie distance will be the cosecant of the course, and the 
diSerence of latitude will be the cotangent of the course; 
and hence, R : cosec. 5| pts.=406 : l):stance. 
R :cotaa. Sf pts.=i:406 :Dif. Lat. 
Log.R =10-000000 Lc^.R =in-000iXM.I 

Lcosec-o^pts. =10-043837 L cotaa. 5| pts.= 9-674ti2J) 
L.406 = 2-608526 L.406 = 2-608526 

Distance 449-1 = 2 65-2363 DIE kt.I9aN.= 2"2g3356 
Lat. sailed from, 3° 15' S. 

Dif. lat. 192 miles =3 ° 12' K 
.-. Latitude in = 0" 3' S. 



(4.) Snce the latitude sailed from was 2° 52' S., 
that arrived at 7° 23' S., the difleresce of latitude made 
was 4°31'^=271 miles; we have b;^ making the dislanoe 
Radius, 

488 : 271=R : cos. of the course, 
and R ; wn, course =4B8 : Depurture. 
Ar CO Log. 488= 7-311580 Log.R =10-000001) 

Log 271 = 2-432969 Log. sia 66" 16'= 9-919931 

Lo|, R =10- 000000 Log. 488 = 2-688420 

Log, COS. 56° 16'= 9-744549 Dept. 405-8 = 2-608351 
-. lEe course was S. 56° 16' E., and the departure 405-8 " 

(5.) Making the distance Radius, the departut 
ihe sine of the course ; and hence 

137 : 1 12=11 : sine of the course, 
and R .- cos. course = 1 37 : dit. iaV. 






308351 
Smiles. iJ 

1 
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Ar. CO. Log. 137 = 7-863273 Log. R =IO0000U0 

Log, 112 = 3'0432IB Log. coa. 54° 50'= 9-76nS9» 

Log. R = 10-000000 Log. 137 = 2'18673l 

Log. Bin. 54° 50' nearly, = 9-S124S7 Dif. lat 78-9 = 1-8971 LL- 

Lat. sailed from, 50° 1 6' N. 

Dif. lat. 78-9 = V 19' S. 



Lat. i 



i° 57'. 



(8.) 



1 14 : 97=R : tan. course, 
R : BM. coarse =114: distance. 
Ar. CO. Log. 114= 7-943095 I^og. R =10-00000ft 

Log. 97 = 1-9S6772 Log. sec. =10-116308 

Log, H ^ 1 0-OQOOO O Log. 114 =_2^56905 

Tan. 40° 24' = 9929867 Distance 149-7 = 2-175213. 



i 



Ijit. sailed from, 
Dif. lat. 114 
Latin 



TaivEitaE TiDLE L 1 


ComUd 


». 


Dl- 


Dtf. of Latitude. 


— - 1 


Uncei. 


N.I 


s. 




w. 


S.S.E. 

&E. 

W.bvS. 
W.N.W. 
S.b;£. 


3 

7 
6 

1 


15 
34 
16 
39 
40 


U-D2 


13-S5 
24 04 
3-12 

39-23 


5-74 
34-04 

7-80 


15-69 

3a-os 






14'fla 

Di. lot = 


80-24 
14-.')3 


37-S8 

Dept. = 


61-72 
37-58 


65-33 


14-14 



Also Dif. lat, ; Dept. =11 : tan. course, (Art. 39.) 
'■'"" "184954 

■150449 
)-0()0()00 



Tan. 12 



= 9-J35403 



-f^n 
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Tiu 


Ease TABii II. 




1 


C«r«.«l 


POIUB. 


M- 


DitQfUUnidt 


Dtpulutf. 1 




















N. 


s. 


E. 


w. 


S.JW. 




40 




39-57 




S'B7 


S.S.E.iE. 


3 


fl7 




B7-69 


4V47 






i 


72 


6a-84 




17-43 




S.S.E.fE. 


2 


1UH 




92-63 


55-52 








lU 


107-34 




38-41 




sj:.js. 


3 


126 




101-2 


75-08 




N.Nj:.iE. 


2i 


86 


77-7* 




36-77 










254-32 


321 '09 


264-7* 


5-87 








Dif. lat.= 


254-92 




= DepL 


66-17 


258-87 



Since the latitude sailed from is 17° 58' N., and the dif- 
ference of latitude is l" 6' 8. ; therefore the latitude io is 
ie° 52' N. 

rDif. lat. : dept. — B : tang, course. 
Ar. CO. Log. 66-17 = 8-179339 

Log. y58-87 = 2-413082 

Log. E =10-OOHQnO 

Tan. 75° 40' = 10-592421 



Tiuv 


RSE Table 


1 






Dl- 








uaca. 


N. 


s. 


E. 


W. 


i.S.E.IE. 
E.S.E. 

).W.hyW.4W 
W.JN. 

i.E. liyR^E. 


2* 
6 
5i 
71 
M 


16 
23 
3B 
12 

41 


-r, 


U-46 
8-BO 
16-97 

31-08 


6-B4 
21-25 

35-17 


31 '7 5 

ll-i(7 




Ditkt = 


61-31 


63-26 
43-62 


13'62 
Dopi. 






59-55 j 19'64 = 



Now 59-55 1 
subtract from 5 
N.J wMcb is Ibi 



lilea of dif. lat. =r, which being south, 
" 25' florth, and the lemamietw fiW IV 
[■efore the latitude arrived al. 



■ Also dif. lat. : ^ept. = R : tang, course, 

and B : sec. couise r= dif. lut. ; distance. 

a. dif. Ixt. 5l)-e5= 8-22511H Ar. no. R =10-000000 

Log. 19-61 = 1-293141 Log. sec 1G° Ij' =10-0-234U 

Log. R =10'OOQ OUO Log. 59-55 = 1-7TJS81 

TaiLg. 1 8° 15'= 9-518259 DiBt.">270< = 1'79759« 

Art. 105. 

1.) Log. sec. 42" 54'— Log. R = -135167 

Log. 196 =2-292256 

Ans. 4" 27' 36" =267-6 =2-427423 



(2.) Lag. aec. 51° 25'— Log. B = -205059 

Log. 1040 = 3-017033 

L Dif. long. 2-M7'W. =1667 =3-222091 

W Sailed from, 9° 29' W . 
r Ana. 37-IH'W. 



735 : 4.')6=B : cos. lat. 

Ar. CO. Log. 735 = 7-133?l3 

Log. 456 = 2-6i 



=10-000000 



.-. th e lat. i^gl" 39' 14" = 9-79 2676 

(4.) 240:308=coa. 51° 16': cos. of the lat. aought 

kAr. CO. Log. 240 = 7-619783 

Log. 308 = 2-48855 1 

Log. COB. 51° 16' =9796364 

.-. lat. aou ght =36° .35' fi" = 



(1.) Dif lat. =14° 46'— Iflo 30'=4° l6'=256 nulea. 

I Middle lat. =^(14° 46'+10° 300=12° Sff. 
B : sec. coarse 3 ptg. =dif. lat : diat. 
L(^. aec. 3 pta. — R = -080154 

Log. dif. Iftt. 256 =2-408240 

.-. distance =307'9 =2-488394 



Cos. mid. lat. : tan. courae = dif. lat : dif. long. (7) 

Ar. CO. Log. COS. = Log. sec. 12° 38' =10-010644 

Log. tan. 3 ptB. = 9-824893 

Log. 256 = 2-40824n 

.-. dif. long. =175-7 = 2-243777 

rencB the difference of longitude was 2° 56' nearljr, 

^ ' east, siace the comae i.B easl, ou^ «&££ <Le longi- 



tude sailed from vbb nest, their difference is the latiluiie 

in =21° 50'. ^ 

(2.) Dif. lat =49" 54'— 45° e'=4° 4fi'=a86 miles. 
Middle Iftt. =^(43= 54' +45= S')=47° 31'. 
320 : 286=K : cos. of the course. 
Ar. CO. Log. 320 =7-49485D 

Log. 286 =2-456366 

Log. R zz lO-OOOOOO 

.-. «ie conrse = 26'' 39* 6" W. = 9-B5l2i6 
CO*. tnid> lat. : Bin. course ^ dist. : dif. Img- (10 
At. CO. Log. COB. = Ixig, sec. 47° 31' = 10-170455 
Log. sin. 26° 39' 6" = 9-651825 

Log. 320 = 2-5051 .5I1 

.-. the dif. long. = 212-.54 W. = 2-327430 

This dif, loag. being W., and =3° 33' nearly, whilst 
that sailed from ia also W., and =6° 19', their aum, 9' 52' 
W. is the longitude in. 
(3.) 280 : 1 86=R ; sin. of the course. 

Ar. CO. Log. 280 = 7-552842 

I Log. 186 = 2-269513 

Log. R =10-000000 

.-. The cours e=41°37'39"E . = 9-822355 
R: COS, course=DiBt. : dif. laL 
At. CO. Log, R =10-000000 

Log. COB. 41° 37' 39" = 9-87359£) 
Log. 280 = 2447158 

.-. Dif. lat. 3° 29' N.=209-3 = "2-320757 

Lat. from 40° 3' N. 
.-. Lat. in 43° 32' N. 
Sum 83° 35' 

41° 47' 30" the middle latitude. 

f COS. mid. lat. : sin. courBe=DiBt. : dif. long. (1 .) 

js.=Log. 8ec41°47'30" =10-127510 

Log. sin. 41' 37' 39" = 9-822355 

Log. 280 = 2-447156 

Jif. long. 4° !)' E-=249-4 E. = 2-397023 

jng. from 3° 52' E. 

Sum 8" i' E. the longitude in. 
Diat : dif. Iong.=c0fl. mid. lat. : sin. course. (4.) 
At. CO. Log. 500 = 7-301030 

Log. 440 = 2-643453 

Log. COS. 43' 45' - = »85yi^g. 

■. Tie course=39° 2B' 14"= a-ftO^I'i^ 



R:. 



=Dist. ; dif. lat. 






:10-000000 

Log. COS. 39° 23' 14" = 9-887590 

Log. 500 . = 2-698970 

■. Dif. Iat.=6° 26'=:38fi = 2-586561) 

i the latitude sailed from waB N., and the 



difference of latitude made was S., the latitude sailed from 
will be the middle liititude Increased by An^the difference 
of latitude made, and t^e latitude arrived at nill he the 
middle latitude diminished bj/iu// the difference of latitude 
made; hence 

The middle latitude 43° 45' N. 

^^ Half the dif. lat. 3° 13' 

^^^L Sum. lat. sailed from 

^^^H Dif. lat. arrived at 



46° 58' N. 
40" 32' N. 



KEY TO MENSURATION OF SURFACES. 



Page 60. 

3525 links 
Multiplied b y 3525 
17625 
7050 
17625 
10575 
124,25625=124 ac. 1 r. 



1,02500 



a.) 5 ft. 

Multiplied hy_3 . 



19 







\ Note. It may bo reniarkeiJ here that in multiplying feet idI 
■s by feet and inchee, tlie aenomioation in thu produW neil to 
', though commonly tailed inchea, does not represent aquaro 
_ focbpn. but a Burface that ■a 12 monies Vtra^ anA I inch broad, being 
the 12i.li part or a aquare toot, wWUt ftie suconi aBwnronWaH!. toaa 
feet, a<„monly called parts, repiBBenla w\\uirc ■■auJuea. J 



KET— SresauKATION OF 8TJRFACK5. dH 

(3.) 25 X 174=437^ square feet, which being di?ided 
by 9, the number of square feet in a square yard, gives 
4SU the Ans. 



I ro. 39' 12 poles 




=2|=£V. and 13^=y, hence 
£VxV=i35. Aas. 
Or 1 rood: 13^rooda::£2 12 6 ; £35. 



3933448 
1976724 
1976724 



3953448 

395344 8 An3. 

4,43007-569088=4 ac. 1 ro. 28-812 p 



28,81211-0541)8 



KBIT— aavtaoxATion of burvacms. 

Or, by Logarithms, 
Log. 56-75 =1-753966 

Lor. 22-5 =1-352183 

Lt^ sin. 36° 45' =9776937 

Abs.=763-986 =2-883UBti 

nat. sin, 45° =-707107 

i(30x24) = 36Q 



9 )254 558520 

Sq. yards 28-284 28 Ans. 

Oi by LogarithmB. 
Log. aia. 45° =9-849485 

Log. 30 =1-477121 

Log. 12 =1-079181 

=2-405787 
Subtract Log. 9= -954243 
Sq. y ards. Ana. 28-2842 =1-4 51544 

Page 63. 

(1.) Half the sum of the sides = —^ =351=3x 117. 
and each of the remainders ^351 — 234^1 17; hence tbs 
area = v'a X 117 X 1 17x 117 Xll7 = 117x117 ^3 
13689X^3- But the square root of3=l-73205, -which 
being multiplied by 13689. gives 237 10 square links, which 
■ equal to -23710 acres. 

4 
-94840 



38-93600 poles, t he Aug. 
Or by Logarithms. 
Log. half sum of the sides =35 1 =2-545307 
S Log. ! 17 the reminder =6-204558 

2 )8-749865 
A ds. Sq.linka 23710=4-374 932 Log. ares. 

(2.) i(39+36+15)= 45 Log. =1-653213 
45—39= 6 „ = -778151 
45—36 = 9 „ = -954243 
45—15 =0 „ = 1-477 121 

Ans. 30 jd3.-^"0^eft^— ^■'^■^'i^^"^^^* 



KSX— MEDSUBATIOK OF SUBFACEB. 43 | 

Or the sides expressed in jaids are 1 3, 12, and 5, hence 
half their sum is 15, and the several cemainders are 2, 3, and 
10; therefore the area in square yards is ^15x2x3x ll> 
= ^30X^0= 30 Ans. 

(3.) Ilere the sides expressed in chains are 5, 5, and S, 
therefore their half sum is 3, and the remainders are 3. 3, | 
and 2 ; hence the area in square chains is jaxJXilX2 
=^ -/144^12; and since 10 square chains make an a cre, 
the area is 1-2 acres :^1 acre 32 poles. 



^K« 



500 

500 
600 

2lltiOO 



Or hy Logarithm 



= 800 Log. 

800—500=300 Log. 
800—500=300 Log. 
800—600=200 Log. 




^123x49x41x33 = v'W'5431, the square toot ^ 
which is equal to 2855-61 the a 




7,74900 sq. links. 



39 84000 
Hence the Ans. = 7 acres, 2 rooda, 39*84 poles. 



(3.) In this esercise there are giren in each of tlie 
triangles ABD and DBC two wdcs and the contained 
angle ; hence yre miut use Rule II. Prablem II., to find 



Log. 490 
Log. C^ =378) 
Log- sin. 74° 44' 
Area of AABD=17e684 



= 2-690196 
= 2-577492 

= 9-984397 



=5-252085 



Log. 464 

Log. f^ =378) 

Log, Bin. 80° IT' 
Areaof ADBC=172876 
-. AABDi- ADBC=3,515G0= 



= 2-6665 IS 
= 2-577492 

= 9-993725 



. Here in the triangles ABD and DBC there are gittn I 
the three ades of each, the diagonal BD being common M I 
both; hence theii- areas must be I'l-und by Role IIL 
l'roU«n JJ. 



asUftA-ItOH OF SCXTACKS. 



To find the area of the AABD. 



H 



■« or half sum of sides, 7 1 Log. 


of, = 1 -85 1258 


5-AB =35 „ 


. = 1-544068 


S—AD =27 „ 


= 1-431364 


5— BD = y 


. = 0-954243 




2|5-7h6933 


..areaofABD =777-064 


= 2-8904665 


To find the area of the ADBC. 




DB= 62 




BC= 34 




CD= 42 




2|138 




S or half 8um of sides, ~6y Log. 


of, = 1-838849 


5-DB = 7 „ 


- 0'845098 


.¥— BC = 35 „ 


= 1-544068 


,S'— CD = 27 „ 


= 1-431364 




2|5-659379 


.-.area of ADBC =675-^ 


= 2-8296895 


Hence the sum of the areas is777-08'i 


1+675-6= 1452-684. 


vhich heing divided by 9, gives 161-409 sq, yards. 


(5.) By Rule II. of this Problem 


we haye 


Log. 7C0 


= 2'8808I4 


Log. 8iO 


= 2-908485 


I^g. 810.79° 16' 


= 9-992335 




13'781634 


Subtract 


10-30 1030 


3 ae. 3'864 polea =3,02415 


= 5-480604 



-9660 



3-86400 



^^^'^.) In the AADC there are given the two sides AD= 
320 and DC=360, and the included i. ADC=80° aff; from 
which, by Trig., Art. 40, the diagonal AC can be found, 
and then there are given the three sides of each of the 
triangles ADC and ABC, from which the wtesi ia).^\i^ 
found, bf Eule III, Problem II. ; thus. 




XKT- — MENSUB^mON OF BmFACES> 



360+320=680, the sum rf the aides. 
360—320=40, the dif. of the sides, 
i[180"— 86- 30')=46'' 45'=^(ZDAC+iDCA); 
.-. 680 : 40 = tan. 46° 45' : t»n.A (/-OAC — ^DCAl 
(Trig. 40.) 

Ar. CO. Log. 680 = 7-l67'191 

Log. 40 = 1-602060 

Log. tan. 46° 45' =10-026546 



Log.tan.i(A-C)=3°34'42"= 8-796097 

But by the last part of Note II., Art 40, of Trigoaomehr, 

08. 3° 34' 42" : eos. 46' 45'=680 : AC. 

it. CO, Log. COS. = Log. sec 3° 34' ^" =10-000847 

Log. COS. 46° 45' = 9-835807 

Log. 680 = 2-832509 

.-. AC=466834 = 2-669163 


To find the area of the AADC. 
AD= 320 
DC= 360 
AC= 466-834 
2| 1146-634 
S = 573-417 Log. 
S-.AD= 253-417 „ 
«— DC= 213-417 „ 
:S— AC= 106-583 „ 

.-. area of AADC=57492-7 


1 

of= 2-758471 
= 2-403636 
= a-339229 
= a-027689 
a|^1924S 
= 4-7596125 


To find the area of the AABC. 
AB= 534 
BC= 510 
AC= 466-834 
2|T51-a34 
S = 755-417 Log. 
5— AB= 221-417 „ 
5— BC= 245-417 „ 
S—AC= 288-583 „ 


of= 2-878187 
= 2-345211 
= 2-389905 
= 2-460-27I 

2] i 0-073574 



.■. ateaof AABC=108839 = 5-036787 

Wherefore the area of the whole trapezium is 57^92" 
19=1,66331-7=1 ac., 3 ro., 26-13 poles. 



K«T NERBDRATION or- BSKFACEB. 49 

Problbm v. 

(I.) Find the area of the trapezium ABCG, by niulii- 
plying AC by one-haif the sura of the perpendiculars Bb, 
Gc. Again, to find the area of the trapezium FEDG, 
multiply FD by one-half the sum of Go and Ea; and find 
the area of the AGDC from the three sides. 

Areaof ABCG=530x ^^^* := 61480 

Ai'ca of GFED=486x — « = 46656 

Area of AGDC = 35789- 8 

Ans. I acre, 1 rood, 30-2812 poles, =l,43925-8 

Caleulation of the area of the AGDC. 
GC= 394 

KDC= 182 
GD= 424 
\[mo 
S =~50b Log. of = 2-698970 

.V— GC= 106 „ = 2-025306 
5— DC= 318 „ = 2-502427 
S~GD= 76 „ = 1-880814 



2 [9-Hl7517 
-. AGDC=35789-8 = 4-S53758-5 



PrOBLBU VI. B(7LB I. 

(2.) 8 X 5-506 X ^=^ 1 0' 1 2 aq. inches. 

(3. ) 15xl8-llx4=lQ86'6s<].feet = 1 20-73 sq, ydt 

(4.) 4x6-156x5-123-12 sq. feet. 



fds. I 



Rules Second and Third, page 67- 



I) Areaofapentiigonwho8esideiBl= 1*720477 
Multiply by (15J= = 225 

8602385 
3440954 
' 3440954 
L • Ana. 5»1-\ 0n^15. 
L_ L_ 



^^B (2.) Tabular area of a hexagon 
^^H Multiply by (.20)'' 

^^r Sq. yards. 


ttRI-ACSS. ^ 

= 2-598076 
= 400 


9|IO39-23O40O il 
1 15-47 Ana. 


^^V (3.) Tabular area of a heptagon 
^H MaltipUed by 3* 


= 3-633913 ,1 

9 ' 


^^H Sq. feet, 




^H (4.) Tabular area of an octagoii 
^H Multiplied bj(lU)'' 

^^^B 8q. yards, 


= 4-828427 

= 100 

9|482-S427" 

53-6492 Am 


^^H (5.) Tabular area of a decagon 
^H Multiplied by (16)'' -=-144 

^1 Sq. feet. 


= 7-694209 

H 

1923552 
1.5388418 
17-31 197 Aiu. 


^H (fi.) Tabular area of a dodecagoa 
^H Multiplied by (4^)' 

^^H Sq. 


= H-196152 

201 
2-799038 
223923040 
226-722078 Aoa. 




^M (7.) 2 Log. 2-3 

^H I^g. 16 

^H Log. cot. ('^^ =1 1° 15') 

^1 Ana. =502-734 


= 0-795880 
= 1-204120 
= 10-701338 


= 2-701338 

f the aide is 2 yard.. 
= 0-602060 

= 2-000000 
=11-502707 


^H (8.) Since 12 feet = 4 yards, ha 

^H Henc« 2 Log. 2 

^^H Log. 100 

^H Log. cot (\^ = 1- 48') 

^^^ Ana. 


= 4-104767 


^^^KaMbod aa the Beventh knd eighth, and the reiiulia will be the eame 1 

1 At the first gix figurcB. The anawevs \iaxB ooi^ \*™ ^«™io tlut J 

degree of accuracy which h&b. ba Ci\iWiiae4 i-niro oiftwt ol &b ijii*. 1 

k d 



f 



KKT — MEftarnATroN of 8' 



Pbdaleh VII. Page 68. 
31416x3 =94248 feet. 



(2) 


31416x60 = 


188-496 feet. Ana. 


(3.) 


Ans. 


31416 

7912 

62832 

31416 

282744 

219912 


■ 


24856-3392 miles. 


■ 


^^T' 


31416 

89170 
2199120 

31416 
282744 
2SI328 
^8U136'472 miles. 


(5.) 


Diameter when the circumference isl ='31831 
Multiply by 7 feet 3 iocheB = 7Jt feet 
7[)5S 
222817 
Ans. 2-3U775 feet. 


(6.) 


Diameter to circumference 1 =i -3)831 
Molliply by 16 

Ans. 5-09296 feet. 


(7.) 


■31831X300 


=95493 feet. Ans. 



(8.) The number effect in a mile is 5280, which being 
divided by the number of times the nbeel turned, vie. 
528, gives the circumference of the wheel 10 feet ; hence 
■31831 X 10=31831 feet, the diameter. 



J 



KET — MENSERATIOH OF SVJCrACBBi 

(3.) ^64+16=8-94427, chord of half the a 



. (4.) ^^144+81 = 16, the chord of half the arc. 
16x8—24 -„ . 



Page 70. 

(].} By Table XI. arc of 40" to radius 1 = -6981317 

9" „ = -1570796 

30' „ = -00 87266 

.-. arc of 49° 30* to radius 1 = -8539379 

Multiply by 30 

Ans. =25-618137 

(2.) Since the chord of the arc is 20, and the radius of 
I the circle is also 20, tbc siue of half the arc is ^!!=i=: 
1. 30°; therefore the whole arc is 60°; hence by Rule U. 
ire hare 

•0174533 , 

Multiplied by 60 X 20 = 1200 

Ans, Length of the arc ~ •2(J-9439fj 

(3.) By Note I, Ian. i arc. -^^=^; and therefore 
Log. tan. J arc. =10 301030— ■477121 = 9-823909; wd 
hence J the arc =33° 41' 24^", which being mnltiplied by 
4, gives the arc =134° 45' 37"; and by the same we hft»e 



3be radius : 






=19i. 



By Table XI.. arc of 130° to radius 1 = 2- 



Multiply by 



Ans. Ijcngrti. o? flie w 



= 116355 
= 14544 

= 1454 

=_ 339 

2-3520104 

.. m 

M 760052 
21-1680936 
23-520104 



J 



(4.) Since the radius is 40 and the height 8, the dis- 
tance of the chord from the centre, or DO in the diagram, 
■( 32; hence by (Trig. 7) cob-J arc.=JS=i=-800000 ; 



therefore half the : 

angle =73' 44' 23". 

By Table XI., arc. 



=36" 52' ] 1^"; wherefore the whole 

. =1-2217305 
= -0523599 
= 116355 
=: 11636 

= 970 

= 145 



Multiply by radiug 
Ans. Length of the a' 



Or, 73-^ 44' 23"=73 739694% which being multiplied 
by 40 and by -0174533, gives the product 
5 1-48004005 161- Ans. 



(6.) 6 feet 9 in. =6-75 feet, and 18 feet 6 in. =185 
feet, one-half of which is 9-25 feet; therefore the tangent 

of i of the arc. = -r;:;. or the Log. tan.i arc. =10+Log, 

6-75— Log. 9-25=9-863162^ the tan. of 36° 7' 9|"; 
hence the whole arc =144o 28' 39". 



Also the radius 
ByTahle XL. 



Multiply by radius inverted, 



^^x6"^5 =9-713 Tery nearly. 

a 140°, to radius I = 2-4434610 
= -0698132 
= 58178 

= 23271 

= 1454 

= 43 6 

2-5216081 
31 79 
22-6944729 
1-7651257 
252161 
75648 



Ans, Length of the a 



=24-4923795 




KET — MBN808ATIOTI OF BURTAQHllH 

Phobleu IX. 

(1.) [^^X53W9=8824-5-^9=980-5 aq. yards. 



(2-) 
nearly. 


(~^ X 9563^ -=- 1 44 = 7277443 -i- 144 = 505.37-8 


(3.)^ 


3-1416 X 46 x4fi=6647-6256. Ana. 
■7854x92x92=6647-6256. Ana. 


(4-) 


3-1416 x(45)^-^9=fi36l-74-=-9=70fi-86. An». 
or-7854x(90)'-!-9=636l-74-i-9=:706-86. Ans. 


(5.) 


■0795775 x(100)==795-775. Ans. 


(60 


■0795775 X (40)*= 127-324. Ana. 



17.) To find the radine, we have by Note I., ProUeia 

(I6]'+B' _ S564 Si _ 320 _ 



Till., Radius 
Hence the a 



a =3^14l6x(20)-=1256-64. Am. 



(D.) Here the mdius is eTiiietitly the hypotennae of » 
right-angled triangle, of which the aides are half the choH, 
and its distance from the centre; wherefore 

Itadiu8=v^(l2)'4-5''=Vl69=13. 
Ihe area =3-1416x 169=530-9304. 



Or- 


7854 X (26)* =530-9304. 


Am. 


(1)- 


30-£xU 

a 


Pbobleu X. 
= 143-5, or 143f Ans. 




(2.) 


lOxia _ 

2 " 


=60. Ans. 




(3) 


lOOxSi 
3 


=2700 s.^. ftet=: 300 tti. 


yards. 



J 



(1.) Here -0087266x35 = 
Multiply by (45)" = 



6108 6 2 
Adb. = 618-497775'Bq. feet. 



^^'SBnee 30° ia the 12th part of 360°, the sector will be the 
I2th part of the whole circle, and its area may therefore 
' be found as follows : 

■70S+X3' -7854x3 ,^„„, , , 
- — r^— = — - — - —-58905 feet 



B.) The area of B sector of 30° to radina 1 is 

^=■0087266 X 30 = -261798 

Multiply by ('J'' = 2J 

■0«i5449 
•5-2:i596 
Am. =: -^89045 feet 



^ 



(3.) The area of a sector of 90" to radius 1 i; 

=-0087266x90 = -765^94 

Multiply by 9' 



-7H6ay4 
62-83152 

Ans. = ~ 63-6 169 1 4 sq. feet. 



Or, since 90° is the fourth part of 360°, the sector will 
be the fourth part of the whole circle, and its area lony 
therefore be found as follows: — 

-7854x08^ —7854 X 81 =63-61 74. 



(4.) The area of a sector of 60 to radius 1 is 

= 0087266 X 60 = -523596 

J Multiply by (12)' = 144 

^^V 2094384 

^^H 2004384 

^^^^ 5235 i>6 

^^^^^^- 9 )75-397824 aq. feet. 






I 



, since 60° is the sixth part of 3l 

Xth part of the whole circle ; a 

jarda, its area may be found as follows : 

■-^=■2618x32=8-3776. 

(5.) The area of a sector of 72° to radius 1, is 

=■0087266 X 72 = -6263152 

Multiply by 5' = 25 

314l57(iO 

12566304 

Ans. = 15-7078800 inches. 

Or, since 72° is the fifth part of 360% the sector ia th 

fth part of the whole circle, and therefore ^ : 

3-14l6x5=I5-708 inches. 



(6.) Since the height ia 5, and half the chord is 12, 
the tangent of ^ the arc, (Proh. VIII, Note l.)=Ai 
.-. Log. tan.^ arc =10+ Log. 5— Log. 1 2= 1 0'698970— 
1-079181; =9-619789= tan. 22° 37' 11-5", which being 
multiplied by 4, gtyes the whole arc ^= 90° 28' 46"= 
90-4794°. 

Also radius = —;^~- =—-=:] 6-9- 

The area of a aector of 90° 28' 46" to radius 1, is = 
•0087266x!(0'479J=-7895779, &c.; which being multi- 
plied hy (16'9)^=285'6l. gives 225-51 132. 



I 



(7.) Since the radius is 9> 


and half the chord 3, it is 


evident that sine of half the a 


re of the sector — 


— 33333J 


~ sin. 19° 28' 16^", and therefore whole angle 


of the aec- 


lor is 38° 56' 33"=38-9425°j 


and tho area of 


a sector of 


38-9425° to radius 1, ia 






=-0087266 X 38-9425 


= -339835 


&c. 


Multiply by 9= 


- 81 

3;i9835 
2718680 





7-526635. An«. 



(1.) Since the radius =20, and the chord 24, the Log. 
■ne ol'baifthe angle=lO+ Log. 12— Log. 20=1 1079181 
-/■30in30=9-778151 = tbe ma« «A \W T W^T", be- 



KET — U&nsUSATIOR OF StraFACEB. 

use it ia the greater segment that ia sought ; th 
e whole arc =286° 15' 37-4"-286-2C038°. 
Let the nnmber 0057266 be mnltiplied by this, s 
tain seven decimal places, as follows : — 
■00S7266 
B30fi2-6M 



17453200 

6981280 
523596 

17453 
5236 



12-4980798 
Id j4799995=i nat. 

2-9780793 
nitiply hy 400 ^ radius sqnare. 



L. 286° 15' 37-4". 



1191-2317200 Ana. 

Note. The nne of an nnglo tbut ia greater than ISO" a ninitf, 
(Trig. 29), which is the ressrni why the i «iio of the angle is added 
in the »boYe eieroise. The ares might aleo have been foond hy 
UioDg ont the length of the arc of BUG" 15' 37-4" from Table XI., 
uid multiplying its half by the equare of the radias, and then adding 
to the product the area of tho triangle, which md easily be found as 
followa; Htnce the radios is SO, and the chard 24, if the equare of 
half the chord be snbtraoted from the aqnare of the radius, the re- 
mainder will be the square of the perpendicular from the centre 
upon the chord, or C E= */ (2 )'— ( I S)"= v'356'=l 6 ; hence the 
areo of Wie triangle ACB= 12x16=193. 

(2.) Area of a sector of 1" to radius I, or half the length 

of an are of 1' to radius 1 = -0087266 

Multiply by the number of degrees 72 

~ 174532 

610862 

-1)283152 

= -4755285 



Subtract \ ain. 72° 
Multiply by (12)* 



•15^7867 
144 

6ni46B 
6111468 
15278 67 
22 Wl 2848 



= I4|,(Pto\>\em\\\V,^^i\ft\>„ 



KKT— HERBUaATIOM OT «1IB7ACE9. 

Lhence also tan-i arc. = j't^i .: Jjog. tan-i arc. =10+ 
■ - Log.)0=IO-|- -602060— l=9()02060=Log.tan, 
5"; and hence the whole arc =87° IS" 20"= 
i7'205° ; wherefore by Rule II. we have 

■00S7266 

Uulliplied by the degrees inverted 5550278 
to retftin 7 decimals, 698 1 280 



■7610079 
t, J Bin. 87° 12' 20" = ■499_405__ 

■2616029 
Multiply bj {H^y = 210j 



■0634007 
26160290 

5232058 



Ads. 55-0020097 



(4.) Since 90° is the fourth part of 360=, the sector nf 
dO° is the fourth part of the whole circle ; and the trian^e 
being right-angled, its area will be ^r'i whence the arcs 
of the segoieut will be = 

?:lil^ = 706-86. 

A= 15X30 = 450. 

Area of the segment = 2^6-tib. 



Or by Rule II. 
Multiply by 

Subt. i sin. 90 = 

Multiply by (30)^ = 



^^^r»™,™,o,s.„.c,. 69 ^ 


^K 


■0087266 




270 


^^B 


610862 


^^H 


174532 


^^^B 


2-356182 


^^■iSubt. i Bin. 270°=— -5 


+ -5 


^B 


2-856182 


^■Hultipl; by (15)" 


= 225 




14280910 


^^^^L 


5712364 


^^^^^^m ^ < 


57123fi4 


^p 


(j42-b4u<jo 


^^ Problem XTI. 




(1.) Since (40— 30)« ja less than 4 X (35)^ tLe centre 1 


is within the zone. 




OK, or the distance of the centre 


from the middle of 


,h...n, = "-5-*»!p"'-=!5i=2.5: h..c. .h. di.. 1 


(8K35) aae 




tance of the centre from the less chord =V+2-5=I7-5 | 


+2-5=20. 


=25. 


Again the radiua =^(20)^(15)^ 


And AD=v'i(4t)— aO)' + (35)"= 


36-35.'i.337. 


Wherefore the sire of half the ang 


e at the centre sub- 


tended h, AD= "'"'"" = 707107= 


sin. 4.'i°, and hence 


the whole angle subtended at the centre hy AD=90". J 


00B7266 


1 


Multiply hy 90 


J 


•711531)4 


Subtract i sin. 90"=: H 


,^m 


285394 


.^H 


Multiply hy (25)'= 625 


l^l 


^^ 1426970 




^K 570788 


1 


^^B 1712364 




^H 


a of one segment. 


^^H. 3567425, area 


of both segments. 


K l^y" X36=1225, „ea 


of ADCB. 


^H ^"i- 1581-7425, area 


m 





i 



«l KEY — MENSURATION or SUBFACFS. 

(2.) HeraOP:=f^-=-±^^&^it:^" 

Also radius = v'(JG)^ + {12)'=v'400=20, 
And AD =v'i(32— 24}'' + 4' 
=v'^=S-656854. 
Now the aine of half the angle subtended hy AD= 
*-^^^^=-1414213-sm.8°7'48"; therefore the whole 
angle =16" IS' 36"=\6-2&. 

Nest, to find the area of the segment, we haie 



[ MultipUedby 16-2H 



^^H ^ (3.) Since the chords ore equal, they must be on oppo- 

^^^ nte sides of the centre; nnd since the chords AB and DC 

^^ are equal, it is plain that AD and CB are each equal to 

QP; but QP is =AB or DC, therefore the figure ABCD 

is a square, and its area will evidently be 250l>. 

I Again, the angle at the centre will evidently be 90*, 
and the radius is obviously =^(25/+(25J'=Vl^ 
=25^/2. 
Hence the area of one of the segments will he 
I 



• 


523596 
] 74532 
5235SHi 
87266 




isin. I0M5'36" 


•I 41 894516 
= ■] 39998 




Multiplied by R= 


■001896 

= 400 

""■7584;Vre 
2 


i of one segment. 




1-5168, are 
^112- 


a of both segments 



113-5161 



KBT MKNSTTKATIOK OF aTTSFACRB. 

■0087266 



Multiply by 
Subt ^ UD. 90° 
Multiply by E' 



Add area of square 



90 

■785394 

= ;5 

■285394 
= 125Q 

142tifl700 
570788 
285394 
356 7425, Bit 
_ 2 

~ 71 3485, are 
2500 __ 
3213'485. J 



» of one legmeot. 
a of both segments. 



(4.) Since the radius is 20 and the less chord 20, the 
sine of half the angle subtended at the centre by the less 
chord =jg=i= Bin. 30°, (Trig. 84), and tlierefore the 
whole angle —60°; hence the area of the segment cut off 
hy the less chord is 

Multiply by 
L Subtract i sin. 60° 
[ Multiply by B' 



md the area of the semicircle ="7854 X -r^ 

■7854x800 =62832 

Subl. area of segment =362332 

5920868. Ans. 



Fboblbu XIII. 
1.) (5+4)(5— 4) X -7854=9 X •7854=701 



HS.) (16+I0J(I6— ]0)x■7854=26x6x1^^= 
i56x-7854=122-522i. Am. 



KBY — MMtsuKATioR or wtmwAeUk 

(3.) (24 + I8K24— 18)x7854=42x6x-7»64r= 
252x 785'l=197-9208. Ads. 

(4.) (1S + 12XJ5— 12)x-7854=27x3k-7854= 
aix-7854=63-6174. Ans. 



Fhoblkh XLV. 

(1.) By Problem XL, the taogent of i of tli* degrees 
in the arc of the greater segmeDt :=^\7::^ ; .-. Log. tan. I 
arc. = 10+ Log. 1— Log. 2=10— -301030= 9698970= 
Los. tan. 2ti'' 33' 54" ; therefore the degrees in the ate 
= f06" 15' 36"=10«-26''. 

Also the radius of the circle =^ -J = 22*5 ; Lenee 
ihe area of the greater segment nil) be fuund as ivi- 

OWS: 

■0087266 
MultipUed by 106 26° _62601 inverted. 









8726(i0U 

523596 

17453 

5236 


Bttbtract J sin. 
Multiply by R 


106^ 


15' 36" 


■9272885 

= -4800005 

■447288 ' 

50fii 



-] 11822 
2683728 
2236440 

"226-439550, area of the 
greater segment. 

Again, the tangent of ^ of the degrees in the arc of iht 
less segment = A=:4; hence Log. tan. J arc=]0 + Log, I 
—Log. 3= 10— -477if 21 z:9-522879= Log. tan. IB" 26' 6" ; 
therefore the whole arc =73" 44' 24 '=73-74°. 

Also the radius of thecirde = — ^— =30; hence the 
area of the segment wiW \)e toMui ^a ^a'ii 



J 



K«T HBHBCaATIOK OP flOBFACTS. t» 


MaMplwdl^ 73-74 


■0087266 

4737 inverted. 

6108620 

261798 

610H6 

3490 


8ubi. ^ sin. 73" 44' 24" 


6434994 
= -1800005 


Multiply by R' 


-1034969 
= 900 

147-1490100, Bwaof the 


less eegmcBt 
Greater Begment 
Less do. 


= 226-43955 
= ] 47-14901 


Difference, 
Sum, 


= 7929004 
- 37358806 



(a.) The tangent of ^ of the degrees in the greater arc 
= A=i: heiice Lop. tan.|arc=10+ Log. I— Log. 3= 
10— •477121=9-522879= Log. tan. 18- 26' 6"; therefore 
the whole arc =73" 44' 24"=73■74^ 

AIbo the radius of the circle = -', -=25; Kence the 
area of the greater segment will be found as follows : 



Multiplied by 73-74 



4737 inverted. 

61 08620 

261798 

61086 

3490 



Subtract i Bin. 73° 44' 24" 
M(iltij>iy by (25)* 



■4800005 
■1634989 
= 625 

8 1 74945 
3269978 
980!)934 
1021868125, £ 



of the 
of the 



greater segment. 

Again, the tangent of j of the degrees 
less segment =-^j=j= tan. 11° 18' 35|", and therefore 
the whole arc =45" 14' 23"=452:i97-i'; teace it.« 
of the segment way be found as follows : 



ist XXV — ansauRATiOH of bskvaobs. 1 




■0087266 


Multiply by 45-23972° 


2793254 inverted. 




3490640 




436330 




J 7453 , 


^^^_ 


2618 ^^J 


^^^L 


786 ^^H 


^^^H 


61 /^^l 




^^^1 




■3947889 •! 


Sabtract i ain. 46= 14' 23" 


= ■3550295 




■0397594 J 


Multiply by H*=:{39)' 


= 1521 




397394 




795188 




1987970 




397594 


Li>93 segment 


= 604740474 


Greater segment 


= 1021868125 


Difference 


= 41-7127651 •• 1 


Sura 


= 1 62-6608599 ^^^ 


PROSLKH XV. .^^H 




Odd. EnL 1 


(1.) 20 


43 31 1 


90 


68 57 1 


110 


TTl 78 







Odd. 


Bran. 


1 


(2) 112 




93 


110 




10 




71 


ao 




122 




52 


60 




492 




30 


41 




12.%- 




246 






Sum = J8S0 




2 
492 


m 

4 




1850 X "° = 

1 


:A208% 


Ktv%, 


1236 


A 



KSX— r-HEHSOBATIOR OX BOLIDS. 




MENSURATION OF SOLIDa 



(a) 6x6x6=216, surface and soliditj. 



{3.) (2+ li) X 2=7, Ihe perimeter, which being mul- 
tiplied hj the length 12, gires 84, the soiface of the Bidei, 
To which add 2xHx3 = J^ 

yU, surface. 
2x1^x12 = 36, solidity. 

(4.) 1 J X 4 = 7, perimeter, 

^^ 7x16 = 112. surface of the sides, 

^^L IfxlJxS = Bj, surface of the ends. 
^^1 ]JiJJ, whole surface. 

^■P ljxl jxl6 = 49, the solidity. 

(5.) Tahnlar area = '433013, page 67. 
Multiply by 2"= 4 

1-732052 

2 
3'4(i4104] surface oflheend«. 

12^x2x3 =7i>^ surface of llie sidei, 

78-464U(4, whole surface. 
■732052 xJg^ = 21-65065, soWAUy. 



1 



KST — HKKBTIBA.TION OV BOUDS. 

'6.) Tabular area =: 1720477, page 67. 

Mult.byC3i)'= 12J: 

430119 
206 45724 
21075843 



1 



42-1 5 1 686, surface of the ends. 
3^x5x13 J = 268333333, Buriace of the sideii. 

310-485019;^ whole Borikce. 
Area of an end=: 21075843 
Multiply by 15^ _ 15J 

7'025281 
105379215 
2I07^8«_ 
323-162926, soUdity. 
(7.) Tabiilar area = 2-598076, page 67. 
Miiltipljby(ll)'= 121 



314'367l9ti, area of one end. 



14 4)628 734392, area of Both endi 
4-366211 sq. feet. 
20-625 area of aides. 
24-991211, irholesurikce. 



,,,s^„ 4-3662ir sq. feet. 

lU^ = 20-625 a?ea of sides. 



Area of an end 

Mult, by the height= 3| 

4[6-549315 
1-637329 
^549315 
8186644, solidity. 



8.) Tabular area 4-828427. page 67- 

Multiply by (i)* =: ^ 

T-2O7J07, areaofaa 



I 

^B 2-414214, area of both ends. 

^H ^X8xl4 =^^__ area of thesides- 

^^1 58-414214, whole surface. 

^^H .Area ofanend as aboTe 1-207107 ' 
^^^K JUultiply by the height 



i 



pROfll.RU II. 

.) ■78a4x(3'=9) = 70686. area of the enJ. 

3 

14-1^72', areaofbothendi. 
3 14I6x3x7i. = 70-6860, curved surface. 

»8i-H'2'M, whole surface. 
Area of an end as above 70686 
Multiply by the height, _^ 7i 

3 534;^ 
49-4802 
530145, solidity. 

(2.) 3-1416x5x30 =471-24 feet.conTessmf. 
■7854x5x5 = I9'635.areaof the base. 

Mult, by the height= 30 

5HSI(»5 ciihio feet, solidity. 

(3.) -7854x4x4 = 12-5664, area of the base. 
Mult, by depth = 



I 



g_f9)452-3£«4 
'I 3)30-2B.-i6 



75-39«4 
S76992 
■3904 



lOs. = i 



I 16-7552 cubic yards. 



L. 8 79648=:L.8,]58.nd. Ans. 



(i.) -7854x11 Xl}x5J=12-fi27758, solidity. 

3-1416xl|x5i =28-86.147 sci. feet, conves. 

^4 ac. 2 ro. 20 poles =201465 sq. feet. 



PnOBLEJI III. 

{1.) 30x4 = 120, tlio perimeter. 

120 X «(i =1500. slant surface. 

30 X 30' = 900, area of the base. 

Sum ^2400, whole surface. 



^^25;"— f J5J==^4(I0=20. peip. a\\.\W4e. 
■ BOOxy =6000, solidity. 



KET — MEDSHBATieW OP BOLTftS' 

(2.) By Note I., the perpendicular from the centre o 
I the middle of .1 side — J-Scot. ™ =20 cot. 30'. 

Log. 20 = J 301030 

Log. cot 30° = 1023Ji5fil 

1-539591 



!, Log, of square. 



1200= 
(Perp.)':=3600 

Sum =1800, the square of the slant height. 
■ ■. the slant height =^^800=6! 

240X69-3K2032 



Hence - 



=83138438, slant surtkce 



2o98076x 40x40 =41569216. a rea of the basf . 
.-. ]24707654= whole surfaw. 
41569216. area of base. 

Mult, by %" = 



83138-432. Bolidity. 



(3.) By Note I., the perpendicular from the centre m 
' the middle of the side =^-20 cot. 60°= j\ . 
.-. (perp.)3=: !-^= 33-3333 
Square of the height =400 



hence - — ^ 

■433013 X (20)' 



Area of the base 
Mulriply by y 



433-3333, &c. = (slant 
= the slant height. 
=624-4998, slant snifkce. 
= 123-20^, area of the baw. 

797705. whole Buriaw. 

=173-2052 

3 [346 4H)4 
115-4701 
1 039-2312 





KEY— MlTSnSATIOK OF 80MD8. 88 1 


1 


?!!f_li ^20, sUnt s.rf.cc. 
1 -720477 X 2*'' = 6 8RI908. area of the base- 

SJ(i-ti!!l90a, whole surfiice. 
Perpendicular from the centre on the side = 

4x2 cot. SG" = cot, 36"°. 
.-. Log. perp. = LDg-cot-Sfl"— 10=-I38759. 


1 

1 


.-. (Perp.)' = 1-89443 =-27747a. 

Squiireol'slaiitheight=16' 
Difference =1410557, sq. of altitude. 
Hence altitude ^v'l 4-1 0557=3755738. 
Whence 688] 908 X ^^^^ =&61 555, solidity. 


Tabular area = 4-828427, page 67. 
Multiply by (31)' = 10,=, 
l6|43-455843 
2-715990 
48-284270 
5r-0CI026 ' 
Multiply by 's' = 5 

255-00130, solidity. 


PROBLBM IV. 


(2-) 

1 


■7854 X 7 X 7 = 38-4846, area of the base. 

Multiply bj '/ = 3^ 
12-8282 
115-4538 
i28-28-2, solidity. 


3-1416x15x15 = 706-86, area of the base. 
3-14l6x30xV =ll"8-l, convex surface. 
1884-96, whole surface. 


,J(2Sy~n5y=JW0= 20, perp. h.'ighL 

Area of the base = 706-86 

Multiply by V = 6f 

3| 1413-72 

471-24 

4241-16 

4712-4, aoUiW-j. 


1 1 



rKXY — ^HEKBORATIOK <iW BOUDS. *■ 
(3.) ^(I2)"+S'=s/Tti9 =] 3, the slant heiglit. 
3' 1 4 1 6 X 24 X V =490-089(J, convex Burf. 
•rB64x2ixa*x6 _,„ „„, ,. ... I 
=;753-984, solidity. | 
C^O ^TTY "■"'' ^^^ diameter of the base. 
^(7l6)^ + (15)^=V^1521=39, the slant height 
■ = J g37'797, convex Buiface. ' 
-7S54 X 30 X 30= 70Sj!6^ area of the buse. 
2544-657, whole Burfaee. , 
Area of the base, 70G'8G j 
Multiply by Y = 1^ I 
8482'32, aolidity. I 
Problem V. 
(1.) 1(15— 9)cot.^° = 3cot.G0''=3x ^ = J'i J 

■= tlie difference of the perpcndieulars from the centres of 
the ends upon the sides, [be square of which increased b; 
the square of the altitude, will be the square of the slaut 

* height. 
[ .■.V(12)"+3=v'l47=l2'12435G= the slant height. 
[ Hence ^^^y^X 12'124356=436-476ei6, surf, of side*. 
{{15f +9'] X-433013 =132-501978, area of endi. 
56e'978794, whole fcutf. 
[(15)*+15x9+9''}xVx-433U13=763-834932. 
■oliditj. 

(2.) V(12)'+(lJf=l2-093382, slant height. 

~^ Xl 2-093382= 169- 307 348, Blant. surf. 

5*+2' =. 29. areaof theendi. 



xaxV='-^6' solidity. 



J 



mttr-^ansexAVioii or bouss. 71 


1 


^m nxH = 21i= 2« 




^H siix^^'sgsisei.ioUd. 





(4.) ^(4 — 2) cot. '-^ =cot. 30'^=^, the difference of 
the perpendiculars from the centres of the ends upon the 
sides; hence 



^9-+3=V»-l 


= 9-165151, slant side. 


M«lt trj(4 + 2)x6 






73-321208 




9165151 




164-9-27I8, slant surface. 


Tab. mnofhei. 


= 2-598076 


Mult, by (4"+2=) 


= 20 




51-961520, area of ends. 




.-. 216-934238= whole surf. 


4' = IG 




2' = 4 




4x2= 8 




2S X 2-598076 x S=21 8-238384, solidity. " 


(5.) V4'-fl"=v'l7 


= 4-123106, slant height. 


i(5+3)x3-l416x4-123106 =51-812599, slant, surf. 


•7854x(5"-f3-) 


=26-7036, ends. 




78-516199, whole surf 


5' =25 




3' = 9 


1 


5X3= 15 


J 


49 X -7854 X} 


=.51-3128, solidity. 1 


(6.) ix3-1416x(20+10)x 13=612-612, Blantsurf. 1 


•7854X(20'+10' 


=392-7. ends. | 




1005-312, »liole.urf. 1 


Perp. heiglil=Vl3-— 5"=yi44=12. 1 


20- =400 


I 


10' =iOO 


1 


20X10=200 


1 


1^ 700 X -7854 X ¥=2199-11, noWSil^ . ] 


1. J 



KET — heusosa'TiOr or ioutne. 

Proslbh VI. 

(I.) (35 X 2 + 5.5) X 17-145 X V=5357-8125, solid in. 

And " - "['"g"^ = 3-1006 solid feet. 

(2.) (9 X 2+ 1 1) X 10 X ^=193^ cubic incteB. 
t- (3.) (2t)x2+15)x28xV=56-'8 solid inches. 
And — ^ ^ 3 feet 444 inches. 



(J.) 14xl2=lfl8 
6x 4= 24 

20x16=320 
5T2 
144^ 



(2.) 28X18 = 604 
16x10 ^ HiO 
44x28 = ]232 

^ Xg=19| solid feet. 

(3,) 32x20 = 640 
16x10= 160 
48x30 = 1440 

H^ X V =62J solid feet. 

(4.) 80X56 =: 4480 
42x30 = 1260 
122x86 = 104i)2 

11.232 x4Sh-6=75jV solid feel. 

Phoblbm vm. 

(1.) Theheiglit=7912x sin.23°2S'. 

The circumference =7912 X3- 14 16. and the pro- 
duct of these two will be the surface sought. 
which iatheirfote=i:i«i\Tj'v,'i\'^V6y. " -' 
2e'j hence 



i 



Blrtr_.-W«H9if»ATIOW OT SOLIDS. 

2 Log. 7912 = 7-796572 

Log. :I-14I6 = -497151 

Log. rin. 23" 28' = 9'600118 
.-. Aim. 783U300 = 7-893841 

(2.) 7912-^2 = 3956, radius of the sphere. 

3956 — 3956 cos. 2^° 28'=theheightof the 
79 1 2 X 3' 1 4 1 6= circumference of the sphere 
Log. 3956 =3'597256 

Log. COS. 23° 28' = 9'96g508 
3628-908 =3-559764=Lof. .'i95fi cos. 2: 

.-.3956— 3628-808 =327- 192, height. 
Log. 327-192 =2-514803 
Log. 7912 =3-898286 

Log. 3-1416 = -497151 ■ 

.-. Ans.=81328 1 0=6-9 10240 



I 

'_ 28', I 



(3.) The height of the temperate zone is = 

(cos. 2.'l°28'_sin. 23''28')x395fi. which being 
multiplied by 7912x3-1416, will give the sur- 

iface required. 
COS. 23° 28' = -917292 

sin, 23° 28' = -398215 

DifFereuce 
ED 



. -519077 = 1-715231 

Log. 3956 =. 3-597256 

Log. 7912 = 3'898286 

Log. 31416 = -497151 

■. Ana. = 51041500= 7-707924 



The beifihtof the whole sphere is evidently 7912, 
ence 7912 x7yiax 3-1416= the whole surface; 
which being wrougbt by logarithms, is as follows : 

■ 2 Log. 7912 = 7-796572 

Xsg. 3.1416 = -497151 

.-.Ans=196663000 = 8-293723 



pROnLEM IX. 

(L) -523'! X 3 X 3X 3 =141372 cubic feet. 

(2.) -52^6x4x4x4=33-5104 cuWaiBcVe*. 



KEY — KERBUBAnoH Or BOUD8> 

(3.) By LogarilhniB. 

3 Log. Ti)12 = n-694858 

Log. -5236 = "i-719000 

.-.Ans. =259333000000= 11-413858 

(4.) 3 Log. 16 =.3.612360 

Log. -5236 = 1-719000 

.-. Ans. = 2144-66 =3 331360 

Or by Numbers. 
■5236 X 1 6 X 1 6 X 1 6 =21 44-6656. Am. 



(L) By Rule IL 

(20 X 3—9 X 2) X 9" X ■5236=1781-2872, eolidity. 

(2.) By Rule L 

(3 X 10'+9')X9X-5236=1795-4244. a olidily. 

(3.) By Rule L 

(3 X 1 6"+8') X 8 X -5236=3485-0816, aoliditj. 

(4.) By Ruie 11. 

(3 X 30— 2x 24) X24' X -5236= 12666-931 2, soL 



PSOBLBH XL 

(1.) 2- = 4 

(14)' = n 

Sum, 6i 

Mult, by 3 

183 
=_6J 
25 X 2^ X •5236=32-725 solidity. 



+my 



(2.) (20)'=400 

(24^=576 

976 

Mult, by 3 

2928 

+(8j'= 64 

2992 X 8 x-5'i36=\'i6^'i-?.«3fc. !«>*. 



sn^-^MMtitamATtoB or bousb. 

3.) 3' X 6=54 
+4* =16 

70 X 4 X -523^=1 46-608, BoliHity. 



(4.) 4' 



I 



=16 
3a 



Mult, by J ^1 

96 
+8* =64 

160 X 8 X ■5236=670-^08, solidity. 



Problru XII. 
(1.) By ProWem XL, Mensuration of Surfaces, find 
the area of the generating segment as follows : 

Tan. i arc ='-* =| ; .-. Log. Ian. J arc=l + Log. 3 
— Log. 4 -10+-477r2i— ■6n206o==9875061; 
.•. i arc =:.S6° 52' 1 1 ^"; hence the whole arc ^ 
147° 28' 46"=147-47Ef4''; wherefore 

-0087266 
Multiply by 4497 4-741 inyerted. 

8726600 
3490640 

610862 _ 

34907 



1-2869940 i arc to E= 

Subtract Jsin. 147-28' 46" = -gGSBOl 

i-6l8"l93 

Mull, by (2-1*^)" 2^ 

84849 

2036366 

2-121235 

~ 176769 

42424 7Q 

V, 4-4 19239 





^^V Carried orer, 
^H Mult, by ^\ 


4-419239 ^^H 
24)30-9.34673 


H i(^)* 


1-288945 subtract from, 
^ 2-666666 


■ Mult, hj 


1'377721 
4665-21 inverted. 


1 


13-777210 
2-755442 -^^^ 

688860 ^^M 

82663 ^^H 

8266 ^^M 

551 ^^ 


^M 


Ans. 17 312992, Bolid-inft** 


^^M Agnia, to find the sar 


face, we have as aboTe, ^^^h 


^^M ^ arc to rudius 1 


1-286994 ^^H 
2'573»SS ^^H 


^1 Wbole arc to radius I 
^M MuItl;R=2J, 


H 


^^H 
^^H 


^H Mult, by central dist. 


5-362475 ^^H 
12J37-537325 ^^| 


H 


3-1281 10 gubtnctftnii 
= 8-333333 


^M Mult, by 6'2S32 _ 


5-205223 

23*;2-6 Inverted. 


1 


31 -23 1338 

1-041045 

416418 ^^^ 

15616 ^^H 

1041 ^^H 

Aus. 32-705458 aui^^H 




=1=9^..^.™^™ 


^^M Taa. 4 arc = — = ^ ", \icTice \a^. Vwv,'^ M« = IW 


^L 


i 



Malt, bj 11229 



Log. 15= 10+ 903090— M76fl91^97269i»i) 
*n. 2B"4'21"; therefore the whole arc =112' 
U2'2S°; hence, 

■008726^ 

= 92211 inverted. 

"¥726600 

872660 

174532 

17453 

7ai4 



5172719 

i674:i(i.^'18inyerted. 




34-48a5J73 
And 34-4895373 being mulliplied by 12'5664,' 
Gives 433 40932 inchea, the solidity. 



(3.) 
Tan.i 



10'+(7i)*_ ISfiJ _62_5 



2x7i 



-^=^=10,Vtheradiu, 



n_ 



=ig=.|; .■.Log.tan.iarc = IO+Log.3 
— Lng. 4=9-875001= Log. tan. 36" 52' 11^"; hence the 
whole arc =147° 28' 46"= 14? ■4794°; wherefore, 



'MXNSCRATIOTI 07 SOI.n>9. 

•0087266 

44974741 inTcrteil. 
l-2869<i4~^arofoR=l. 




KIT— MEKBUBATIOIT OT SOUDB. 79 I 


Brought over. 


24o7ROin 
53-624750 


20x10,5, 


78-202760 subt. from. 
= 208333333 


Mult, by 6-2832 


130-130573 

2382-6 iuTerted. 




780-783438 
26 0261 15 
10-410446 


m 


300392 1 
26026 1 


m 


Ana. 817-636417 surface. 1 


^1 Problem XITI. | 


"^j or=»0, m«=32. 


AD=21, 1 


^'■'"-Vs! 


'_30»+*'_416 1 


^^ .-. 0^=52— 16= 


!6, central distance. 1 


^L .-. Eu<=52*— 36' 


=88x16=1408, 1 


^B ^ =|B=-384615 nat sin. DOn=22" 37' 1 1 i" 1 




=45-23972° 1 


The area nf the spfrment DC?i will therefore he found as J 
follows, by Problem XL, Jlena. of Surf. | 




■0087266 I 


Multiply by 45-23972 


2793254 inYerted. 1 

~3^06l0 ^H 

436330 ^^M 

785 ^H 

■ 


-3947t!ti!) '^^H 
Subt. j nnt. sin. i't" 14' 23" = •3ori029.> ^^B 


Mnlt. by R'=(52)'' 


-0397.094 (1.) ^^H 
2704 ^^B 


CforSed over. 


^^H 




fl 



KEY— MKKSDRATIOB OF S0I.ID8. 




1 


Brought orer, 


1590376 
278:U58 
795188 






Area of DnC 
AteaofDorC40x]2 


= 107oOy4I76 
=480- 


(A.) 




Mult, by Ob 


587-5094176 
36 




21150-3390336 


Again, E.= 


= 1408 

= 133-3333333 




Malt, by 01. 
Subt. (A.) 
Mult, by 8-2832 


1274-(itifit)tit)6 

= 20 

25493-3333333 

=: 21150-3:190336 

43428942996 

23826 inrertcd 






2(50579057976 

668591^599 

3474395440 

130289829 

8685988 


soliditj. 




Ai 


8. :i7^87-9017832 



(2.) DC=:25, mi=^(2Q—J5)=2ii. 



Radius =: - 
On 



:32i. 



-32-5 



-10= 



F.v^ =(32-5 )*— (22-5) ==550 

SubL i(I2-5)' = 52-0833a'i 

4~97'9166B6 
Mult, by I2i = 12^ 

Product =6223-958333 (A) 

Now since half the chord divided by the radius ^Yt» 
the nut. sine of half the angle at the centre, the same as in 
the last example, the calculation ivill be the same, down Id 
the result marked (1.) 



1 



KEY— HENS USA TION OF S01.IDS. 

■0397594 
Mult. byR'=(V)' = I056i 

Area of DnC 
Area of D<»-C25 X 7i 
Sum, 229-49586625 

Mult, by 0« = 22J 

5163-65699062 product. 
(A.) 6223-95833333 

Diff. 10603013427 

MulL by 238 2-6 inTerted. 

1 72 8)6662-085 :i964 product solid ii 
■^ Ass. = 3-85537 solid feet. 



(1.) 14+6=20x6* =720x2-4674, 

Gives the solidity =1776-528, 
(14+6)x6x9-8696=1184-352, the Buifece. 

(2.) (31 +9) X 9 X 9 X 2-4674=:7994-376, soUdity. 
(31 +9) X 9 X 9-8696 =3553-056, surface. 

(3.) (15+5)X5x5x2-4674=1233-7, solidity. 

(15+5)x5x9-8696 =986-96, snrfcce. 



(1.) Tabular solidity. 
Multiply by 6' 
Product, 
Tabular surface. 
Multiplied by 6^ = 36 

Product, 62^353(^36 surface. 



(SJ.) Tabular solidity 1x4= =64 solidity. 
Tabular Burface=Gx4' ^^ 96 surface. 

(3.) Tab. sol. =7-6631 19X3''' =206>904213, solidity. 
Tab, sur^=20-645729x3-= l&5-a\\&^\ wwWe. 



82 KEY — ^LAND SURVEYINO. 

(4.) Tab. sol. -471405 x 10» =471-405, soUdity. 
Tab. surf. 3-464102x10* =346-4 102, surface. 

(5.) Tab. soL 2-181 695 X 8»= 11 1 7-02784, solidity. 
Tab. sur£ 8-660254 X 8^=554-256256, surface. 



LAND SURVEYING. 
PbobLem I. 



(1.) 720 

609 
1044 



2 )237.^ 

1186-5 Log. of = 3-074268 

466-5 „ „ = 2-668852 

577-5 „ „ = 2-761552 

142-5 „ „ = 2-153815 

2)10-658487 

2,13424 sq. Unks = 5-329243 
4 

-53696' 
40 



21-47840 =2 acres 21-4784 poles. Ans. 



(2.) 925 
3 

2)2775 



Log. 1387-5 = 3-142233 

3 Log. 462-5 = 7-995336 

2)1 1-137569 

3,70497 sq. links = 5-568784 
• 4 



2,81988 
40 



32-79520 = 3 aciea, ^2^ to,, ^"L^^^ yAr.%. An*. 



ICET — t,kSTt riclBVETrHG. 83 


t3.) 546 




^ Mult, by 216=i(432 


^^^^_ 


K 3276 


-^^^^^^^H 


^1 546 


^^^^^^^M 


^1 


^^^^M 


^M i,17<«3b 


■ 


^^^^^^^^H 


^1 -71744 


^^^^^^H 


■ 


, 


^1 28-69760 = 1 a< 


;re. 28-6976 poles. Ana. 


H ^^ 


(1.) 1(256X25) 


3200 ^^1 


J{(25+56)X239J 


9679'5 ^H 


4 {(56 +76) XI 05} 


6930 ^H 


i[(76+48)xl45j 


8990 ^H 


1(48x228) 


5472 ^^M 


Offaeta on AB 


^^M 


1(49X229) 


5610-5 ^^H 


1{(49+61)X125} 


7062-5 ^^B 


1 64 + 40) X182} 


94G4 ^H 


1(40X147) 


2940 ^^H 


Insets on BC 


^^M 


1(55X212) 


3830 ^^M 


1[(55+I5)x212j 


7420 ^^H 


i{(15+72)xl86] 


8091 ^^H 


l{(72+45)xl06j 


6201 ^^M 


li(45+69)Xl08} 


^^H 


1{(69+37)X176} 


932S ^^H 


1(37x252) 


^^1 


Offsets on CA 


^^1 



84 



]^Y — LA.ND SUBVBTINO. 


To find the triangle ABC. 


AB= 973 






BC= 683 






CAzz 1252 






2)2908 






1454 


Log. of = 


3-162564 


481 


>f » ^ 


2-682145 


771 


» » ^ 


2-887054 


202 


f> »f -— 


2-305351 



2)11-037114 

A ABC= 330033 „ ., = 5-518557 
Add 34271-5 ofisets on AB. 

47688 „ „ CA. 

Sum 411992*5 

Subtract 25077 i nsets on BC. 

3,86915-6 
4 

3,47662 
40 

1 9-06480 ; . -. area = 3 ac, 3 ro., 1 9*0648 po. Aiif 



(2.) 



Field Book. 





CA 





684 


12 


600 


30 


500 


65 


400 


50 


300 


34 


200 


20 


100 





000 


Turn to 


RofC 




BC 




582 




469 




329 




209 




000 


T«ffato 


RofB 

V— ■- ■■ ■ 





48 





■ 




■ 


1 AB 






1 674 






24 


620 




^^B 


81 


360 




^^B 


46 


150 




^^V 





000 




1 


BegiD at 


A. and 


go north. 
:= 6900 


46x150 






(46+81)x2I0 


= 26670 




(81 + 24)xie0 


= 16800 




24x154 


= 3696 

2)54066 


1 


Offsets on AB 


= 27033 sq. links. ' 
= 6240 sq. links. 


In8etonBO=260x24 


■ 


100x20 


= 2000 




(20+34) X 100 


= 5400 


^^B 


(34+50) X 100 


= 8400 


^^1 


(50+65) X 100 


= 11500 


^^H 


(65+30) X 100 


= 9500 


^^H 


(30+ 12) X 100 


= 4200 


■ 


12x84 


= 1008 
2)42008 


1 


Offsets on CA 


= 2J004 8q. links. 


Triangle ABC. , 


AB 


= 674 




BO 


= 582 




04 


rr 684 
2)1940 




■ 


970 Log. of ^ 


2986772 




296 ,. „ = 


2 47 J 292 


^B 


388 „ „ = 


2588832 




286 „ „ = 


2-456366 




2)10503262 1 


AABC =178497 „ „ = 


5-251631 




27033 offsets on AB 






21004 „ „ CA 




Sura 


226534 




Subtract 6240 ioset on BC. 




Cixrrj 


2.20394 sq. Jints, whole area. | 


I^^H 




i 



86 KEY — IjAV1> surteyincu 

Brought 2,20294 sq. links^ vrhole area. 

4 

•81176 
40 

32-47040 .-. area =r2 ac., ro., 32-47 po. Ans 



Problem II. 

(1). (^^^+3g»)^g^Q = 617 X 335=2,06695 sq. links. 

•26780 
40 



iO;71200 
.*. area = 2 ac, ro.^ 10*712 poles. 

(2.) (???±^i>^ =670 X 492=3,29640 sq. links. 
' ^ '_ 4 

1,18560' 
40 



7*42400 
.-. area = 3 ac., 1 ro., 7-424 poles. 

(3.) (^^±^^)2^0 ^800x510=4-08000 sq. lioks. 
^ 4 

•3^000 
40 



12-80000 
area = 4 ac., ro., 12-8 poles. 



(4.) 14x170 = 2380 

(14+38) X 180 = 9360 

(38+29) X 130 = 8710 

29x60 = 1740 

2)22190 

Offsets on AB = 11095 sq. links. 

36x170 = 6120 

(36+24) X 96 = 5760 

24x116 = 2784 

2)14664 
Insets on AB ^n I'XXL ^ 



^^^^^^^B^Cv 




KXT — LA.ND EmtVKXIKC. 8? 


74x190 
(74+60) X 205 
(60+40) X 265 
40x156 


= 14060 
= 27470 

= 26500 ^^m 
6240 ^^H 




^^H 


Offsets on BC 


^^1 


86x300 

(86+ 144) X 190 

144x348 


= 25S00 ^H 
43700 ^^M 
50112 ^^H 




^^1 


Offsets on CD 


59806 ^H 


60X318 
y (60+94) X 262 
• 94x170 


19080 ^H 
40348 ^^M 
15980 ^^M 




37704 ^^1 


AB = 922 
BC= 1156 
CA= 1500 


fl 


2)a578 

1789 Lc« of 
867 „„ 
633 „ „ 

289 „ „ 


3.252610 ^^1 
= 2-938019 ^^M 
= 2-801404 ^^H 
= 2-460898 ^^M 




^^M 


ea AABC=532678 


5-7264655 ^^M 


CA = 1500 
_ AD =1200 
L DC=: S38 


■ 


H 2).i5-J>i 


^^H 


■ 1769 Ixig. of 

■ 269 „ .. 

■ 569 „ „ 
H 931 „ „ 


= 2429752 ^^M 
= 2-755112 ^^M 
= 2-968950 ^^M 


■ 


^^H 


^K^ area AADC=502078 


5'~U<J1'^\ ^^M 




(1.) 1204x524 = 630896 

((i00+454)xl756 = 1850824 



2)ii 48l720 
12,408ti0 eq. links. 



2 AC, 1 ro., 25-37f 



(2.) (668+120)xI630 =1284440 

(380+440) X 1340 = 1U9880O 

2)2383240 
11-91620 sq. I 



•. area ^ 1 1 ac, 3 ro., 2G-5fl'M0 v«- 



I 

M. tiulu 

oo'^^H 







(3) 

1 


(6l2+534)xl360 

1273x600 

1166x485 


= 1558560 
= 763800 
= 565510 
2)2887870 1 
14,43935 sq. linha. j 

1-75740 ^^M 

30-29600 ^^1 


.-. area = 14 ac, 1 ro., 30-296 per. "^^1 


1 


(490+410)xl200 

518X1050 

431x835 

(431 +376) X 169 

376 X 46 


1080000 ^H 

= 543900 ^H 

= 359885 ^H 

= 1363B3 ^^M 

17296 ^H 

10,68732 aq. link^^H 

2-74928 ^^1 


i 


area^zlOac, 2ro,29-f 


29-97120 ^^m 


w 


Problem IV. ^^| 


(1.) 


Offsets on the right. 


^^H 


1 


(160+240) X 154 
(240 + 344) X 246 
(344+324) X 226 
(321+274) X 130 
(274+262) x68 
(262+240)xl28 
(240 + 154)xl66 


61600 ^^H 

143664 ^^^^H 
1 5096a . ^^^^^H 
77740 i^^^^^^H 
36448 ''^^^^^H 
64256 ^^^^H 
65404 ^^^H 


B" 


Of^ets on the left. 


^^^1 


i 


(200+260) x 154 
(260+300)X126 
(300+3l6)xl20 
(316+28S)x!50 
(288+190)x274 
Carry OTer, 


70640 ^^H 
70560 ^^H 

90600 ^^H 
130972 ^^H 



kCT— ^t.A3t» SDintTOKh 



ABDC 

BD=1930 

BC = 1340 

CD=: 950 

2 )4-220 

2110 Log. of 



ABDC = 582441 



= 2-255273 
= 2886491 
= 3-064458 
2)11-530504 
= 5-765252 



AABD = 891250 = ^ 

1473691 
Subt. 186750 . sum of tiie 'uaeta. 

1286941 sq. linka. 



347764 




( Log. 252 
ABAC -? Log. 445 

\ljOg. Bin. 
-.area=l!l741 



(Log. 445 



= 2 648360 

ACAD -I Log. 162-5 = 2-210853 

( Log. SIB. 44" 53' = 9-848599 

a=5IO*i8'5 = 4-707812 



(Log. 162-5 
ADAE-?Log. 201 

{ Log. sin. 70" 28' 



: 2-210853 
I 2-303196 
: 9-974257 



J 



I 



f Log. 201 
tEAF -J Log. 324 
^ (Log. .in. 92" 
.«reft= 65082-8 


2' 


= 2-303196 
= 2.510545 
= 9'999726 
= 4-813467 


(tog. 324 
^PAB J Log. 504 

(Log. sin. 57" 

.-.area =1.18155 


47' 


= 2-510545 

= 2-702431 
= 9-927390 
= 5-140366 


(Log. 572 
AFBG -I Log. 202 

lLog.8in.79- 
.-. 9rea=113453 


5' 


= 2-757396 
= 2-305351 
= 9992069 
= 5'0548i6 


(Log. 202 
AGBH -^ Log. 417 

(Log. sin. 11= 
.-.area =17273-5 


'60' 


= 2-305361 
= 2-620136 
= 9-311893 
= 4-237380 


f Log. 417 
AHBL -! Log. 70 

(Log. sin. 68= 
.-.area =27245-1 


■58' 


= 2620136 

= 1-845098 
= 9-970055 
= 4-435289 


.-. ABAC 
ACAO 

ADAE 
AE-AI" 
AFAB 
AFBG 
AGBH 
AHBL 
.-. the whole area 




II II II II 11 II 11 II II 



L 



.-. Or 5 acres, 2 ro., 7'6 18400 po, Ans. 





KET— tAWD 8trtft*l*»0. ^M 
PitOBLEM IX. ^M 

Cos. 21" 14' = 9-969459 
Surf, line 1560 Log. = 3-193125 
.-. Base line =U54-1 Log. = 3-162594 


(2.) 


R 

Cos. 9° 16' 

Surf, line 300 Log. 

Base line -493-47 3bog. 


= lO-OOOOOO 
r= 9-994295 
= 2-698970 
= 2693265 




Cos. 18= 33' 

Surf, line 90n Log. 

Base line =853-24 Log. 


= 10-000000 
=: 9-976830 
= 2-954243 
= 2931073 



R = 10-000000 
Cos. 23° 10' = 9-963488 
Siir£ line 700 Log. = 2-845096 
Base line =64355 Log. = 2-808586 
.-. the viluAe base =493-47+853-244.643-55= 1990-M 
^_^__^^__ _ An*. 

(3.) E = 10-600000 

Cos. 21° = 9-970152 

Surf, line 900 = 2-954243 

Base line =840-22 Log. = 2-924395 

R = lO-OOOOOO 

Cos. 17" 12' = 9-980130 

Surf, line 900 Log. = 2-9.M2 43 

Base line =:859-75 Log. = ~2-9M373 
.: the whole l.aae =«40-22+859-75=1699-97. Ans. 



Problem XI, 

(1.) Log. 31576 
Log. 1800 

Subtract const. Log, 
Correction =2-721 

.-. 31576— 2-7'i\ 


= 3-255273 

= 7-319890 
= -434730 
='i\Vl*i-1.-<l. 









Ut¥ — I,AXO §t7KVKTmu. 9. 

(2.) 5 miles =26400 feet. 

Log. 26400 = 4-421604 

» Log. 821 = 29I4.M3 

7-335947 
Subtract const Log. = 7-3 19890 

Correction 1-038 feet = -016057 

5 miles —1038 feet =4 miles, I7S9 ^ds.. 1-962 feet. 



Pboblbh !XII. Cask I. 

(1.). One acre = 100000 square links, which being 
divided hy 400 links, the bieadlh, gives 250 links, the 
length re<^uiied. 

(2.) 5 acres, 3 roods, and 10 polea =581250 sq. links, 
the square root of wliich is 762'4 nearljr, the side of the 
square. Again, 1 acre, 3 roods, 5 poles z= 178 125 square 
links, which being divided by 762-4, gives 233-6, the 
length required. 



I 



(1.) L.3, 12s. = 



1 = 145 

; = 128 

160: 72:: 1380: 216. 

460: 115: T 1380:345. 

460: 145:: 1380:435. 

and 460: 128:: 1380:384. 



(2.) 


2+5+7+9 + lt 
34:2: 
34:5: 
34:7: 

34:9: 
34; 11 


=34 

1530 
1530 
1530 
1530 

: 1530 


90 
225 
MS 
405 
:495 




n 


■ 




Case IU. 






^■110 500x2100^ 
^".M0i:9^::(l000) 
' u 951-2 links nearlj. 


050000 sq 
: 904762, 


links =101 acres 
the square toot of 


«iiidi 


^1^ 













^ 



KSY — LAND SUKVEYING. 

(2.) Since the part cut off is 1^ acre, tiie remaining 
part will be 9 acres; therefore 

1 OJ : 9 : : {1 000)^ : 857 1 42'85, &e., the square of the dis- 
tance of the point from the hypotenuse; heuce estracting 
the square root, we have 923'B, the (tiatance from the other 
extremity of the base, which being aubtracted from 1000, 
gJTes 74-2, the distance sought. 

(3.) Since the part cut off is 2^ acres, the part left ii 
8 acres; therefore 

10^ : 8 ; : (lOOOj* : 761904-76, the square root of which 
is 872-9. 

Again, 10^: 8:: (2100)*: 3360000, the square root of 
which is 1833. 



I 



KiSCBLLANBOUS EXBBCJSEB. 

(1.) 174x6^=1131 square yards, and 

4840: 1131 ::L.10, 10a.: L2, 9s. 0|d. 

(2.) 454x62=28148 sq. links. 
4 
i- 12592 

40 

5-03680 
Also 100000: 28148 ::L.24:L.6, 15h. 1^. 

(3.) 272X30=8160, 

And 100; 8160:: 3a. 6d.:L.14, Ss. 7Jd. 



And 4840 : 7840 : : L.2 1 , 1 5s. : L.35, 4g. 7^d. 

(5.) Half an acre ^2420 square yards, which being 
divided by 5|, gives for quotient 440 yards, the length rc- 



(6.) Log. 654 — 2-815578 

_2 

5-631156 

Subtract Log. 2 ■= 301030 

Carry otm 5i->i!.ViVlSi 



J 



-LAND SOSVEtIira> 



Brought orei 
Log. cosec. I'i'i" 35' 
Log. sin. 58° -20' 
Log. sin. 64° 15' 
1,9456G 

4^ 

3,78264 



5-330126 
= 10-074374 
= 9-929989 
=s 9'954579 



=: 5- 



;. 3ro., 31-3056 poles 



(7.) 2500 x700=1750000=:17i acres. 

AndL.43, 15s.-Hl7i=L.2, 10s. Am. 

(8.) By Geometry, Proposition 68, cor. I., we h 
880 : 660 : : 660 ; 495, the other segment of the hypi 
nuse; therefore 

880X330=290400= 2 ao., 3 ro., 24-64 poles. 

And 495x330^163350=1 ac., 2ro., 21-36 poles 



I 



} Let 3-= the breadth of the walk in feet ; then 
20ftc+2(80— 2!i;)iC=^X 100 X 80, by the question. 
ix" — 360j= — 4000, by changing the signs. 
3;''_90j;=— 1000, dividing by 4. 
x^ — 903;+(45)'=1025, completing the square. 
X — 45^:^32-0156, extracting the root. 
.■-«=! 2-9844. Ans. 



(10.) 25—9=16, the reniaining part of AC. 

And 25 : 30:: 16: 19-2, the remaimng part of BC. 
Also 25 : 40 : : 16 : 25-6, side parallel to AB. 



(11.) Let the length of the required side he x; then 
since the area of the triangle cut off is to be half of the 
original triangle, and the angle A is coaiinon, we have the 
following equation: 

400x«siii.A=^x650x560sin.A; 

Hence 40O.i' =!H2000. 

.-. X =455. 



(12.) 


To find A4BC 




1194 




926 


Otrryorer, 536 



1 



^^^^■■5^^^ 


^^H 


96 KET— I.AirD GUBVEYING. ^^^H 


Brought oyer, 536 


^^1 


2|265fi 


^^^ 


1328 Log. of 


= 3-123198 


134 „ .. 


= 2127105 


402 „ „ 


= 2-604226 


792 „ „ 


= 2-898725 




2110-753254 


Area. 238027 „ „ 


= 5-376627 


To find AACE. 


^ 


1223 




1194 


^^^^H 


587 


^^^^1 


2i3004 


^^^1 


1502 Log. of 


3-17667^^H 


279 „ „ 


= 2443604 


308 „ „ 


= 2-488551 


915 „ „ 


= 2-961421 




2| 11-072246 


Area 343655 „ „ 


= 5-336123 


To find AECD. 




1223 


g^^^M 


835 


^^^^H 


628 


^^^H 


212686 




1343 Loe, of 


= 3-128076 


120 ., ., 


= 2-079181 


508 „ „ 


= 2705864 


715 „ „ 


, = 2-854306 




2| 10-767427 


Area, 241943 „ „ 


= 5'3837I3 


823625. whole area; 


; and 


100000 : 823625 : : L.2, 6s. 


:L.18, 10s.7id. An», 


^^^ 



r 



Kur — luafTc oBAviTnts. 



KEY^SPECIFIO GRAViTiEa 
Pkoslbu I. 



(1.) Spec. gr. maboganj =: 1063 

^ 

1 6)37337; og. 

► 28 )2333 : 9^ 
4 )83 = 9 = 9a 
2 0)20 : 3 : 9 : 93 
Ton 1 :0:3:9 :9; 

(2,) Spec gr, French bojc 

Multiplied by 
Ans. IJcwt., 3 qro., 3 lb., 8 oz. 




(3.) Spec, gr, cast iron 

Mult, by -^^/5=|| ; 

Ans, 1 cwt, 5 lb. 6 oz. =: 1877 nearly. 

(4,) Spec. gr. of beecli = 852 

Mult, by 20X(U)' ^ 45 feet in the log 



4-260 
_3Jn8 
Ans. 1 ton, 1 cwt 1 qr, l61b, 4oz.=383'i0 oz. 

(5.) my X -7854 X ISA x-2654= wt. in 01 
2 Log. 3i = 1;023766 

»Log. -7854 = 1-895091 

Log. 15-1^ = 1-187991 

Log. 2654 = 3-4 2.3901 

339429 — 5-530749 

And 339429 oz. =9 tons, 9 ewt. 1 qr. 1 8 lb. 5 oz, Ans. 

(6.) ,;j(30+27i)x2iX-7854x5 =3'92018 ft. solid. 

Mute, by spec. gr. = 7207 | 

t 2744 126 ^^B 

2744126 ^^H 



I 



KEY — aracme (mVvii&S. 
Problem II. 



2.) 15 cwl. 2 qrs. 6 lb. 2 oz. = 27874 o«, 
And 2787-l-=-I991=14 feet. Ans. 



(5.) 6Ib. 7oa. 



12096 
13824 
150*336 cubic inches. 



(1.) 7 cwt. 3 qrs. 26 lb. 15 oz. =14319 o_. ^^_ 
And 14319-7-4-5=3182=: the specific grari^, 

green limestone. 



2.) Icwt. 8Ib. 12oz. =1932oz. 

And 1932^-3=644= the apecifie gravity 



i 



Spanish cypress. 



(3.) 1 lb. 10 oz. 4^ dr. =26iJ oz. 

And 2m X 1728^-4^=10474 nes 

(4.) 35 lb. 3 oz. 6 dr. = 563| oz, 

Mult, by 17-i8_ 

5x5x5= 125 )9735 1 2 

7788-006, mm 
specific gravity of hammMei cq^^m, oi\iiiK*-Bna- 



ly. .aiu. 



«BT — 8MC1MC QBATITISB. 

(5.) 6 X ^ X J=^ foot solidity. 



788 spec. gr. of hammered copper or Uar iron. 
pROBLRH IV. Cask I, 



<1.) 50—42=8. 
^m- ■•■ 8 ; 50 : : 1 000 : spec. gr. 




8 )500UO 

6250 spec. gr. Ana. 



(2.) 


15—14=1. 

■-. 1:15:; 1000: 15000. Ans. 


(3.) 


26—16=10. 

.-.10:26:: 1000:2600. An.. 


4-3=1. 

.-. 1 : 4 : : 1000 : 4000, sp. gr. of girasol. 


15-14A=H. 

.-. ^g:I5:: 1000:16000. 



(1.) 20+12 =32, the weight of the compound n 
12 — 10^= 1^, weight lost by the metal. 



I 



32 — 4|=274, weight lost by the n 
27i— IJ-26:20::1000 



2 6)2000 

769^,. Am. 



159 KET — BPRCmC ORATITrefl. 

(2.) 14+11=:25, the weight of the compound n 
]| — 10=: I , weight lost by the metal. 
25>— 2=;23, weight lost bj the mass. , 
23—1 =22 : 14 : : 1000 

n—7' _J 

1 1 )7000 

636A- -Ans. 
(3.) 20+ 1 6=36, the weight of the compound m 
16 — 14^ 2, weight lost by the metal. 
36 — 1^35, weight lost by the compound a 
35— 2=33: 20:: 1000 

20 

33)20000 



(4.) 14+ 3 :=17, weight of the compound nasi. 
14— 124= ]J, weight lost by the metal. 
17 — 3 =14, Weight lost by the compound mm. 
14— li=12i:3 ;: 1000 

J_ 2 6 

■2^ 6 25 )6000 

240. Am. 



1 






Ca9R III. 


■ 








lb. ox. 


dr. 




C1-) 






7 3 
6 11 


n 




■ 














7 


*> 


n 


14 


11 :: 7788- 




16 






16 


235 


'^H 


121 






235 


1947)1830180 


^^^ 


16 








940. 


Atif. 


ia47 












(2) 




lb. oz. 

2 y 


dr. 

11 


M 




on 


<tr 


1 6 


5 


■ 




9 


II 


: 1 3 






16 






16 


310 


fl 


TI 








a6680 


M 


16 






16 


8004 


^ 


667 






aio 


6&Tl8'i7080 


Kja. 


1 











f 



KEY — OAConia. 



649 )623040 

960. Ad«. 



(1.) Sp.gr. of gold = 19258 
Sp. gr. of silver = 10474 

85xl926Bx(15000~104ri) 



t 

I 



85xl04r4x[1925a— 15S0O) 



(1925S— 10474)xlSB00 



-^'^=22'I823,theBilTer. 



) Sp. gr. of silver = 10474 
Sp. gr. of copper = 7788 
1.0x,M»x(8M._775 ,^^ ,,,^,^ 

(10174_7788)x8S30 
100x77Bax(10474— B530) „. ^^ ., 

— , * ' =66-08, the copper. 

( 0174_778B)xBS3O ' •^'^ 



(3.) Sp. gr. of pliitina = 

I 10 

=62-5865+ the platina. 



I 



BOxlSiOOx(l 6420— 10474) _ 

(19500— I0474)xl6420 
80xlO474x(19B0O— 16420) ,_.,„- ., ., 

(1950a-i0474}xl6420 ='^-^'^- "*^ ■"'"'■ 



KEY— GAUGING. 
MiscELLANEOirs EXBRCIS8S, Page ln9. 



(1.) From Table, page 131, the divisor for a circle is 
11, which being multiplied hy 3, (Art. 4), gives 33, the 
divisor. Now 1-^33=030303, the roulti^Uet ■, oai \ke. 
tqoare root of33=5'7445, the gauge fomt. 



w 

^^P incb 



KEY — OAlIOtllQ. . 



1 



(2.) From Table, page 131, the number of eqaarf ' 
incbes in a bushel is 2*2 18' 1 92. which being (Ait, 4) 
divided by 1-720477, the multiplier for a pentagon, (page 
67), gives 1289'2889, the divisor; and 1^1289-2889= 
■0007756, tbe multiplier ; and the square root 1289-2889= 
35-9067, tbe gauge point. 

I (3.) The circular measure of a gallon, by Tahle, page 
"131, is 353-0363, which boing muUipiied by 6, girei 

2118-2178, the square root of which is 46-024, the gauge 

point required. 

_ (4.) To I on A set -27 on B, then opposite to 74 on A 
Lwill be 1-998 on B. 



^ (5.) The area in bushels 7-44, multiplied by 18-3, llie 
depth, gives the content 136-15 bushels, which (Art. 33) 
being multiplied by 81-5, and tbe product divided by 100, 
gives I10-9fj, the net malt. 



^^ (7.) 45x15x51-4=34695, which being divided by 
24-04, (Table, page 131), gives I443'2 lb. Ana. 

1(8.) Cross. 242 253 27-4 

Diameters, 23-9 25-5 28-1 

2 )48-1 2 j5U'a 2p6i 

Mean dia. 24-0 26'4 ^277 

. (2 4'-f Bi'l'+a:-?*));? _ (5"6-t-e45-16+r6r-29)x 7 
I4-387S ~ 14-3676 

1988-45x7 139IB-1J 
ICaers ~ 143876 )I39r9-lfi(96r-44ib. Ai». 



63408U 

a7flfi04 



^1^ I « PV" 

KET — GAUGIRO. 105 

(9.) BjRule, page 153, 

^=125= the floor net. 

158-8x81'5-=-100=129-42. the couch net, which 
!>eing the greuter, is that on which the duty ia charged. 

(10.) Byitule, page 156, 

3f)-5— 2a-2=8-3, and 8-3 X ■7=5-8. 
,-. 28-2+ 5-8=: 34-0= the mean diameter. 
Hence 34' X -002832 X 43= 140-7 gall. 
Or by the Sliding Bule; having found the mean diame- 
ter as before, set the length 4,') on B to 18-7892 on D, 
and opposite to the mean diameter 34 on D is 141 nearly, 
the con Cent on B. 



(II.) By the sliding rule, (Art. 42), set the bnng dia- 
meter 33-5 on C, to 100 on the line marked SL, and op- 
posite to 24-1, the wet inches on C, is 78-5. the gegment, 
or mean ttrea on the line marked SL. Then having set 
the whole content, 108 on B, to 1 on A, opposite to 78-5 
on A is found 84 5, the ullage quanti^ on B. 

The same by the pen. 
24-l-i-33-5=-719, and -719— ■500=-219. 
Again, -719+ ^ =-7l9+-055=-774. 
And -774 x 109=83-592, or 83-6 nearly. 



(12.) Set the divisor, 57 on B, to 1 on A; and oppo- 
site to 228 on B will be found the c^uotient, 4 on A. 

(13.) = — =4'9> variation of the diameters 

for 10 inches, and 4-9-^2=:2-45, variation for 5 inches of 
depth. Thorefore the diameter at the middle of the first 
10 inches is 50-4 + 2-45 =52-85. To this add 4-9, and sum 
is 57-75 inches, the diameter at the middle of the second 
10 inches of depth; and in the same manner it is f.iuiid, 
that the diameters at the middle of the third and fourth 
10 inches are f;2f>5 and 67'5.5. 

To find the mean area in gallons of each 10 inches. 
Square the diameter at the middle of the section, and 
divide the square by 353-0363, tUe tabulav d\-«\aiOT i-s^. 'a. 
circle; thus. 



H^" 


KKT—oAVmtia. "% 


^H (52-85) 


^353-0363= 7-91 17 gal., lat mean area. ' 


^B (57-75) 


^353-0363= 9 4468 gal., 2d mean area. || 


^^H (62-65) 


-=-35.30363=ll-ll22 


eat., 3d mean area. 


^■. (67-55) 


-h353-0363=12-9250 ^1., 4th mean area. 1 


^^^P These calcnlationB being made 


the areas are then tabu- 


^^ lated, l>y 


considering the mean 


area as constant for 10 


' ioebei; tb 


e first area is the coni 


ent when the liquor is one 


inch deep 


this added to itaelC, 


gives the content for 2 


inehe. in 


depth, and so on up to 10 inches in depth; we \ 


Ihen comr 


ence to add the next 


arpa, till we hare eot to » 




and ,0 on 






^^_ Wetinchea. Arena in Bttlla. 


Wet inches. AreMinpJU. 


^^L 


7-9117 


21 184'6972 


^^m 


15-8234 


22 195-8094 


^H 


23 7351 


23 206-9216 


^H 


31-6468 


24 218'a338 


^H 


390585 


25 229- 1460 


^H 


47-4702 


26 240-2583 


^H 


fi5-381» 


27 251-3704 


^H 


63-2936 


28 262-4826 


^H 


71-2053 


29 273-5948 


^H 


791170 


30 284-7070 


^B 2daiea 


9-4468 


4th area, 12-9250 


^H 


88 5638 


31 297'6320 


^H 


98-0106 


32 310-5570 


^H 


107-4574 


33 323-4820 


^H 


116 9042 


34 336-4070 


^H 


126-3510 


35 3493320 


^H 


135-7978 


36 362-2570 


^1 


) 452446 


37 3751820 


^H 


154-6914 


38 388- 1070 


^H 


1641382 


39 4010320 


^H 


173-5850 


40 413-9570 


^H 3d area 


11-1122 


Full 


^H And 414 ealloni =6 qn 


3 bush. 6 gal 


^1 (H-) 


72x50x-002832=101952 galls. | 


^B 0') 


2Wt51><L«^53x 


-000354=17-11 bush. 


^m (<6-) 


Here (3-8+3-6+4-4+4 4+3-9+40+3-D+42 1 


^H ^4-3.|-3>9)-i-I0=4, the mean 


depth. 


Wl 


And(212xi48x^^ 


^^ii'in^^wies t*ii»- J 



KXT — aAroiKO. Iff? 

(I7.) OroBs 75-0 74-9 69-6 fiS-S GI'S 57-1 

Diameters. 74-G 74-4 69-Q 65-5 61-2 57-2 

L 2|U !)-ti 14i>-^ 13S-(» 131-0 ]-2:J'a U4-3 

■ Mean. diam. ' 74-8 74'6 69-3 65-5 61-4 57-1 

^(r4-8)'-^:J53-0363=15-8483 gal., 1st area. 

(74-6)V353-03(;3= 15-7637 gal., 2d area. 

(69-3)V353-0363= 13-6034 gal., 3d area.) 

(65-5)'-f-353-0363=12-1524 gal., 4th area. 

(61-4)'^353-0.363=l0-6787 gal., 5th area. 

(S7'l)V353-0363=z 9-2353 gal., 6tharea. 

The whole may be tabulated as follons: — 



Dcpthi. 


fmni Up. 


c^. 


«„.t^ 


12 


g 


7S-0 


74-6 




17 


74-B 


7*-'l 




S6 


GO'S 


63-0 




33 


655 






39 


a 1-6 


Bl-2 




45 


57-1 


57-2 



I 48 depth. 



\,e^m 


Conimu hr 




glllOD.. 


eilloni. 




16-B4a3 


190-1736 




16-7837 


157-6370 




13-6034 


108-8372 




13-1594 


72-9144 




10-G7B7 


64-0732 




9-23.^3 


55-4J1B 




Borowu, 


22- 





Whole 1 



)e7 1-0122^ 

4)74-5-04 gal. 

18B/2R5-04g. 



(18.) 



^0.) 



Wet inches I9-8-^4G=430. 

■500— -430=-07fl-HlO=-007. 

And -430— -007 =-423. 

Then -423 X 207=87 -56 1=87^ nearly. 

{29-9}*=894-0lH-ll = 81-273(3 lb. Area. 
Multiply by the depth = 18^ 

406368 
6501888 
812736 



1503'56l61b, Content 



(32-5)»=] 05625. 

And 1 056-25 -H277-274 =3-8094, lat area. 

(38-5)'=: 1482-25. 

And 1482-25h-277-274=5-3458, 2d area. 

(42-5)"= 1806-25. 

And lB0625-^277-274=6-5\4a,^«sea. 



J 



1 

I 



SET— «HinBAI. BXBBCTBBS. 

(91.) 196— 17-4— 2-2. and 22x-G8=l-5. 
Hence 17-4+ l-5=l8-9, the mean diameter. 
[ (1 8-9)' X -002832 X 23-7=2397, &c. =24 gal. nea 
By the Sliding Rule. 
Set 23-7 on B to 18-7892 on D, and opposite to 1 
lie mean diameter oa D, is 24 gallons on B. 

i3x285xl-7-^2218-192=188-5 bush. 



(23.) (36-5)^x71-4~.35-6557=2667-81 lb. 

(24.) First, to 6nd the glohular part by MensuratioD 

Solids, Problem XI. 

Cross 27-2 55-2 

Diameters, 26-8 5 4-8 

4 J54 1 lU 

Mean radii, 13-5 275 

3 {(1 3-5)' +(27-5)"] +8'=2879-5, and 

2879-5 x8x-5236=1206I-6496, content in inches. 

Again, 12061-6496-^277-274=43-5008 gal., theeontenl 
of the spherical part. 

KexC, to find the body of the atill, tabulate as follows: 





1 h 






MP 


Ar«l 


C«,KnilB 




framCnp. 




.Bietsr-. 


■liam. 


giliont. 


gtllou. 


s 


4-. 


fl9-B 


60'2 


60-0 


10-1973 


91-7748 


9 


13-9 


fiS'S 


(H-4 


ei'! 


1!-63B5 


104-74Sfi 


9 


23-5 


64-0 


61-S 


64-3 


11-7112 


I06-40DS 




32-5 


G2-0 


62-4 


63'3 


lO-BfiB7 


120-5457 


SB ^V^- 


Content of globolsr part, 43-HOoa 




To cover the crown, 35- 






Whole content in gnUoDB 


600-9686 













KEY— GENERAL EXERCISES. 

' (1.) 5(10x426 = 238.'i60 
280x213 = _59640 
Difference 1778920=1 a 

3,15680 
ja 



Q-27i pol» 



J 



w 



KSX— ^nRXBAIi SXBRCISXB. 

(2.) 12^ = lU 

15' = 225 

16" = _256 

Sum 626, the square root of 

whicli being 25, is the length of the side required. 

(3.) {99)'=9801. which divided by 9, gives 1089, the 
square root of which is 33, the Aas. 

Itterwiae, let a-= the side requited; then 



t 



(4.) The sides being 33 and 1 1 yards respectively, wi 
havej by Mensuration of Surfaces, Prob. VI., 

Tabular area = -433013 

» Mult, by (33^+ 110 = 1210 

4330130 
51 9GI5ti 
523-9457^0 Ans. 



(5.) Since the length is 5 feet 3 in. and the width 
3 feet 2 in,, the perimeter ia 16 feet 10 in. =202 inches, 
which being multiplied by 30 in., the depth, gives the area 
of the sides and ends i=&}GO square inches; to which add 
the area of the top and bottom=63 X 38 x 2=4786 square 
inches; therefore the whole surface =10848, and 10848 
-i.l6=678 inches, the length of the paper =I8g yards. 

(6.) v'9M^12^=«y225=il5 feet, the slant. 

.-. 31416x9x15 = 424116 sq. feet =47124 
sq. yards. 

(7.) Let 3x be one of the aides, then ix will be the other, 
since they are to one another as 3 to 4; and 5x will be the 
hypotenuse; and hence 12j; will bo the perimeter, and 
6^' the area. 

Then (>j:''=}2xx2h, by the question. 
.-. fix =30. 
And X =5. 

=:15, 4x=W, and 5x=:2J, fti.e A.-Ba. 



^K«m 



(8.) 30;3xl5:6=4681JS. 

lb, lb. cwt. qm. lb. oa. 

.■.9x468]iJ=4219Jj=37:2:19:14. Am 

(9.) LetK =: the width of the frame. 
.-. 30 + 21= the length of the frame. 
34 + 2j:= the breadth of the frame. 
(30+ar)(24+2a:)=720+10ar+4j:»= the surface of 
the glass and frame. 

30x24=720, surface of the glass. 
.-. their dif ='i(}&e+4js'= surf, of the frame. 
Hence 4x^+ 10Ra=f of 720=540, by the question. 
x'+ 27x=J35, div. by 4. 
4j;'+J08j:+27'=12e9, completing the square. 
2x + 27=35623026, extracting the root. 
.-. a:=4311513, by transp. and difid. by 2. 

(10.) 1200x240x12=345600, solidity of the wall in 
inches. 

X 4^ X 3= 121 i, solidity of a brick in inches. 

- ^**""- =28444J, the number of bricks. 



13U 



the 



, bent 



(11.) Sinre 36 feet =12 yards, and the perimeter of 

square is 12 yards, its side ^3 yards; also since the 

of the triangle i=J2 yards, its side ^=i yank; 



■0795775 X 12'=11-45916, the area of the circle. 

3'= 9, the area of the square. 
■433013 X 4"= 6-929208, the area of the triangle. 

(12.) ■7854x(100)' = 7854, area of the circla 

(100)' =10000, area of the square. 

■43013 X (100)'= 43J0'13, area of the ulangle. 



I 

^^^^ (13.) Let 11;= the quarters of wheat, 
^^^■^ Aud ^^= the quarters of barley; then 

^^m 5ox= 33i/; hence &x—3!/=0. 

^^H Also .')5x-|-33^= the rent in shillings, 
^^H.4fld 65x+4ty=55j;+33i/+140, by the question. 



J 




WSTT 

KKf — GKKEBAL EZCKagBS. 



"^^^ 



'. 14jf=140, and hence 

y^ 10, the quarters of barley. 
55a:=330, by the first equiillon. 
.-. £:= 6, the quarters of wheat. 



(14.) Let ;i;^ the number of revolutioDB of the biuil 
nheel. 

Then x+n= the numbei of terolntiooB of the fore 

^K Also bx^ the distance in feet, and 

^k a{3:+n) also = the distance in feet; hence 

^H bx — ax= an ; 



Wheiefoie hx= ?—-, the distance sought. 



7 fur. 60 yds. 



the dislaoce= -—^"^^ =84000 feet =15 miles 



} UtS= 


the sum 




_ 2S2 


the Ist. 




504 _ 


the 2d. 




396 


the 3d. 




1«_ 


the 4t]i. 




_ 252+S0i+396+ 


-=S. the Bum. 



The third =—=11. 
36 

The fourth =z ~ =4. 



XST— OXNSBA£ KXSmaUSM, 

(16.) Let x^= the number of half-crowns. 
•- the number of Gfaillings. 
: the number of sixpences. 

1 \y+z = 409) 

2 x+y =1254 J-Bj the question. 

3 x+s— 42=1103) 
(l)+C2)+(3) I 4 2»;+ 22, +22— 42=2766. 
(4) transp. 6 2x+2!/+2s =280a 
(5)-=-2 6 x+ y+ z =1404. 
(6)— (!) 7 .-. x=9Q5, the half-crowna. 

I (6)— (3) 8 S'=^59, the shillinga. 

' (6)— (2) I 9 1 An4 ^=150. the sUpenees. 



Again, 995 half-cTonns 


= L.I24 7 8 




259 ahillinga 


= 12 19 




150 Bispences 


= 3 15 




Value of the whole 


=L.141 1 6 


(170 


Let x= the one fraclioa. 




and y= the other; then 




1 11 '+" 


_'. > By the question. 


(l)r«p.red | 3 | *"+2xj+}> 


=lv 


(ax 4 


4 4.^ 


=,w- 


(3)-(4) 


5 i'-a«j+/ 


=,.1.. 


Bq. root 


(6) 6 .-. « -, 


=ft. 


a)+c6) 


"7 2^ 


=*)• 


(7)-^ 


8 « 


=A=f,theomfi.cIio.. 


(1)_C6) 


9 2, 


=A. 


(9)-2 




=VV= tbe other traction. 








(18.) 


)00_,^(100f— (10/ 


=100-^9900= 




100— 99'49874 


= -SOiae feel, 
12 
6 01S12iiiche.. 






(19.) Since the part broken off atruck the ground al 
the diiitance of .^0 feet front the bottom, it is CTldenc that 
il formed the hypotenuae of a right-angled triangle, o£ 
which the base was 30 feet, and the perpendicular \iat 

the other part of the pole ; therefore the part left gtunding 

£3-3985559 ; to which, add GS, ihc part broken off, and ttM 
is 118-3985551*. Ana. 



ing j 



XH— CaMBBAI. BXKSCISXS. 113 ' 

(20) Let the four oumberB be represented by x — 6. 
a— 2, x+2, and j;+6, whose differences are 4; then by 
ibe question, (a:— 6)(j:+6) x(r— 2)(3;+2) = (*'— 36) 
(j'i_4)=a;'— 40^''+144=176985. 



^mm 



X^—Vi^c" =176841, by transposition. 

a;<_40,c=+400=177241, completing tlie square, 
ic* — 20=:t421, extracting the root 
«==20+421=441. 

i j;— 6=1S, the first. 
X — 2=19, the second. 
x+2=23, the third. 

a!+6=25, the fourth. 




(21.) Let 6 represent the Lizard, 
A Plymouth, C the Start, and S Eddy- 
atone Light-bouse; then AB^60 miles, 
AC=20 miles, BC=70 miles. Again, 
&om the bearings of the object, the bA 
ZASB=112=30', and iASC=78°45'; 
and since the sum of these ikngles is 
greater than two right angles, the point \ 
S is withing the triangle ABC. (Trig. 
Art. 97-34.) 

Make the triangle ABC, haying its sides respectively 60, 
70, and 20 miles, as abore, aud at the point C, make the 
angle BCD= the supplement of the ZASB, and at the 
point B make the angle DBC:= the supplement of the 
angle ASC; about the triangle DBC describe a circle, 
and join AD, which will cut the circle in S, and join BS, 
SC. and S will represent the position of Eddysioue Light- 
hoiue. For the angle fiSD,= the angle BCD= the sup- 
plement of BSA by construction, which it evidently is. 

Now, inthe ADBCtherearegiTentheZDCB— e7°.30'. 
the ZDBC=]01M5'; hence the /.BDC=11- 15', and 
BC=70. 

.-. sin. 11" 15' : sin. 101" 15'=BC : DC. 

Log. cosec. 11° 13' = 10709764 

Log. sin. 101° 15' = 9991574 

Log. 70 = J^'845098 

.•- DC=351-914 = 2546436 

:t, from the AABC find the LACB. (Trig. itt,.45.\ 



1 



D XXSBCISFS. 



1 



AC 
BC 
AB 


= iOar. 
= 70 
= 60 




2)I5<I 


A— AB 


= 1?'"! 


Co..iACB= 26- IS' 


.-. ;;acb 

/BCD 


= 52^37 

= er 30' 


.-. /ACD 


=120- r 



I, Log. 



= II 76001 
2)l3 9' )5"n24 
= 9-952512 



Again, in the AACD there are giTen AC = 50, 
DC=351 914, anil the iACD^ISO^ 7'. to find the Z'M 

IA and D ; now htilF the sum of the Li at A and U 
(=^(180°— 120° 7'J=29'' 56' 30''. 
I DC =351-914 

I AC ='20 

f Sv 
I>i 
k 
/BC 



' Sum =H71-914 ar. CO. Log. 

' Difference, =331-914 I^g. of 
I Log. tan. 29" 56' 30" 

I Log. tan. 27° 12' 19" 

. Z.CAD =57° 8' 49" 
Andi.CDA=: 2M4'1I". 



= 2-521025 
= 9 76041 « 
= 9 711001 



lut ZBDC^UMS'; .-. ZBDA=ff' 30' 49", and the 
'ZBCS=^ the ^.BDAheing in the same segment of a circle; 
and for the same reason, the ZCDS= the /.CBS; hence 
in the ASBC ihere are giren the la and the side BC to 
find BS, the distance of Eddjstone from the Liaard, and 
SC, the distance of Eddystone from the Start ; wherefore 

Wn. S:sin. C^BC.BS, iind 

Sin, S;ain. B=BC:CS. 
Log. coBec. 1 ! ' Ifi' =10709781 = Ditlo =]n-7WlSi 

Log. Bin. B" 30' 49"= 9'170392 Log.Bin.2° 4r U"= B-67Ba5il 
Log. 70 = |-8<5 II98 Log, 70 =_l-84501lll 

-■. BS=53-12 ■= 1-725261' .-. C8=17'13 =. 1'3337S3 

LaBlly, in the AACS the i:ACS = £ACB— .iSCH = 
52" 37'— 8= 30' 49 "=44= 6' 1 1", and tASC is giyen 78* 
45'; .'. the third ZCAS=57'' 8' 49", and AC=i;0 railw; 

Sin, S:Bm.C=\C-. .\S. 



KET OBHEBAL EXEBCU-BP. 



Log, ooKc 78- 45' 
L<,g..iii. 44-6'lJ" 
log. 20 
.■..AS=14-19 miles 


II II II II 



2.) Let X = those who voted for the first. 

Then x — 22^ those who voted for the second. 

X — 73= those who voted for the third. 
And a:— 130= those who voted for the fourth. 
.-. 4a-— 225— 5219, by the question. 
4z = 5444, by traDspoaition. 

.-.« = ISBljhenoex— 22=1339,*— 73 

=1288, a nd ar— 130=1231. 

(23.) It is evident that u diameter drawn throngb the 
vertex will bisect the vertical angle, and that each of the 
= sides will be =24x cos. 15^■ and (by Problem H, 
Kulell., 5Iens. Surf.) the area will be ^(24 cos. 15°)' 
sin. 30o; but sin. 30°=2 sin. 15° cos. 15° (Trig. 69); hence 
the area — (24)'(cos. lo")' sin. 15°; .-. Log. area =2 Log. 
24+3 Log. COS. 15°+ Log. siu. 15°— 40. 

2 Log. 24 = 2-760422 

3 Log. COS. 15° = 29-954832 
Log. sin. 15° = 9-4] 2996 
.-. area =134 354 = 2128250 

(24.) Let ^ the semiperimeler, and ?■ the radius of 
the ijucribed circle, it is evident that ir=^ the area; there- 



I 



= V.(«-)(«-6)(s-e ), (Mens. p. 03.) 
-y^=V^i5=3^^r5. Aw. 



It ABC be the A. and D the 
centre of the circumscribing circle, 
also DE a perpendicular from the 
centre on BC, and having joined 
DB, DC, 

It is plain that the i.BDC is 
double of the angle BAC, or that b' 
theiBDEis = theZ,A; and .-. I 

^=B£.-BD=-?^=^to 
*^-l RBiD.A Bin./ 




US K±r — QSnSKAI. EXSnCISES. 

But (Mens. Surf., p.63) wn. A= £^s(«_a) {s—l>){i~e), 
and using the same notation, B£= - ; tberefore 

B = ,- — ■ :■ = the product of the thiee 

* ^«(<— o)(»— i)(*— c) 

sides, divided by four times the area of the triangle. 
Substituting the values of a, b, c, and s, we have the ladiiu 
_ 40xeOxHO ] 92000 

~ 4^90x50x30x10 "^v'iasQooo 

W _ IflSOOO _ _16£_ _ 1^ / 15 

P' ~ 1200'Ji5 ~ jTs ~ 16 

=10|^'T5. Ans. 



(25.) Let x= the side of the triangle ; then (page 63, 
cor.. Mens. Surf.) the area = - ^3; therefore by the 

question, -^^3 = 200000 links. 

, SOODOO 

Log. 800000 = 5-903090 

J Log. 3 = -238560 

2 )5-664530 

Log. x= Log. 679-6]9= 2-8322ti5 

.-. x= 679-619. Ans, 



(26.) It is evident that the quantity eaten will be the 
sector of a circle containing 60°, which is the sixth part of 
the imole circle ; hence the area of the circle of which it is 
the sector is three times the area of the whole triangle : 
therefore x heing the radius, 

jB^x 31416 = 7260 



t 



Log. 7260 
Log. 3' 1416 

*=48-0'J2 


73fiO 
~ 3-1*16 
= 3-860937 
= 0-49715J 


_. 








38.) Siace tlie Tertical angle ia 3 timeB the angle at 
the base, 5 times the angle at the base is =180°; .■. the 
angles at the base are each 36°, and the vertical angle is 
108°, consequently half the vertical angle ^54°, Now if 
x^ the diameter of the circle, each of the equal sides will 
^:x COS. S4°, and as shown, (Ex. 23), the area of the 
triangle=:3;'(cos. £4°)' sin- 54''^=2420, by the qnestion; 
.-. «'=2420 (sec. 54°)= cosec. 54°. 

Log. 2420 = 3-383815 

3(Log. 860.54°— 10) = -692343 

■ Log. cosec. 54°— 10 =_ -092042 

2 Log. X = 2)4168200 

.-. a7=121-367 = 2084100 



(29.) Surface=4 x 24' X "7854= 1809-56) 6 sq. inches. 
And 1809-5616 at Hd. =L]1, 6s. 2id. Ans. 



(30.) ■0087266x50=43633=^ arc to R=L 

Hence if x the radius of the circle, we have by 
the question, 

a;' X 43633 = 1210 yards. 

a _ IBIP 

-'- * — -43633 



Log. laiO =3082785 

Log. -43833 =: 1 -639815 

2)3-442970 

.-. » =52-6605 =1-721485 

1/639815 Log. of i arc to R=l 
22-9773 = 1-361300 Log. of i arc. 
Serai peri meter 756378 



foy J 



151-2756 at Ss. = L.37, I69. ^A. Abs. 



1 



eST GESERAI 


1 

KXEBCIBES. 


) hng. 0174533 
Log. 20 


= 2241877 
= 1 1145098 
= 1-301030 


I^g. diameter 


= 1-388005 


Jy.g. (dia.)' 
Log. -7854 


= 2-77«0]0 
= 1-895091 


.■. area =468-922 


= 2-671101 



(32,) The circumference of a circlp wliose radius is 1 n 
6-2832 ; again, the circumference of the second circle will 
be (■6-2a32)'. which is the radius of the third ; hence ihe 
area will be 



(6-2&32)ix3-1416 
Log. 3-1416 



4 Log. 2 



: 2* X (3 14161^ 
: 0-497151 



I 



(33.) By Exercise 7. page 37, we have 

4-5 : 5= COB. 3tf" : coa. ^ the difference of the 
anglea at the base ; hence 
Ar. CO. Log. 4'5 
Log. 5 



Log. c. 
Log. c 



.36" 



= 9-.140787 
= 0-698970 
= 9-907958 



25° 59' 7" = 9-953715 

i= 10° 0' 53". 
And greater 1= 61° 59' 7". 
Aga\n, Bin. 25° 59' 7" : sin. 36''=5 : sum of sides. 
Log. cosec. 25-^ 59' 7" = 10-358387 
Log. sin. 36° = 9-769219 

Log. 5 = 69a970 

.-. Buni of sides =6-70774 = 0826576 
Dif of sides ^4-5. 
.-- 2 the loss =2-20774. 
I The less ^1-10387. 

I And the grealer=5-6U387. 

. To find the h-dse, sin, 61° 59' 7" • sin. I08==5-B0:!l 
tbe baae. 



J 



rLog. cosec. 6]" 
l^g.siu. 108= 
Ljg.5 603B7 
,'. iLe base ==£ 
Lostlj, to find tLe a 

fd uugle, we liave 
log. i(5fio:i87) 
Ug. I 10387 
Log. Bin. 108° 
.-. area =294159 



7" 



= 10-054124 

= 9 978206 

=: Q-7484H 8 

699 = 0-7ii08I8 

froDi the two sideB and the con- 

= 0-447458 
= 042918 
= 9978200 

^ 468582 



(34.J 



(35.) 



Let >c^; the dianieler of the globe, then 
The surface =a:'x3'1416. 



TheBulldity =.l^X- 
e*'x3■1416=;r'x- 



, by the question. 



= -,by dividing by a^x31416. 
=x, multiplying by 6. 



Since the deplh of the cistern is to be the same, 
that the area of the base must be three times as 
i that the new diameter will be the former mul- 
hquare root of 3; hence the diameler 



=2(i 3^3=45-553 nearly. 

16.) (20)'x-5236-=-(5"x-5 



(37.) It is plain, since the sur- 
face to be Been is ^ of the whole 
sutfiicH, that FE^i4 of the diame- 
ter, or I of FC, (Mens. Solids, 
I'rob. VIII.); and since DB touches 
ilie i^ircle at B, the angle DliC is a 
j'l: but the ^BEC is a right angle, 
ajid the Z. at C is common to each 
of the A* DCB and HCE, there- 
fore they are simitar; hence EC: 
CB=CB : CD; but EC= ' 



liC=r, .■.-:r=r:CD=-=3r; 

.-.Dr=2)=;ihe diameter the height 
tougbL 




KEY — OKKTRAT. KXRRCISR9. 

8.) Swfece of the ball=3141flx(72)'. 

=162860544 sq. inches. 
162860544 at 3id.=L.237, lOs. ld. + . Ans. 

(39.) The upper third is obriouslj a cone limilar to the 
ginal cone ; therefore 

]:^=(18)°:(h')°=l344. 

.■- height =4^1944=1 2'4e05. 
Lg^n. the two upper parts together ■will ohviously also 
1 cone nmilai to the original eoae ; and hence 
l:§=(I8)':(hy=;»R8_ 

.-. height =4/3b8«=iri7244. 
Hence the middle part=157244^12-4805. 

Also the height of the lower part =1(1—15-7244. 
=2 2756. 

(40.) Let*=the length, then (^^^ X ■7854xar=1728 
,.,= 12^ ^J980I38 inches. 

=165012 feet^early. 

(41.) Let x= its diameter, then 

«'x-7854Xt;i —5236. 
.•.x'=^Xl92 =128. 

Therefore a^^'TaS' =11-3137. Ans. 

(42.) Since the altitudes of the columns are equal, thfir 
solidities are as their bases ; let x^the diameter of the 
hase required, then 

il ; 10=7^ a;==7' x[0. 
.-.a: =7^10=7x3162278 
=22' 135946 inches. 



Sides. 

(43.) 1717 
1515 
808 


303 
505 
1212 


Log. 

= 248 M43 
= 2 703291 
= 3083503 


2)4040 
3020 

612060 n 
=6 acceB ( 


= 3-30535! 
2)ll-67d5H8 

o. \9?o\es»■ft54■^4»- 



KEY— OeilEXAL BSBRCHBS^ 

NoTB — The abova is a right-angled [riangle, and hencn it 
light have been fonnd aa follows :— 

1516x404=612060 s<}aare links, as above. 

(44) If x= the side, then 

»theperp.= ^V3=10. 

Again, to find the diameter of the circlsk 
(Geo., prop. 68) dia. =— =. 

(45.) By (Art. 40, Note 2, 
'rigonometrf), a : h — c= sin. ^ 
B+C):Bii..i(B_C). 

kr.eo.Log.(a=160) ■= 7'7058oa 

^g.{(fi— c)=a'73esj =1 0'94133B 

^. mji.i(B+C)=40" — 3-806067 

■.«in.i(B— C)=2*0'41"= 8-5*6385 

IeiiBeZ,B=42' 0' 41" 

lndZ.C=37'' 63' 19". 

:^.coBe<i.lOD' =10-006649= Ditto .= I0-006649 

:,og.Bin.4a*0'4l"= 9-826607 Log.an. 37* B9' 19"= 9-7892S1 

Log. 160 = 2204130 = Dino =. 3-204 120 

'.AC=:10i)'73GS = 2'036376 .-. AB=100 = 2-000000 

(4S.) Let "Jx, 6x, and 3x, represent the sides ; then 
Theareft=^x5:rX3j;x sin. 120°. 

=7^*'' sin. 6o°=vat" X i^^a- 

a the perimeter s=]50;i;; hence by the 




I 



»*XV*'3=150j:. 



Therefore the sides are 93^ V3, OOf V3, and 40^3. 
And the area =i X 66J[ s/ 3 X 40^^^ X i V'i 

=|X ~ x40\/Sx3='i«»J^. 



I 1^ KBT — OEBEKA.I. axERCUKBi 

(47.) By Trigonometry, Art. 40. Note 2, we have 
half the SMin of the anf;lea at the base is ^{ 1 80"— tW). 

tlOO : 1 50= COS. 50= : cos. J difference of the augleu : 
base ; hence 
At. CO. Log. 100 = 8-000000 

Log. ISO = 2-l7«0ill 

f Log. COS. 50° = 9a080«7 

I Log. COS. 15° 22' 55" = 9 9841 58 

.-. greater I B5° 22' 55" 
And Im / 34' 37' 5". 
"Wherefore the sides will be found as follows : 



tog. coseo. 80 =l(l'00e6i9 =Di«o =10-011 

Log. Bin. 66* 22' 65"= fl-9B86U Log. sin. 31° 37' 5"= 9-7t 

Log. I DO ~ ■i-ooooon Log. 100 = a'OO 

6r. ude=;92'B13 = 1-966263 Lees 57-6868 » 176I0'E 



(48.) Let x^= the greater side, 
3P= the less, 
fl,'+y=300 t , ,, 
x-^100/''y"'*1"^'"*"'' 
.-. a=20l>. 
And i/=100. 
Thpre are now given tno aides and the contained angle; 
and since the one side is double of the other, and the con- 
, the triangle ia evidently right-angldl; 
ig angles are 90° and 30'. 
(Trig., Art. 40, Note 3), the third s 



^^H (51.) "Let P represent the position of tlie nak. Ili>i 
^B CP=116, AP=15fi, and BP=16ti. Dmw AF> at I'll 
^^H to AP, and make it =\?, an& ^qI& EP; and li-om ltH> 
^^B tieaUe E, with the tad\vis liV, ieauvisnTOiaia, ukA-Ii " 

^m . M 



V(a00j' + (100)'— 2x200 x]OOx^=n/3OOO0=100v'3, 
, and the area =100 xIOOx sin. 60°. 

^lOOOOiv'3. (Trig. Art. 84.) 

=5000 -J 3=8660-254. Aus. 

(49.) {20)' X -7854 X V=400 x 7854 x 10 

=:3141'6 aolid inches. 
=1-81805 solid feeL 

(50.) (10x3— 4x2)x4'x-52'16= 

22 xl6x-a23ti=I8'i;i072 solid inchei. 



B centre P, with the radius 
L-', describe another arc, in- 
■secting the former in C, 
d join AC; AC is a side of , 

Since EAP is a r^Z. and 
E 13 =AP, and -■-£? = 
Px%/2 = 156xl-4142136 
z 220 6I7, &c. 

From ihe AEPC. whose thn 
PEC. (Trig., Art. 45.) 

EP = 220(517. Ar. 

BEC = ]66 Ar. 

PC = 116 
2 )502 617 



■^ 



. Lor. = 7-6S63fiO 
. Log. = 7779S92 



Log. COB. 4PEC=15° 30' 31" = : 



.-. iPEC 
But iAEP 

.-. /.A EC 



1 of the Z.S EAC and ECA= 



the A EAC, (Trig., 



Log. = 7492144 

Log. of = ] -000000 

=10 107056 

^ '8'699a00 



Sam = 'd-^-2 Ar. c 

Dif. = 10 

Log. tao. 51° 59' ' 

Log. tan. 2° 16'; 

.-./EAC = :.4° Ifi' 1" 
And/ECAz:: 49° 42- 57". 

Lastly, from the AAEC find (Trip.. Art. 30) the side 
AC, twice the logarithm of which diminished hy ihe loga- 
rithm of 4840, the number of square yards in an acre, will 
be the logarithm of the area in acres, 
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XEBCISBS. 


Log. cosec. 54°]6' ]" 
Log. Bin. 76° 1' 2" 
Log. 166 


= 10090579 
= 9-986937 
= 2220108 


.-. AC=198-437 


2 


Subtract Log. 4840 


4-595248 
= 3-684845 


.-.area =813585 acres 


= -910403 



(62.) Content of the conical glas8=(2i)'x •78S4X-- 
= S4x-7854xJ. 
Content of the frratam ={{3^)^34x2+2'] 
X 7854x^3 

=Vx-7854xii. 
_ Vx7a54xii _1 The tiraea that the one coo- 
" ■'ix'TSSlx; J tainB the other. 

_ S3 17 16 5 

A " lO '^ 01 " J 



(53.) The number evidently 

-^ '^^^ the cubic inches in a foot 
{l)'>c533S the solidity of a ball. 

= i^?^^ =26401-8. &e. Ana. 

-6336 

(54.) Solidity of the cone = P X '7854 x ^J X -7854. 
Solidity of the sphere = ff x -5236=6' x f X -7854. 

2l6xjy-7e5* 

ix-7esi 
;216x 2=432. Ans. 



Hence the number 



(55.) Let x= the diameter of the bottom, then 
The content ={(2i)'+2i;s+3:*'] X-7854xf 

=:(6J+2Jj;+j:') X -5236=8, by the questwB. 



r 



+ |a: ^ 9*0288, by transposing, 

-j^^l^^^ll ^]0'S9]3, completing ihe square. 

X +^ =: 3'2544, extracting the rooL 

.-. -x = 20044. 

(56.) Each of the sides must evidenttj be increased in 
e ratio of ^f : ^4, which is 1 : 1-5874. 
.•.1-5874x4 =6-34961 

1-5874x3 =4-7622 >The dimensions sought. 
And 1-5874x2^=3-9685) 

(57-) To find the segmentB of the base made by the 
;rpendicular from the vertex, we have, by (Geo., prop. 42, 



45x5 



i7-5. 



36 half of which being added to half the base, gives the 
reater segment :=18'75, and subtracted from half the 
aae, gives the less segment 11*25. 

To find the segments of the base made by the liae Usect- 
ig the vertical angle, we have, by (Geo., prop. 63), 
(25+20): 20=30: ISi, the less segment. 

And (25+20) : 25=.'?0 : 16|, the greater segment. 

Lastly, by (Geo., prop. 43), we have 

»2CD==(25)=+(20)'— 2(15)' 
=625+400—450=575. 
.-. CD ='v'287-5 =17 nearly. 

(66.) Let X = the height. 
.*. 2x ■= the breadth. 
And 4x =: the length. 

I Pence 8*'= the solidity, and 6x X 4a!+2,c x * X 2= 
to 28x^= the surface; consequently 
I 8a!*=28ii;^, by the questioa 

r .-..-Si. 
1' 



(•And 4a: =14. 

14 X 7 X 4=392, number of people. 



(59.) 5981-16-^ ^ =32-3306, radiua ot \.\ie VaWiTfc^i 
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And by Trigonometry, R : cot 42* 43' 47" : : 32-3306 ; 
the semiperimeter diminished by the side opposite to the 
given angle. 

R = 10-000000 

Cot. 42° 43' 47" = 10-034453 

Log. 32-3306 = 1-509614 

Log. 35 = 1-544067 

.*. 35=185 — the side sought 
Hence the side sought is =150. 
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SUPPLEMENT TO THE KEY. 

(1.) Lemma. If A4.Ba;+C«''+Da^+ he. =a+63T 
f-«;'+(/a:'+ &c., nhatever ba the vulae of a;; Ihen A^m, 
1=6, C=c &c, 

Bv transposition, (A— a) + (B— i)x+ (C— c)x' + 

D— (ija''+ &c. =0. 

_0r, (A-«)+x):(B-6) + (C-c)x+(D_d):E'+ &c} 

Now A — a is either ^0 or Boine constant, since liolli 
I. and a are constant; wbercas x\{\i — i)+(C — c)x-^ 
D— rf>j:'+ &c] is eilher =0, or varies «ith x, since x 
nters as a factnr into it ; and sincH neither A — a^^O, nor 
^ — a^a constant, increased by h variable, can be equal to 
); therefore x{(B— &)+{C— ,0«+(D— d)x^+ &c.]=0; 
lence A— a+0=0; .■- S=a. 

And it is evident that a-[(B— &)+{C— c)x+(D— d) 
5''+ &c}=0, can only be true by B— 6=0, or B=6 ; 
C — e=0, or C = c; D— rf=0, or '0=d\ bence when tum 
txpremotia coMaining x are always equal, tlie coe0cie7its of 
'M like pnwerg ofx are equal. 

(2. ) Proof of the MnomicU Theorem. 
Let {\+xY=\ + Ax+Bx^+C^,^+ &c., when ™ is a 
whole nnmber. 

Multiply both sides by (l+x); then. 



= l-|.(A + l)3r+ &c., where itispviJetit 
that the coefficient of x is increased by unity. It" [hen in 
nny one case the coefficient of j; equals the index n, it is 
true in the next superior case ; now it ia true tor ( 1 +x)'', 
(Alg. 29), and .-. for (1 +xf, and therefore it is generally 

Next, let the index be fractional 

Andlet(l+3:)» = l + A,i:+Ba^ + Ca^-|-&c. 

(l+j;r=(l + A3;+Bx'+&c.^". 
Or i-i-mx-^Sio. =:l + «\.<;+ &c. 



.: n.\=m. Lemma (1.) ] 

And A=^. 



Again, let the index be oegadre. 

H 

(ract 



1 



I 



1+HI+ &e. 
Hence the rule is generally true, whetlier n be integral, 
fractional, or negatiTC. 
Again, let 

{a-i-x)'=a-'+nar-'x-i-Pa'-'x'+Qa'^.>!'+ &c, 
where P end Q do not involve x. 

+na—h+2Pa'-^xz+3Qa'~^x\+ &c. 

.' + &C. 

=a' + 7ia"-';i; + Pa— '»r» + Qa— ^x* + Sit. 
+ 7W— 'e+n(w~lK-':ra+wP'a"-'i'j+nQ'a— '.c'ii+ &c 
P' and Q' being what P and Q become when in ihem we 
put (n — I) for n. 

.: equating the coefficients of the like powers of the 
' combinations of x and s, we have 



2P=n(»— 1); : 



Also 3Q:=raP'= 



AndQ= 



»("-'X—3) _ 



n the Bi 



-S) 



.3.3.4 



\.1.z -^^ «=• 






XBZ— 4UrFIiBl»KZ. 



^m 



(3.) Exponential Theorem. 

It is required to expand a', or to fiud x in terms of a. 
Let 0=1+6. then 6=0 — 1, and a'z=(l+6)'; but by 
the binomial theorem. 

Multiplying out the coefficients of the several terms, and 
then collecting tiie coefficients of x, we have 

(6 — - + - — - + &c.) for the coefficient of :r, which 

call A, and assume the coefficients of x', 3^, &c., to be 
B, C, D, &c, ; it is required to &nd the valnes of B, C, D, 
&c., in terms of A. 
Let then 

Then changing x into ^x, we have 
(l+ft)*-=| + A(2a:)+B(2a:)''+C(2a;)'+&c. 

= l+2Ax+4Bx'+8Ca?+ Sec. (A,) 
But thia being the square of (1 + 6)*, it must be 
=(1 + A;c4-Br'4-Ca:^+ &c.)*; equaring, we have 

A3;+A V + ABa:'+ &C. ( ,„ v 
Bi^+ABa'+ (fee. r ^"■-' 
+Ca?+ &c. ) 
Equating now the coefficients of the like powers x in the 

Illations (A) and (B), we have 
L 2A=2A, orA=A. 

W 4B=2B+A». 
K Or2B=A"'; .•■ B=*'. 
jAlso BC=2C+2AB. 
i Or3C=AB=^;...C=,^. 
In the same manner, by expanding to another term, 
D would be found to = — — — , where the law of the for- 
mation of the coefficients is obTious, and A=^(a — 1) — 

--'-■- "— -vfc^. 



3 
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Let e he that value of a which will make A^=l, then 



Tr,+^'-' 



'=i+i+i3 + r; 


•i.3'^ i.2.S.i ' 1.2. 3.*. fi"*" "^ 


To find e, we have 




' 1 


1st term, 


2)1 


2d „ 


3) -50000000000 


3d „ ^^ 


4) -16666666666 


^H 


5) -04166666666 


^^H 


6) -00833333333 


6th ^^H 


7) -00138888888 


^H 


8) -00019841269 


8th ^H 


9) -00002480158 


9th ^^M 


10) -00000275573 


10th ^^1 


11) -00000027557 


nth ^^1 


12) -00000002505 


I2th ,. ^^1 


13) -00000000208 


13th ^^1 


14) -00000000016 


I4tb „ ^^1 


-00000000001 


I5th „ 


.■.<=2-71828ia2S47, 


which is all correct except the latt 


figure, Trhicb in adding was increased bj 1 forevei; 9 in 


the last colamn, to compensate for wh.it would have been 


to carry from the next column, had the expansion been 


earned farther. 





(4.) To find an ei^ressionforihelogarilhmofanwiti)tr 
tn terms of that number, and (Ae baseoftlie sydem. 

Let o'^N, where N is any number, and x its logarithm 

I the base a; then 
a^^N*, and expanding both sides by the exponential 
>0Tem, we hare 
'^ 
E,u 
But 



Equating the coeJEcicnta of the like powers of y, ive bare 
A^= A'. 



But A' is the same function of N that A is of a ; 



«t M= 



(„_l)_Ha-\T+\^— \if-\^— \fv»i; 
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Let also N=l +7t, then N— 1 =n, and 

^ or Log. (1 + «)=M(».-K+K-K+ &<;■) 
Changing the sign of n in both aides, we have 

Lc«. (l_«)=M(-»-J.'-S«"-l«*- «<«■) 

And bj auhtracting the second of these equations from 

the first, and ohaerring that Log. (1 +«)— Log. (I — n)= 

Log. j — , we haye, 

Log,|±?=2M{n+S«'+J"'+l"H &c.) 
(6.) Pat ~ = p- ; .-. n- ~^^, and therefore 
Log. (p + l}_Log. P=2M /'r-^ + „ „ ' , ,. + 
-_p .J + &c. ] from which we obtain this general es- 

pressioD for determining the logarithm of anj number, 
P+l, when we know the logarithm of the preceding 
number P, riz. 

Log. CP+1)= Log. P+2M („^ + ^^^ + 

6C'2i'+ij>+ 7C2P + I)' + 9{2P+1)" + ^"j 

If no>^ we put P^I} 2, 3, 4, &c. succesBively, we get 
LoB.2=Log.l+2Mg+y 

Log.3=Log.2+2M(i+j- 
Log. 4=2 Log. 2, 
Log.5=Log.4+2M(l+-. 

Ijog, 6= Log. 2+ Log. 3. 

Log. 7= Log. 6+2M (fg + ^- + ^. + f^ 

+ &C.) 

(6.) Next, let M=1 , then the logarithms wi!l be calcu- 
lated to the base e=2'7l8281828, and are thoee called 
Naperian logarithms ; and since the VogaiWtm Q^ \ "\t^ «^w^ 
sfstem is 0, we have 



A + ^'-l 




^.+H= 



_____^_^ ' lat term. 

9)-t)74»740740 -=- 3 = -0246913580 2(1 „ 

9)-0U82304526 -^ 5 = -0016460905 3d „ 

9)-Q009 144947 -i- 7 = -0001306421 4tU „ 

9)'0001016I05 -=- 9 = -0000112900 Sth „ 

9 )-00001 ia900 -^11 = -0000010263 6tli „ 

9)-OU00012644 -1-13 = -0000000965 7th „ 

9 )-OQQ000ia94 -1-15 = -0000000093 8lh „ 

■0000000155 -i-n — -000000000 9 
.-. Naperitm Log. 3 = -6931471805' 

{7.) Now three times the lognrilhm of 2 is the Inga- 
rithin of 8 ; and the difference between the logarithmB of 
a nnd 10 is equal to the difference of the logarithma of 4 
and 5, since /u=j; now the difference of the logarithma of 
4 and 5 is 

which since M=l, can be calculated as follows: 



let term. 

■0009144947- 2d „ 
■0000067740- 3d „ 
■0000000597- 4tli „ 
■0000000005 



81 )0027434842 -i-3 = 

Sl )-000033870l -=-5 = 

81 )-OO0 O OO4l¥r -1-7 = 

-0000000051 -1-9 = 

■6931471805x3 =! 

.-. Naperian Log. 10 ^1 

t.) Id the common logarithms, since the base is lu, 



the logarithm of 10 
modulus M of this sjsti 
Nap. " ' "" 

Or2'3025350930xM=l. 



■efore ia order to find llie 
have the equation Mx 



= 2-30B5H5033» =-''342&44B19. 

yihich. being used io- 



And therefoie 2M=' ___^ 

Btead of 2 as tlic fint ^^&ca&, oii^ &«i i9&t»i!iB&tnuhVKSi^ 



at J 
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performed exaclly aa above, will f^ 
Naperlan logurithms ; thus, to fiud the 

3 )'8685889638 = 2M. 

9 >2895 2i?6546 = -2895296546 1st lerm. 

9 1-0321699616 -^ 3 = -0107233205 2d „ 

9)-00357444ni -^ 5 = -0007148880 3d „ 

9)-00O397l600 ~ 7 = -0000567371 4th „ 

9>000044I288 ^ 9 = ■000004'9032 5th „ 

93-000004 903-i -=-11 =: -0000004457 6th „ 

9 )-000000544S -=-13 = -0000000419 7tt .. 

9)-000000060.') -^15 = ■0000000040 8th „ 

■0000000067 -^17 = -0000000004 &th „ 
.•. common Log. 2 = ■3010299957 

= -301030 to 6 figure*. 



Next, Log.3=:Log.2 + 2Mf^+ - 



i 



L5 )'8685889638 = 2M. 

!96)-1737l77927 = -1737177927 

2Sy0069487ll7 ~ 3 = -0023162372 
2 5)^0002779484 ^ 5 = -0000555896 
25 >0000111179 -h 7 = -0000015882 
25)-0000004447 -~ 9 — -0000000494 
■0000000178 -=-11 = -0000 000016 
■I 7609 1-2590 
Id Log. 2 = -30 10299 957 

Log, 3 = -4771212547 

Alao Log. 4=2 Log. 2 = -6020599914 
Jjog. 5^ Log. 10 — Ijag. 2 

= 1— -3010299957= -6989700043 
Log. 6= Log. 2+ Log. 3 = -7781512504 



■i 



Log. 7= Log. 6+3M (i + ,-L, + Jjj, + J,j, 
+ &c.),which may be calculated as shown above; and 
in the same manner we may proceed to any eitcnt. 

Those who wish to study this subject more at lengthi 
ttill find it amply diseussed in ProleaBOiXovm^^'^li^iaWLt 
tary Essay oa lite Computattoii ot ljog,an\\]LTft». 



Differential and Intedbal Calculos. 



f 

^^^B (9) In the differential calculus the question to l)e 

^^^piolTL-d is, At what rate does a given Tunction of a variable 

quantity increase or decrease, when the variable on which 

it depends is increased or diminished tij an infinitely small 

quantity. 

(Id.) Thuaif u^^ wis called a function of x. Now 
if X receive a small increment dx, or become (c-^dx, we 
want to know what ratio the increase of u or da will bear 
to ilx. In the above function, for » write u-\-du, and far 
X write x-^dx', then 

f, .: u-\-du=x -i-2xdx+dx', hy squaring (r+rfA 

^^ Butu =ix^. 

^^^L dit=2idx-\-dx'', by subtraction. 

^^^V Hence -r =:2x+dx, by dividing by dx, 

Now since dx may be as small as we please, the second 
aide may be made as near to '2x as we please ; it is there' 
fore called the limiting ratio, or differential coffficUnt, and 
'» the quantity sought. 



(1 1.) Next, let u^tu/*; then substituting as before, we 

} 'hAvc.u+du=aaf-\-awxr-^dx-\- ""^ ^ ^ ai'-'dx^ + &c. 
But u =ax'. 

.: dti=a7ix'-'dx+ ^'^f^^;i^<&''+ &c. 

Hence -j-=ani*~'+a~-5- *"~*i/.T-f- &o. 
Which in the limit when dx^O, reduces to 
— i=a7uf^', or du^anaf^'dx. 
the differentia! coefficient is evidently the origiiul 
ipression multiplied by - : whence the following RuUfor 
•entiating any -pwtxr 0/ a Dar'whle. 
ultiply by the exuonem ot ftie ^wfvsiAe, ami Kvc^\b\h. 



1 



\ 



KE Y— -BDFf I>E HEM T. 

its exponent by unity, the result will be the difFerentiiil 
coefficient required. 

(12.) Cor. 1. Since the binomial theorem by which 
the above was expanded has been proved to be true, 
whether n be whole or fractional, positive or negative, the 
above rule must be true in all these cases likewise. 

(13.) Cor. 2. If, instead of -j-, we want to find du, 
the rule will be. 

Multiply by the exponent, diminish the exponent by 
unity, and multiply by the differential of the variable. 

(14.) Cor. 3. Since a, the constant multiplier of x", 
appears also aa a constant multiplier in the difl'erential co- 
efficient, it follows that a times the differential coefficient I 
of a quantity is the differential coefficient of a times that I 
quantity. 

But a variable quantity increased or dimiiushed by a 
constant, has the same differential coefficient as the variable 
quantity itself; for 

M + dv,=x^ + 2xdx + dx^:±=c. 
Subtracting m=x':±:c, we have 
da^ 2xdx-\- dm'' 

^2xdx in the limit, which ii the same as the 
differential of ir^. 

(15.) To Jind the differential of a product, as u=r^, 
where x and y are both variables. 
LetiE become x+dx, and jr become y+dx, then 
M + du= (x+dx){y+d!/). 
Or ii'^du^xy'^f/dx+xdi/+dxdy. 

But M ~XTf. 

.: du=ydx+xdy+dxdy. 
Or du^ydX'^-xdy, in the limit. 
Hence the Rule. Multiply each of the variables by the 
differential of the other, and the sum will be the differen- 
tial required. 

(16.) To differentiate a fraction whose numerator and 
denominator are both variable. 



Let u=, -, where a and y are both variable. 



^^^en 



. ydu-\-udy=dx, (15), ■ 
ydu^dx — vdy. 



J 



Ori»='tZ?* E«l.= 



r 

^D nhich ia the deaoiniaatar multiplied bj the differential of 
the numerator, minus the nunieralor multiplied into the 
differential of the denominator, and the difference divided 
hy the Bquare of the denominator, which is the role re- 
quired. 

(170 From the above rates the following results c«b 
he obtained : — 

fu^te^, .'. da^2xdx. 
ii=x', .\du=']ii^dx. 



^ 



: d'a=.— 



.=«-,. 


. rftt=— 2a!-»<fe=— 


-J- 




«=rf, 


. du=5a3^dx. 






«=s.l, 


: iiu=Jfaiit. 






,=J-.= 


x^, .: du=\x~*dx= 






u=i/^ 


=M.-:*=iA- 


-^d.= 


«W 


11=-. .■ 


i. ■". 







0— Sx3d» 



'+h, .: du= — ^ax~~'dx= -.. 

(Ifi.) To find the differential coefficient of 

Iponential fanctiou, auch as u=a'. 



=a-(l + Ah+f^+fc^.) Art. 3. 



-. u+du= 
Butv= 






Hence — =:Aa' in tbe limit, where A is the Naperian 
igarithm of the base a. (4.) 
Wherefore — =a' Log. a ; hence the following 

RuLR. The differential coeflicient of an exponenti:il 
'ith a variable exponent, is obtained by multiplying the 
xponential by tbe Naperian logarilhm of the baae. 

(19.) Cor. If the base be e, the base of the Naperian 

jgarithmB, its logarilhm will bo 1 ; hence if u=e', ~ ^f*! 
r du=:e-dj:. ''' 

(20.) To find the differential of a logarithmic function, 
iS u=: Log- X to the base e. 
Let u+du= Log. {x+^)= Log. a:+ Log. (l + ^-\ 

Ot M+rfu= Log.a:+ * —^ + &c. Art. 4. 

.■. du= oia ^ ~ '" *''* li™'' ; therefore 

T!ie differential of the logarithm of a finetion is egval 
o the differential of the function, divided by tfte function 
iself. 

Note- If the log&rithnia used lie not Naperian logarithms, tlte 
llffbrential will be the clifiercndot of the ruDi>ti<ia, divided by the 
unction and by the Xaperian logaritlini of the base. 

(21.) To find the differential of the sine of an arc. 

Let x^ the arc, which is the measure of the angle of 
which the sine is given ; and let 

M= sin X, and M+t?M= sin (x+A). 
.■.(ftl=Bin(ar+A)— 8iiu=2ain'^ . cOB/a;+ y](Trig.6n.) 

da tin-s / . •ix\ 

I cos (*+!)= cos*; 



hence Uie differential of Hie sine of an i 
! ofl/ie arc, into the diferential oj'tiic o 



1 



But I — \?-=. sa^x being differenliated, girea 
—1v.du='^i.i\axcmx.di: (Arts. JO and 21.) 
.■. d'a=. — sinjr.iiB, by dividing by — 1\i-—. — 2 toix. 
Whence the diferenlial of the cosine of an arc is equd to 
ninus the sine of the arc, into Hie differential of the are. 

(23.) To differentiate the tangent of an arc; or u— 



'. du-^dtaixx^d' = 



cos'xiAi+BiD'iiib 



Art. Ifi. 



(Trig. 21.) = -^ = atc^xdz. 



(24.) To diSerentiate the cotangent of an arc, i 
L cotx 

(un*!!-!- co^x)di 



■. dui=d<iat x=:d~-. — - = — — 



(25.) To differentiate secant x, or u-= sec x. 



(26.) To difierentiate cosecant x, or v:= ci 
.-. d>i=d eosec x=d t^. (Trig. 19.) 



= — coBcc X cot xdx. 
(27-) To differentiate the arc in terms of its tangent, 
considered as the independent variable. 

Let ianx^t. Differentiating we hare 

SeQ''xdx=dt. (23.) 



.■■dx=-^ 
I Eeace dx= ,- 



=d[— t''dt-Vt''dt— fdl-Vfa>— titt. 



J 
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(28.) To find the sine and coeine of an arc, m terms 
' the arc itself. 

1. Since the sine of an arc becomes minua when the arc 
self becomes minus, and remains of ibe same magnitude, 
lis can only take place by its being a function of the odd 
owers of tlie arc; and since when the arc becomes very 
mall, the sine becomes Tery nearly equal to the arc, we 
lay assume, that 

Siinx=:x-\-a3?-\-hj^-{-cx''-\- &c., wbete the coefScicnls 
, b, c, &LC., are independent of x. 

2. Since the cosine of an arc retains the same sign, and 
I of the same magnitude when the arc becomes minus, 
'hich can only take place by it being a function of even 
oivera of the arc; and since when the arc is its cosine 
i I, (Trig. 72), we may assume that cos x=\. ■\- Ax' ■\- 
|fl!i+Ci''+ &c., where the coefficients. A, B, C, fiie., are 
idependent of :c. 

3. Since 1= sin*ii;+ cos'^', {Trig. 2]), we hare 
■ 'x^a^+h^-^ &c.)^ + (l+B»' + CV+ &c.)' 

Therefore by Lemma (1), the sum of the coefficients of 
le like powers of x is equal to 0; hence 

2A4-1=0, .-. A=— J. 
But by substituting 2x instead of x in the expression for 
le cosine, we obtain 

Cos2a:=l— i(2a:)- + B(2a-)* + C(2a:)6+ &c. 
= 1— 2i'+|(}Bj;'+fi4Cx«+ &c. 
8utcos2ar=2co8'*— 1. (Trig. 71.) 

= 2(l-i3;* + Ba:^+Ca;«+ kcf—l. 
- 2— 2a:* + (4B +*)«* + (4C— 2B)a;'' + &c.— I . 
= 1— 23:H(4B+|)ar'+(4C— 2B)a7«+ &c. 
Equating now these two values of cos 2x, we obtain by 
iemma(]), , 

i6B~4B+^, .-. B= ^ /^ ^ . 

64C=4C— 2B. 
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Resuming now the espreseion for sin x, and diflVrrn- 
tiating it, ive obtain 

(i(Bina:)=(l + 3aij;'+5ij:<+7ai*-f- &c.)dx= cosmir. 
And .-. = {^-l-^>:■'+-±^^^^^----J^—^^^* 

\ 4. StAdx. 

Bince these two expansions must be identical, we have 



(.1.2.8. 4, a. 6. 7 J 

And cosiE=I — -— - + - 
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Inteqrai. Calgctlub. 

(29.) The integral calculus treats of the processes bjivhich 
a function may be found, such that, being differentiated, it 
shall produce a giyen difTerenlial. This function is called 
the integral of the given ditTcrential, and the process bt 
which it is found is called integration. 

(30.) When an integral is proposed, its differential nwj 
always be found by general rules. There is howeTCr no 
direct rule by which we may return from the differential 
to the integral, except the obvious one of retracing (he 
steps by which the differential has been deduced from riie 
integral. When these are distinctly indicated, (here isna 
difficulty; but in general the steps of calculation by which 
the differential might have been deduced from an integral 
are obliterated or unknown ; or the differential may not 
have been a direct result of differentiation, and then tben 
will be no traces to show how we may past from it to the 

(31.) Tlie8ym\Ki\uBe4to'm4wa\ewv^S?,™tion isyl l 
litiaJ letter o£ tUe vroi4 swai '-'^^^ j'Ud* t 
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laodty, whicb. being difierentialed, will produce 2a'iij ; 
t this be A*", where A and n are to be detemiined. 
'ifFerentiate this espression.and we have nAic"-'(ie=23"(i(;: 
n— 1=1, or«='i, and)iA=:2, or 2A=2, hence A=l. 
id .•.f'2xdx-::zx''^:C, where :^C is a conatant added or 
ibtracted, and mast be determined from the nature of the 
iiestion, because constants added or subtracted disappear 
I differentiation. {Art. J 4.) 



(32 ) From the above, and the inversion of the pro- 
esses, in (Art. 10 to 14), we derire the following rule: 

To integrate a differential of o?ie term, mdi ax aifdx, vw 
lutt increase the exponent of the variable by a -amt, and 
ien divide by ike nevi txp<me3il and by dx. 

Cor. The integral of a series of terms, each of which is of 
ie aiowform, vrUl be t/ie mm of the integraia of each term, 
}und aeparatky by the above rule. 

(33.) Since(Art.20)rfLog.(3;+a)=A, we hare 

onversely / -— " Log. (j;+a)-f-C, whence it appears, 

hat tohen the numerator of a differential is the differential 
•/the denominator, Ike integral is the Naperian logaritkm 
\f the denominator. 

(34.) Since (Art. 15), dl^vj^vdu+ndv, uand ti being 
'unctions ofx; whence uv= J'ydu-^J'vdv, or, by transpo- 
)i tion.fudv = Kv—Jvdu. 

By means of this formuUtj one part of the integral of tidv 
is obtained, and the finding of the other is made to depend 
on the inlegrilion of another differential. The process thus 
indicated is caWeiinteyration by parts, and is often very 



Tersely /-^ 



.) Since(Art. 16)d-=5!^=^, we haye 



y' 



-+ C. 



In the same manner, by inverting llie procesBes i 
(Arts. 21, 22, 23, 24, 25, 20, and 27), we obtain 



f""^=^-f^ 



L 






;c 2x tan 2xdx=. | sec 2x. 



I 



ysec'xdx^ tan x; / — ^ =2 t 
J ™ ^ 

/cosec'irrfjf=— cot a:; / — r-^ : 
I / sec X tan xdj:=^ sec a: ; /set 

/^ , peosxda I 

CMKc a; cot MX = — cosecx; I —, —-=: — -co»ec*i 

, rdr=/(d<^-t-dt+fdt—fiiU+ff*dU~8te.) 

.-. ii;=r— Jf'+^i'— ii''+J(»— &C. (Art. 32, eor,) 

But a; is the arc ivhich tneasurcs the angle, and t it ihe 
tangent of the angle ; therefore if we know the length of 
the tangent for any angle, we can find the length of the 
arc which measures it, and consequently the whole cir- 
cumference. 

Now it was proved in (Art. 85, Trigonometry), that 
tan 4o'= 1 ; therefore putting 1 for t in the second side of 
the above series, we get arc of 45° to radim one=l — ^+i 
-t+i— iV + *■>• 

But as this result approximates Tery slowly, we must 
spfk for some othervalue; now tan.-'^+ tan. -'^=45°; 
(where tan.~4 Jneans tke arc whose tangenl is ^), 

For if in (Trig. 73) we pat tan a=^, tan 6= J, we h«Te 
tan (a-l-&)= -^^_^~ =^=1= tan 45", (Art. 85). 

Heoce by putting f=|, and then t=^ in the abore 
series, and adding the results together, we may obtain the 
length of an arc of 45°, which is an eighth part of the 
whole circumference. 

The most convenient series is obtained by taking four 
limes the arc, whose tangent is ^, which gives (Trig. 77-)i 

4 tan.~'j= i_l . V' r =1^8 i *l^i* tangent being greater 
e find hy (Trig. 74)i the tangent of the ate, 
which must be subtracted from this to leave exactly an arc 
of 46"; let this arc he x, then 

ta]ix= i ",,o =BJB» {Trig. 74). whence we have 
4 tan-'i — tan-^5^5=lan-'l= tan 45; 
And RuhstitntlDg tUeae loXuea \u ^Vt limis; wiwj„w 
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nd, that the arc. of45''= 4(^^—4 . j, + . 

Y_L_^.-L ... -L_&c.1 

^239 3 33gj T-J 233" / 

=•785398163397, &c., and therefore the si 
irence to radma 1 , or the whole circumference to the dia- 
leter 1, is 3- HI 5926535 SD, &c., vrhich being taken to 
ie nearest figure to four decimal places, gives 3'I4I6, the 
umber giyen as the circumference of the circle, when the 
iameter is J , in Prob. V1I„ page 68, Mensuration of Sur- 

The multiplier given in Case II. is I divided by 3'H16, 
nd the other numbers given in the rules are derived from 
: by finding a fraction having a small numerator and de- 

ominator, which shall be very nearly = ^tttt^- 

36.) Pboop op Problem Till,, page 69. 

Let x= the length of the arc ACB, 
hen chord AB=2 sin-, and chord 
AC=2Bin^; but (Art. 28), 

^"»l=^{i-r^(l)" + 

.•.chordAB=i— f-^^ + -j 




^(f)* 




Proof of Problem VIL, page 87- 

The prUmoid ia eTidently the sum of 2 wedgM, one of 
whith hiLS itB Wse the greater end, and its edge the length 
of the less; and tlie otlier has its bine the less end, and iti 
edge the length, of the greater, while the height of each ii 
the length of the prismoid ; hence if L= the length of tlu 
greater end, and 1=: the length of the leec; U= the breadth 
of the greater end, and i= that of the less, and A= tha 
common height:, we have the solidity of the pri&moid, bj 
Problem VI. 



JBA(2L+0+JiA(2^+L)= 

But LB and H are the areaB of the ends, and 4( -^^ 
( ~2~ jis ^ times the area of a section parallel to and eqai- 
dislant from the ends ; >vbence the rule is obvious. 
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Let ABC be i 

lur curve, that 
I whieh the line BF is the same 

fuuiition of AF and som^ constant, 

that CG IB of AG and the same 
I constant, and let AF=je, BF=j/, 

I then AG will =x+dx, and GC a 

will =j+(?y. Join BC, draw also 

BD touching the curve at the point 

B, and produce GC to meet it in 
I D; draw also BE parallel to AG ; 

then 'QE=dx, and EC^dj/. 

' Now the nearer the point C ia to 11, the more nearij 

will the chord BC, and hence also the arc BC ctunddc 
with the tangent BD, which is their limiting direcdoni 
but the chord BC is the hypotenuse of a, right-aiigttd 

k triangle, of which the sides are dj; and dy; hence in the 

^^U limit the di£Ferent\a\ oi l\ie m<; ia V\i« eame ; hence cdliog 

^^^Clifl arc z, 1VC have 



8.) To find the differential of a 
c of any regu- 
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d^=^dx' + d3^=:Jl-i.^dx. 



e substituted, its integral will be the 

lOUght. 



If in this expression a value of ^-^, found from the equa- 
tion to the cur 
length of the ci 

(39.) To find the differential of the area of a curve. 

Let the notation be the same aa in the last arlicle ; then 
the area of the quadrilateral BFGC will continually ap- 
proach to the differential of (he area, while the point G 
approaches to the point F ; but the area of IJie trapezoid 
BFGC=:J(BF+GC)xFG, (Geo. prop. 33)=i(y-fy-F 
dj/)dx'=}/dx+^di/dx, which in the limit becouies ydx; 
therefore 

d(taeti)=yd!c. 

In the above expression the value of y must be found 
in terms of x, from the equation to the curve, and this 
value being substituted instead of it, and the expression 
integrated, the area of the curve will be obtained. 

(40.) To find the differential of a surface of revolu- 

Conceive the solid AFH to „ 

be generated by the revolution 
of the curve ACF about its 
axis AG ; the differential of 
its surface will evidently be Ihe 
differential of the arc, multi- 
plied into the length of the . 
path through which it passes, 
which path in the limit is the 
circumference of acircle whose 
radius is CD^i/. Therefore 
if n-=3]416, Stt will = the 
circumference of a circle whose ^ 

radius is 1, hence the circumference of the circle whose 

radius is ff=-2^j; but by (Art. 38), ^==^1+ ^£,dx; 
therefore calling the surface S, we have 

ds=2r:yjl+'^dx, 

in irbicb the values of ;/ and -r^ must \ie ^ouni ^towv Ct^t 
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equation to tlie curre, in terms of x, and snLsUtuted in- 
stead of them ; after this is eflected, the expression being 
integrated, will give the surface required. 

a solid of 

From the diagram. Art. 40, it is evident that the dife- 
rential of the solidity, {which we shall represent by dv, 
V being the volume or solidity), will be greater than a 
cylinder, having for its base the circle generated by the re- 
Tolution of BC^y, and for its height BG^dr, and that it 
will be leas than a cylinder having for its base the circle 
generated by GFz=j/-^-di/, and for its height BG=iB; 
bnt this latter cylinder is ^7r(y+rfi/)''(£e=?ryVj;+2«yd!y(i> 
f^ndy'dx, which as GF approaches to BC, becomes more 
nearly equal to n-y'^cir, which is its limit ; therefore 

where 7r=3'1416, as in the last article. If now the tbIik 
of if in terras of x be found from the equation to the curve, 
and sabstituted instead of it, and the equation integrated, 
the solidity will be obtained. 

(42.) Demonstration of the rule in Problem YIIIi 

Mensuration of Solids. 

In the circle, when the diameter is used as the axis, and 
its extremity its the origin, and the radius is represented br 
r, we have from Geometry, prop. 68, 






«y'+(i)'= 



UTience ^Try Jl-\-(^'Cdx=2^dx=idg. (Art. 40.) 

Integrating, we have 27r)x=s, the sarfaee; and sine* 
■when x=0, the surface is 0, it requires no correction. Bol 
2»T^ the circumference of the sphere, and x is the height 
of the part, which for the whole sphere is Sr; whence the 
whole Buriace =47rr*^4 times the area of a great circle. 

Cor. The surface of a zone, contained between the 

heights ir.-=a and x-=h, is evidently the difference of the 

surfaces 2Tira and 2irJ-6, which if ft be the greater, is equal 

to 2wfh — 2nTa^2irr(b— a)^ iVe cncamfercnce of a gre«t 

c/rc7e tnoltiplied into the tci^t ol ftve lo^i*. %MiKfc'&ft 
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rule is true, whethei the surface required he a segment, a 
zone, or the whole sphere. 

(43.) Demonstration of the rules in Problems IX. and 

X., Mensuration of Solids. 

By (Art. 41) do^Tn/'dx, and aa shown in last article, 
y^ in the circle ^2ra; — x' ; suhBtituting this value, we 
have dti=?r{2ra — x^)dx 

=.2icrxd^ — ■nx'dx. 
Integrating we have V=jrra' — iira:^ 

Which, since ^7r=^[.^-1416)='5236, 2r= the diameter 
of the circle or sphere, and x=. the height of the part, gires 
in itB present form Rule II., Prob. X. 

Again, ii=^{%rx — 1x'')x, by taking one of the x'a 
withui the parenthesis ; now the square of the radius of 
the base —!/''^2rm^-x', hence 

=Grx—2xK 
.: (i=^7r{3/+*">c. Rule I., Prob. X. 

Neit, in the expression 5j=^{6r— 2*)^', put x=:2r, its 
Taiue, for the whole sphere, and we have 

y=^{6!— 4f)4/'— in-x8r^x:rAn-(2r)', 
which is Rule II., Problem IX. 

Lastly, Rule I., Problem IX., is found from the follow- 
ing consideration : the sphere may be conceived to be made 
up of an infinite number of small pyramids, the sum of 
whose bases will be the whole surface, and the common 
height the radius of tlie sphere ,- therefore their sum or the 
whole sphere will be the whole surface multiplied into ^r, 
which is the rule. 

n Problem XI,, Mensura- 



; of two segments of a sphere, whose 
heights are x and x-\-k, will evidently be the zone whose 
height is k; but by the last rule, the dtfierence of these 
eegmentsis 

r ier(x+h)-2ix+hy] ix+h)-l(6r^2x-')x 
=h:{6rx^-\-12rxh+Gr/i^—2i>?-6xVi-Gxk''—U'—6rx' 
+2/) 
=fr( 1 2)-«A-|-6fA"— foU— 6ic/i*— ^Ji'-J 
=^A{3(2rx+A—x-{-h})J[.^{^rx—^'-')\}^\. 



m 
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But this Utter expression is coinposed of three times the 
Bi of the squares of the radii of the ends, together with 
the sc[uare of the height, niultiphed by A, the height, and 
hy Jir=-5236, which is the rule; from which the mle 
given in Note I. is also ohvious. 

(45.) Demonsfration of the rules in ProbleniB XIL 
andXlIL, Mensviralion of So- 
lids. 

Let 0^=0, the central dis- 
tance, ov or Ds=j:, OE or On E< 
= r; then Dci = 0s~0v = 
i^/r* — x' — c; now (Art. 41) 
we haTe 

dii=2ffDo 'tfcg ^O 

= 2,r(^/r"— a;'--c)'(Za: 
= 2«- [r*— c=— i^— 2c( >J T'—x'—^)}dx 
=2n- {(r''~e')dx—x'dx—2c(y^-^—c)dx}. 
Therefore by integrating both sides, we have 
.,=2.[(r^-.>-^_c(area DorCn)} 

=:2nl{Ev-—Ji3!^)x—cX areaDorC/i}. 
which is the rale in Problem XIII. 

Now if X in the above expression become ==Fa, the 
area DorCn, will become the revolving segment EFn, and 
the whole expression becomes the following: 

1^=477 ( ~ JcX area of the segment EFii), 

■which is the rule in Problem XII. 

Cob. If c=o, or the segment be a semicircle, then Er 
will be equal to r, and the spindle will become the wholt 
sphere ; but the expression then reduces to 

I u=4ir j=^w(2f*), as proTed in (43). 

to prove the rule in Note I., Prt 
: same diagram, and making the centr 
from the properties of the circle Do, 



Next, to prove the rule in Note I., Problem XIL, 
nsing the same diagram, and making the centre the ongiiii 
we have, from the properties of the circle Do, the lerw*- 



I'. 5=2jr[rj;— cx(arc. D«)]:= the surface generaled by 
tlie arc Dn, which when x=.0, becomeB 0, and therefore 
requires no correction j whence the whole surface gene- 
rated by the revoWing arc DnC will be double of the 
above ; but the double of x is the chord DC, and the 
double of the arc D^^ is the arc DhC, therefore the air- 
face of the middle zone =2w{rX DC— c X (arc DnC)] . 

And for the whole Burface of the spindle the expression 
will become =2ir{rxEF — cx(ato E92F)]> which is the 
rule. 

Cob. If the central distance c Tanialt in the above ex- 
pression, EF will become =2!', and the spindle will be- 
come the whole sphere ; but in this case it reduces to 4irr', 
the same as was proved in (42}, 

(46.) To prOTG the rules in Fioblem XIT,, Mensuia- 

tioQ of Solids. 

Conceive the ring to be stretched out into a cylinder, its 
length will be the circumference of a circle, whose diame- 
ter is the inner diameter of the ring, increased by the 
thickness of the ring, and its solidity will evidently be the 
solidity of the cylinder, and its surface the surface of the 
cylinder. 

Let now a^ the inner diameter, b^ the thickness of 
the ring, inz:3-]416, then ^Tr=-7834, and the length of 
the CTlinder will be !t(«+i), while the area of its end 
will be ^b'' ; consequently the solidity will be ^nl^ X 
,ria + b) = ^w\a + b)b"-—'M67i{a+b)b\ which is the 

Next, the surface of the ring will evidently he the 
circumference of the cylinder ^ irb, multiplied into the 
length of the cylinder, which was shown to be 7i(a-\-b); 
hence the surfece of the ring will be s= ii\a + b)b = 
9-8696(ti-|-6}i, which is the rule given for finding the 
surface. 

(47.) Demonstration of the rule in Problem V., S^a- 
cific Omrities. 
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Let mr: the weight of the whole compound mass, x= 

the weight of the heavier ingredient, then m^x will be 
the weight of the lighter ; also let s:= the specific gr4iritj 
of the heavier, s' that of the lighter, and s" that of the 
compound mass ; then - wiil =: the solid content of the 



I 
I 

I 

r 

I 



feet, - 



- that of the lighter, and —will be 



the Bohd content of the mass ; but it is evident that the 
two fbimer must be together equal to the Utter ; hence 



Or*'*"a;+ss"m- 



ms(>^ — a"). 



Similarljr u 






which is the mle. 




(48.) Demonstration of the rules for finding the area* 
of polygons, Mensuration of Surfaces, page 1j7- 

Let p^ the perpendicular fr.om 
the centre upon a side, £= the length 
of a side, and «i= the number of 

The angle ACP is evidently the 
half of ACB, and therefore a '2ntk 
part of 360°; hence 

.-. p=ia cot. — , (Trig. 9), and 

AACB=j.X^ =jcot. ""' 

))AACB= the polygon =n- cot. =n f^j Cot—. 

s 111 

Whence Log. (area) =2 Log. - + Log. w+ lag. cot — 
Rule II. 

The areas or tabular multipliers given in the table are 

lite areas of the polygoiw calnvdaled by the above formula 

ito g=l; then mnceit woa ^w^e4'wi»SeOTas.\3^,\w^.71, 
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that polygons are to one another as the squares of their 
corresponding sides^ the areas of all similar polygons can 
be found irom these by multiplying the tabular area by 
the square of the length of the side ; for V:s^ :z Tab. 
area : 8^ Tab. area, which is Rule III. 
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ERRATA IN PART II. 

Page 14, line 11 from the bottom, for IV, read 13/' 

27, „ 2, for 59" read 9", and /or 159*022, rearf 195*022. 

28, „ 10 from bottom, for i(80, &c., read 4(180% &c 

29, „ 18 from bottom, for 998-161. read 998*164. 
33, „ 15, for 24", read 3i'\ 

45, „ 2 of Table, for 73" read 76**, and for 3907*2, 
read 3946; also line S,for 4257*9, re<ui 4357*9. 
48, „ 24, /or 289*804, reoc^ 389*804. 
-rt 11^1 AD2+CDS , AD 24-CD* 

70, „ ll,^ri— g^; ^> read —5^35 — . 

75, „ 5, for ^ , read g^g . 

80, „ 16, /or 16*89849, re<w/ 16*89949. 
161, Ans. to Ex. 1,/or 7*272 poles, read 6*272 pclea. 
Tables, page 41 line 1, for 54° read 24^ 



ERRATA IN KEY. 

Page 22, last solution, /or 73* 13' read 75* 13', and correct the 
consequences. 



